Formulas (to differential equations)
Math. A3, Midterm Test I.

sin®z + cos?z = 1
sin(z £ y) = sinz cosy + coszsiny
cos(z £ y) = cosx cosy Fsinzsiny

__ tanzdtany
tan(x + y) ~ l1Ftanz-tany

sin2x = 2sinx cosx

cos 2z = cos? x — sin’ x
2tanx
1—tan2

sin2 T = l—cgs 217 C082 T = 1+c;>s 2x

tan 2x =

sinz +siny = 2sin%cos%

sinz —siny = QCos#sin%

cosz 4 cosy = 2 cos 1Y cos LY

COST — CoSy = —QSinzTﬂ’sin%

sinz cosy = 3[sin(z + y) + sin(z — y)]

cosz cosy = 3[cos(z + y) + cos(z — )]

sinzsiny = —$[cos(z + y) — cos(z — y)]

r__ —x x —x
g coshy = &t ”

sinh x = 5

2 !
cosh®“z —sinh“x =1

differentiation rules:

(cu) = cu/ (¢ is constant)

integration rules:

Jefde=cf fdx
[(f+g)da=[ fdo+ [gds
[ flaz +b)dz = LF(az + b) + ¢,

where F' is antiderivative of f
[ flg(x))g'(x) dz = F(g()) +c,

where F' is antiderivative of f
Jrefde=2"0 1 ifa# -1
ffTIda::ln|f|+c

Juw'dz =uwv — [wvdz

(¢ is constant)

notable substitutions:

sinh 2z = 2sinh z coshx R(e”) e’ =t
cosh 2z = cosh?® z + sinh® z R(Vax +b) Vaz +b=t
cosh? g = cosh2rdl. sinh? g = cosh2e=1 R( Z;cig) % —¢
R(sinz, cos z) sinx, cos x, tan x, tan §=t
derivatives: R(z, va? — z?) x =asint, v = acost
sinhz)’ = coshz R(x, Va2 + z2) x =asinht
coshz)’ =sinhz R(z, Va2 —a?) x =acosht
log, z)' = wﬁm antiderivatives:
%) = qre! Jz*dz = Za—_:ll—i-c (a #-1)
e?) =e® fedz =1Lem™ +c
) = a” In(a) -

sinZ x
Inz) =1
arcsinz) = 11_:52
arctanx) = 1+1m2
arsinhz) = \/ﬁ
arcoshz) = 1;71
artanhz) = L
arcothz) = -1
arccosz) = —\/117?
arccotz) = Hlﬁ

Jcoszdx =sinz + ¢
[sinzdz = —cosz + ¢
fﬁdx:tanx—i—c
[=5-dz=—cotz+c

sin? x

[idz=Inlz|+c
f\/%:arcsing—l-c

dz _ _ 1 z
fz2+a2 = ZarctanZ +¢

f\/% =arsinh Z + ¢
f\/% =arcoshZ +¢
dz  _ 1 .
[ =2 =LartanhZ4c, if |Z] <1

Py )
[ =2 =LarcothZ +¢, if |Z] > 1
Jtanzdz = —In|cosz| + ¢

[ cotzdx =1In|sinz| +c



e = cost + 1 - sint, teR.

ay’ +by +cy=0 (a #0)

its characteristic equation:
ar? +br+c¢=0.

. Method of Undetermined Coefficients: If in the equation
1 /! 3
ay”" + by’ + cy = g(t), a#0éstel
the right-hand side function g(¢) has the form
g(t) = e (A, (t) cos(vt) + B, (t)sin(vt)),

where A, (t), By, (t) are polynomials of degree n and m respectively, then the particular solution of the
inhomogeneous equation has the form:

Yip = t°e"" (Py(t) cos(vt) + Qp(t) sin(vt)),

where s is the multiplicity of the root w+ i - v among the roots of the characteristic equation; further, Py ()
and Q(t) are polynomials of degree k = max(n,m).

. Variation of Parameters Method: Consider the inhomogeneous d.e.

Yy +pt)y +qt)y=g(t) tel

and its homogeneous part Y + p(t)Y’ 4+ ¢(¢t)Y = 0. If the y1,y2 pair is a fundamental solution of the
homogeneous d.e., then a particular solution of the inhomogeneous equation is looked for in the form y; , =
Cy(t) - y1(t) + Ca(t) - y2(t), where for the derivatives of the unknown functions Ci(t), C2(t) the following
system of equations holds:

. Special second order d.e.’s:
If y is missing, then substitute p(x) := y/(z).
If « is missing, then substitute ¢(y) := ¢/’

. The first order d.e. M(z,y)dx + N(z,y)dy = 0 is exact, if

oM _ N
oy  Ox’
To solve the d.e., a function F : R? — R has to be found such that gradF = (M, N). Then the solution of

the d.e. is:
F(z,y) = Const.



