ON THE DIMENSION OF SELF-AFFINE SETS AND MEASURES WITH
OVERLAPS

BALAZS BARANY, MICHAL RAMS, AND KAROLY SIMON

ABSTRACT. In this paper we consider diagonally affine, planar IFS ® = {S;(z,y) = (aix + ti,1, fiy + ti2) }ir .
Combining the techniques of Hochman [9] and Feng, Hu [7] we compute the Hausdorff dimension of

the self-affine attractor and measures and we give an upper bound for the dimension of the exceptional

set of parameters.

1. INTRODUCTION AND STATEMENTS

The dimension theory of self-affine sets and measures is far from being completely understood.
Even in the special case of diagonally affine IFS, we do not have a complete understanding. Fal-
coner [3] introduced a formula, the affinity dimension, which gives an upper bound for the upper
box counting dimension of self-affine sets, and proved that for almost every translation parameter if
the contraction ratios of the maps of the corresponding iterated function system (IFS) are less than
1/3 then the Hausdorff and box dimension coincide and equal to the given upper bound. Later this
bound for contracting ratios was extended by Solomyak [I9] to 1/2. Przytycki and Urbariski [16]
showed that this bound is sharp. For precise definition of affinity dimension in the special diagonal
case, see Section [4]

Shmerkin [I7] studied a family of overlapping self-affine sets and measures generated by diag-
onal matrices and calculated its dimension using the transversality method. Later, Kdenmaki and
Shmerkin [I3] calculated the box counting dimension of a special family of self-affine sets allowing
overlaps. Jordan, Pollicott and Simon [12] considered randomly perturbed self-affine sets and gave
the Hausdorff and box dimension for a typical perturbation.

Recently, Fraser and Shmerkin [8] considered a family of overlapping self-affine sets related to the
Bedford-McMullen carpets. This result uses the new technique in the dimension theory of self-similar
sets, recently developed by Hochman [9].

Our goal is to give a sufficient condition related to Hochman [9] for a family of self-affine sets
generated by diagonal matrices, which ensures that the Hausdorff and box dimension coincide and
are equal to the bound given by Falconer [3].

Let

® = {Si(x,y) = (ix +ti1, Biy + ti2) }iey (1.1)
be a contracting diagonal affine IFS on the plane such that S;([0,1]?) C [0,1]?. Let us denote the
attractor of ® by A. Moreover, denote the projected iterated function systems of similarities on the
line by

o = {fi(z) = sz +tin};, and ©5 = {gi(z) = Biz + ti2}iL, - (1.2)

Date: 19th December 2015.

2010 Mathematics Subject Classification. Primary 28 A80 Secondary 28A78.

Key words and phrases. Self-affine measures, self-affine sets, Hausdorff dimension.

The research of Barany and Simon was partially supported by the grant OTKA K104745. The research of Béarany
was partially supported by the grant EP/J013560/1. Michat Rams was supported by National Science Centre grant
2014/13/B/ST1/01033 (Poland). This work was partially supported by the grant 346300 for IMPAN from the Simons
Foundation and the matching 2015-2019 Polish MNiSW fund.

1



2 BALAZS BARANY, MICHAL RAMS, AND KAROLY SIMON

Denote the attractors of ®, and ®3 by A, and Ag. It is easy to see that A, is the orthogonal
projection of A to the z-axis and Ag is the orthogonal projection of A to the y-axis.

We call a Borel probability measure p self-affine if it is compactly supported with support A and
there exists a p = (p1, ..., pm) probability vector such that

p=> pipoS;t. (1.3)
=1

Let us define the entropy and the Lyapunov exponents of the measure p in the usual way. That
is
’ m m m
hy ==Y _pilogpi, Xa = — Y _piloglai|, and x5 :=—» _pilog|Bi|.
i=1 i=1 i=1
Jordan, Pollicott and Simon [12] defined the Lyapunov dimension, which is an upper bound for

the Hausdorff dimension of self-affine measures. We give a sufficient condition, which ensures that
the Hausdorff dimension is equal to this bound.

Condition. We say that an IFS G = {fi(x)},cs of similarities on the real line satisfies the Hochman-condition
if there exists an € > 0 such that for everyn >0

min {A(z,7) : 7,7 € S", 1 # 7} > &",

where
xR0 AR
AGI) —{ [£:(0) = 50)] £3(0) = £5(0).

If the parameters of the IFS G = {fi(2)},cs of similarities are algebraic, i.e. f;(0) and f;(0) are
algebraic numbers, then either the Hochman-condition holds or there is a complete overlap, that is,
there exist n > 1, and 7 # 7 € 8" such that f;(0) = f3(0), see [9, Lemma 5.10].

Applying the results of Hochman [9] and Feng and Hu [7] (see Section , we obtain the following
results.

Theorem A. Let ® be an IFS of the form (1.1 and let u be a self-affine measure of the form ((1.3)).
Without loss of generality we may assume that xo < xg (i.e. the direction of y-axis is strong stable).

h
(1) Suppose ®,, satisfies the Hochman-condition and —* < 1. Then

Xo
h
dimpg p = £
[e%

h h
(2) Suppose ®, and ®g satisfy the Hochman-condition and H <1< £, Then
XpB Xa
h,u — Xa
XB

dimgp=1+
Here we recall the Hausdorff dimension of a probability measure u,

o  log u(Ba(@))
dimpg p = inf {dimpg A : p(A) =1} = esiwsilp IHE(I)Ef T ogr

where B,(z) denotes the ball with radius r centred at xz. For the basic properties of Hausdorff
dimension we refer to [4].
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As a consequence of Theorem A we can calculate the dimension of the attractor. Denote by s,
and sg the similarity dimensions of the IFSs ®, and ®g respectively, i.e. s, and sg are the unique
solutions of the equations

m m
D ail =1, and > []*F =1. (1.4)
i=1 =1

Theorem B. Let ® be an IFS of the form (1.1) and let A be the attractor of ®. Without loss of
generality we may assume that sg < s,.

(1) Suppose @, satisfies the Hochman-condition and s, < 1. Then
dimg A = dimg A = s,.
(2) Suppose @, and ®g satisfy the Hochman-condition and sg <1 < so. Then
dimy A = dimg A = d,
where d is the unique solution of > v |a;]| 3|4t = 1.

Remark 1. Unfortunately, our method does not allow us to extend the result to the case 1 < sq, s3.
To examine this case, we would need a better understanding of overlapping self-similar sets in R?,
d > 2. We guess that if ®, and g satisfy the Hochman-condition and there is an i such that o; # 3;
(i.e. the IFS is strictly affine) then the dimension of the attractor is equal to the affinity dimension
and the dimensions of self-affine measures are equal to their Lyapunov dimension.

By using the method of Fraser and Shmerkin [§], we can give some estimate on the exceptional
parameters.

Proposition C. Let ® be an IFS of the form (L.1). Let us assume that max;.; {|o;| + o]} < 1
and Y"1 |Bi| < 1. Then there exists a set T C R*™ such that dimpT < 2m — 2 and for every
(ti1, - tmi,ti2, -, tm2) € R?>m\ T the statements of Theorem A and Theorem B hold.

Peres and Shmerkin [15] showed that for every self-similar set in R or R? for any & > 0 there exists
a self-similar set contained in the original one with dimension e-close to the dimension of the original
set such that the IFS satisfies strong separation condition (SSC) and the functions share a common
contraction ratio. That is, the IFS is homogeneous. We show that under the above conditions there
exists a homogeneous self-affine set satisfying the strong separation condition which approximates
the dimension of the original set from below.

For an IFS G = {;}/1, we define the kth iterate by G& = {¢h;, o --- oty }} . .

Theorem D. Let ® be an IFS of the form (1.1) and let A be the attractor of ®. Without loss of
generality we may assume that sg < so. Suppose that either
(1) @, satisfies the Hochman-condition and s, < 1,
or
(2) @4, ®s satisfy the Hochman-condition and sg <1 < s4.
Then for every € > 0 there exists a homogeneous affine IFS U of the form

U = {Tj(x,y) = (az +ujn, By + i)}, (1.5)

with attractor T' C A such that V is a subsystem of some iterate of ® and satisfies the SSC, i.e.
T;(T)NT;(T) =0 and

dimg A —e=dimpA —e =dimg A — ¢ <dimgI' =dimp ' = dimpgI.
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A simple consequence of the result of approximating subsystems of self-similar IFSs by Peres and
Shmerkin [I5, Proposition 6] and by Farkas [0, Proposition 1.9] is that the Hausdorff, packing and
box counting dimension of the self-similar sets are lower semi-continuous under the natural para-
metrization. For more general conformal setting, Jonker and Veerman [11] showed this phenomenon
earlier.

Remark 2. It is an open question, whether ® is an IF'S of the form (1.1)), there is a (not necessarily
homogeneous) affine IFS with SSC such that its attractor is contained in the attractor of ® and
approximates the upper box and packing dimension without the Hochman-condition?

The motivation of this question is the following. The box and packing dimension of the attractor
of an IFS of the form with SSC depend continuosly on the parameters and on the dimension of
the projections onto the axes, see for example [I, Theorem 4.1]. But the projections are self-similar
sets, whose dimension is lower semi-continuous. Thus, the box and packing dimension of self-affine
sets of an IFS of the form would be lower semi-continuous under the natural parametrization.

A consequence of lower semi-continuity would be that the exceptional set, where the box and
packing dimension are not equal to the affinity dimension, is small in topological sense. That is,
the exceptional set of parameters is of first Baire category. The proof is similar to Simon and So-
lomyak [18, Theorem 2.3]. Proposition C guarantees that the affinity dimension, which is continuous
under the natural parametrization, is equal to the box and packing dimension on a dense set, and the
affinity dimension is an upper bound for the box and packing dimension. By density, the continuity
points of the box and packing dimension must be the points where it coincides with the affinity
dimension. But the continuity points of any function are a G5 set. Hence, the exceptional set is a
set of first Baire category.

Remark 3. Farkas [0, Proposition 1.8] generalised the result of Peres and Shmerkin [I5, Propos-
ition 6] for RY proving evistence of approzimating subsystem with strong separation condition. By
applying the method of Peres and Shmerkin [15] for Farkas [6], one can show that the approximat-
ing subsystem can be chosen homogeneous in the weaker sense that the functions share a common
contraction ratio. However, the homogeneity of linear part cannot be claimed for d > 3 because two
general orthogonal transformations in R% generate a free group for d > 3.

2. PRELIMINARIES

First we recall here some results and notations of Feng and Hu [7]. Let ¥ = {@Z)i}?il be a strictly

contracting IFS mapping [0,1]? into itself. Let ¥ = {1,..., M }N be the corresponding symbolic
space, o the usual left-shift operator on ¥ and let m be a o-invariant ergodic measure on X.
Denote by II the corresponding natural projection, i.e. II(ig,i1,...) = limy o0 i, © -+ 0 5, (0).
Let P ={[1],...,[M]} be the partition of X, where [i] = {i € ¥ :ip = i} and denote by B the Borel
o-algebra, of R,
We define the projection entropy of m under I1 with respect to ¥ (see [7, Definition 2.1]) as

hir(m) := Hy(P | o 'T7'B) — H,, (P | TT71B),

where H,,(¢ | n) denotes the usual conditional entropy of £ given 7. We will often use the ergodic,
left-shift invariant infinite product measure P = {p1,...,p M}N on Y. Then P is called the Bernoulli
measure with probabilities (p1,...,pun).

We will now state the results of Feng and Hu [7] and Hochman [9], frequently used in this paper.

Theorem 2.1. [7, Theorem 2.8] Let ¥ be an IFS of similarities on the real line. Then dimpy p =
hu(P)/x, where p=PoIl™! and x = — Zij\ilpi log |4%(0)] is the Lyapunov exponent.
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Theorem 2.2. [9, Theorem 1.1] Suppose that an IFS ¥ of similarities on the real line satisfies
the Hochman-condition. Then for the measure p = PoII™!, dimpy pu = min {1, h,/x}, where h, =

— Zf\il pilogp; and x is the Lyapunov exponent.

On the other hand, let us introduce the so-called conditional measures. Let m be a Borel probability
measure on [0, 1]? and = a measurable partition of [0,1]%. Let 1 : [0,1]% — = be the map associating
to each 2 € [0,1]¢ the atom ¢ € Z that contains . By definition, @ is a measurable subset of =
if and only if n~!Q is a measurable subset of [0,1]?. Let m be the push-forward of m under 7, in
other words, m(Q) = m(n~'Q) for every measurable set @ C Z. A system of conditional measures
of m with respect to Z is a family (mg)eez of probability measures on [0,1]¢ such that mg(€) = 1
for Mm-almost every £ € = given any measurable h : [0,1]% — R, the function & — [ h(x)dme(z) is
measurable and [ h(z)dm(z) = [[ h(z)dme(x)dm(§). According to the classical result of Rokhlin,
for every measurable partition there exists a system of conditional measures and it is uniquely defined
except on a set of zero measure.

Let us assume that the maps of the IFS ¥ = {1); : [0,1]¢ — [0, 1]d}?i1 have the form
Yi(z1, .- 2a) = (p1i%1 + s - -5 PaiTd + tai)-

ForaP = {py,... ,pM}N Bernoulli measure, denote the Lyapunov exponents by x; = — Zf\il pilog|p;j.i-
Without loss of generality we may assume that 0 < x1 < x2 < --- < xg. Let Uy be the IFS with

functions restricted to the first k coordinates, i.e. U, = {¢F : [0,1]F — |0, 1]’“}?11, where

?Z)zk(ffl, ooy mg) = {(prav1 +tig, s PRiTE L‘k,i)}?il .
Denote the natural projection w.r.t Uy by II. Moreover, let up =Po H,;l.
Theorem 2.3. [7, Theorem 2.11] For every 1 < k <d,

hn(P) i hu, (P) — by, (P)

dimpg pg, =
X1 = Xij
Let us denote the orthogonal projection from [0, 1]* to [0, 1]*~! by projy, that is proj,(z1, ..., zx) =
(x1,...,7x_1). Moreover, let us denote the partition given by the inverse slices by &¥, i.e. €¥(x1,...,21) =

projlzl(l‘h s ,$k,1).
Theorem 2.4. [7, Corollary 4.16, Theorem 6.2] For every 2 < k < d and ug-a.e. z = (z1,...,T)
ek _ hi, (P) — huy,_, (P)

dirnH(,uk)g i >

where (,uk)gc s the conditional measure on the partition element f’“(g) w.r.t u*. Moreover, if U,
satisfies the strong separation condition (F([0,1]%) N wf([O, %) = 0 for every i # j) then hyy, (P) =
hp = —SM pilog pi.

3. PROOF OF THEOREM A

Let 7, m, and mg be the natural projections from the symbolic space ¥ to A, A, and Ag w.r.t IFSs
¢, ®, and Pg defined in (1.1) and (1.2)). That is, for a i = (ig,1,...) € X
[o¢] o
Ta(i) = Ztin,laio T Qg ﬂ—ﬁ(i) = Ztim?ﬂio ++ Bi,y and w(i) = (ﬂ—a(i)ﬂrﬁ(i))'
n=0 n=0

P ={p,..., pm}N is the Bernoulli measure on ¥ then the self-affine measure p is the push-down

measure P by , that is, y = m,P = Pon~!. Define two self-similar measures of ®, and @5 by
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fa = (Ta)«P and pg = (m5)«P respectively. If it is not confusing, we denote the projected entropies
by hry := o (P), hay i= By (P) and hy := he(P).

Proof of Theorem A(1). By Theorem dimpg pto = hyu/Xa. Since piq is the orthogonal projection
of pu, we get hy/xa < dimg p. The upper bound dimpg po < hy,/xq is trivial. (I

Proof of Theorem A(2). Let us define a lifted IFS on [0,1]* and a derived IFS on {0} x [0,1]?, as
follows

~

. m
o= {Si(x,y,z) = (viz, By, pZ)Jr(ti,hti,%ti??’)} , and
i

m

&= {Sily.2) = (Bw.p2) + (tiztia) |

1=

where 0 < p < min; {|oyl, |5} and ¢; 3 € R are chosen such that
Si([0,1)*) N S;([0,1]%) = 0 and S;([0, 1]?) N S;([0,1]%) = 0 for every i # j. (3.1)

Denote the natural projections of ® and @ by 7 and 7 respectively. Let us define 1 = 7, [P and 1 = 7P
the push-down measures. We denote the projected entropies by hz := hz(P) and hz := hz(P).

We note that the Lyapunov exponents coincide for every measure [i, i, and p for the appropriate
directions. Applying Theorem we have

. h‘7TQ h7r - hﬂ'a

dimgpu = 4+ —",

Xa XB
=N hx hry — hy hz — hy

dlmH /1/ — a + [ + s ,
Xa X3 —logp
hr h=— h,

dimpgp = —£ + -1
X8 —logp

Since ® and ® satisfy the strong separation condition , applying Theorem we get that
hz = h, = hs.

Let us introduce measurable partitions of [0,1]® by &(z,y) = {z} x {y} x [0,1] and 7(y) :=
[0,1] x {y} x [0,1]. Moreover, define a measurable partition of {0} x [0, 1]? by ((y) = {0} x y x [0,1]
and a measurable partition of [0,1]2 x {0} by n(y) = [0,1] x {y} x {0}. For a visualisation, see
Figure [1}

By Rokhlin’s Theorem there are families of conditional measures ﬁ%y, Has ﬁg and p, on the
partitions respectively, uniquely defined up to zero measure sets.

By definition of conditional measures and the partition 7, i = [ Hydus(y). On the other hand,

M flu%ydu x y ff Mx,ydﬂy duﬂ( ) Thus,
Iy = /ux yAap () for pg-a.e. y.

Let proj : [0,1]3 — {0} x [0,1]? be the orthogonal projection to the y, z-coordinate plane. Since
(proj)«tiy, = ﬁg for pg-a.e. y, we get that

ﬁg = /(proj)*ﬂg’yd,u;}(a:) for pg-a.e. y. (3.2)
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0. 0.5 1.0

§(x, y)

=

FiGURE 1. The lifted IFS and the visualisation of partitions &, 7, n and (.

Applying Theorem [2.4 we have

N hy,—h
dimpy Mg,y = —ulog; for p-a.e. (z,y)
hy—hx
dimpy ﬁg =2 T for Hp-a.e. .

—logp
Using Theorem [2.1] and Theorem we have that

h h
dimpy pg = XL; = X—;

Thus, hr, = hy,. Therefore dimy ﬁg = 0 for pg-a.e. y.
By (8.2), if i$(R) = 0 for a Borel set R C {0} x {y} x [0,1] then (proj).fi%,(R) = 0 for pj-a.e
x. Thus, by the definition of the Hausdorff dimension dimg ﬁg > dimH(proj)*ZIg,y = dimpg ﬁ;éy for

p-a.e (x,y). Hence dimpy ﬁﬁy =0 for p-a.e. (x,y), which implies that h, = hy,.
Again using Theorem and Theorem

h
dimy pio, = =1

Hence, h;, = xo- Therefore

h — h, —
dimpy p = oy Om " Pra g 4 Mu T Xo
Xa X3 X3
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4. PROOF OF THEOREM B

Let us define the pressure function P(t) with respect to ® of the form (1.1]) in the following way

max {370 |ail’, 200 |6} ifo<t<l1
Py(t) = ¢ max {3750 Jaal|B;|"1 500, [Billaa 1) if 1<t <2 (4.1)
Sy (el |Bil)2 if t > 2.

Using [5, Theorem 2.5] and [3, Proposition 5.1] we get that
dimpA < to, (4.2)

where ¢ is the unique solution of the equation Pg(tg) = 1.

Proof of Theorem B(1). Let P := {|ay|**,...,|am|*} be a Bernoulli measure and let p be the
corresponding self-affine measure. By Theorem dimpg pta = hu/Xa = Sa- Since i, is the
orthogonal projection of u, we get s, < dimpg pu < dimg A. The upper bound dimgA < s, follows

by . O
Proof of Theorem B(2). Using we have that
dimpgA < d.
Define a Bernoulli measure P := {|oy||31|¢7,. ., |ozm||ﬂm|d_1}N on ¥ and let u be the corres-

ponding self-affine measure. We show that x, < xg.

First, let us observe that h,/x3 < sg. Indeed, for the IFS ®3 one can find another IFS of
similarities with the same contraction ratios such that it satisfies the open set condition, see e.g. [18|
Proof of Theorem 2.1(b) and (c)]. Thus, if xo > x then

h
sp> =X g 15d>1,
X5 Xp

which is a contradiction.

On the other hand,

h h

Moy <1 <14 (d—1)XE = 21

X8 Xa Xa
Using Theorem A(2) we obtain that

h, — N

d=1+ "X _ dimpy u < dimy A < dimpA < d.
X
(Il
5. PROOF OoF THEOREM D

We recall that for an IFS G = {1}/, denote the kth iterate by GF = {1y, o--- o1y, }i\l/[ P

First, we state a technical lemma.

Lemma 5.1. Let G = {z + rix +t;}17, be an IFS of similarities on the real line and let ©(G) be
the attractor of G. Then for every € > 0 there exists a K = K(g) > 0 such that for every k > K
there is a Fi, C G* such that

(1) f{(O) = fé(o) fOT’ any f17f2 S fkm

(2) dimpyg ©(G) — e < dimy O(F), where O(Fy) is the attractor of IFS Fy,

(3) Fi satisfies the SSC, i.e. f1(O(Fk)) N f2(O(Fk)) =0 for any f1 # fo € Fk.

The proof is a consequence of Orponen [14, Lemma 3.4] and Peres and Shmerkin [I5 Proposition 6],
therefore we omit it.
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Lemma 5.2. Let ® be the IFS of the form and let tg be the unique root of the subadditive
pressure function t — Pg(t), defined in . Then for every e > 0 there exists a K = K(g) that for
every k > K there is a homogeneous IFS Vi, of the form such that Uy, C ®F and for the root of
of the corresponding subadditive function Py, (ty,) =0

lte —tw,| <e.
Proof. Throughout the proof we follow the line of Peres and Shmerkin [I5, Proposition 6].

For every i = (i1,ia,...) € ¥ = {1,...,m}" let Xj(i) = Z§:1 e;,, where ¢; are the coordinate
vectors of R™, and m is the number of the functions in ®.

Denote the subadditive pressure function, defined in (4.1), by Ps and the root by tg. Without
loss of generality, we may assume that sg < s4, where s, and sg denote the similarity dimension of
the systems ®, and ®g, see and ( . Thus,

sagl = a'i“’+~-+at‘b:1 (5.1)
Sa>1 = alﬁtq) Ty —&—amﬂt‘? L—1. (5.2)

Fix a p = (p1,...,pm) probability vector as follows, let p; := a ?if 54 < 1, and let p; := al,th’ !
otherwise. Define P := {p,... ,pm} probability measure on X.. Then [ X (i)dP(i) = k> ;" pie;.
Let vy, := (Vi ks - -+, U k) that v, —kp;| < 1fori=1,...,m. Then by [20, P9, Chapter II], there
exists a ¢ > 0 independent of k such that
P({ieX: Xp(i)=u,}) >ck 2. (5.3)
Define Nj = {[i1,..., i) : f{n <k :4, =1} =v;;}. Then

]ijHpklep >ﬁNka”lk: ({ie¥: Xp(G) = v}). (5.4)
=1

=1

Thus, by (53) and (5.4)

m
ENe > ek [
I=1
Let W, be the IFS
\Ilk = {Sll ©--+0 Slk}[zl k]ENE *
Observe that every function T; € ¥y has the form 7} : (z,y) — (apr + t’l,k,j,gky + t’27k7j), where

ap =124 afl’k and B\k =TI, B;}l’k, that is, ¥y is homogeneous. On the other hand, by using the
definition of subadditive pressure (4.1) the root satisfies the following formula

min {ﬁNka?k,ﬁNkakﬁ,?fl} —1 (5.5)
Hence, there exists a constant C > 0 such that
log k
lto — tu,| < C i
which completes the proof. ([l

Proof of Theorem D. Let ® be the IFS of the form ([1.1)) with attractor A, and let ®, and ®3 be the
projected IFSs to the z- and y-axis with attractors A, and Ag.
First, let us suppose that condition (1) holds. By Theorem B(1) and [9), Corollary 1.2]

dimg A, =dimg A = s, = to.

Applying Lemma for every € > 0 there exists a homogeneous IFS ¥ C ®F for some k such that
|ts — tw| < £/2. On the other hand, it is easy to see that, since ®,, satisfies the Hochman-condition,
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every subset of ®F satisfies the Hochman-condition for every k. Denote the attractor of ¥ by I' and
denote the projected IFS to the x-axis by ¥, with attractor I',. Hence, applying Theorem B(1)
again,

dimH Fa = dimHF = t\p.
Applying Lemma for W, we get that there is a homogeneous IFS ¥/ C ®* for a k' that W/,
satisfies the SSC, and thus, ¥’. Moreover, for the attractor IV of ¥’
te —e <ty —¢/2 <dimy I, < dimy I’ < tg,

which proves the first case.
Now, we turn to the case when condition (2) holds. By Theorem B(2)

dimg A = tp.

Applying Lemma for every € > 0 there exists a homogeneous IFS ¥ C ®* for a k that
|ts — tw| < ¢€/2. Denote the attractor of ¥ by I' and denote the projected IFS to the y-axis

by Wg with attractor I'3. Denote the contracting ratios of ¥ by a and 3 . Since ¥z is homogeneous
and satisfies the Hochman-condition, we have

log W
—log 3

Applying Lemma to Wy, we can prove the existence of a homogeneous IFS ¥ C T+ for a k' such
that \Il’ﬁ satisfies the SSC, and so does ¥’. On the other hand,

dimpy I'g =

log 0’ - log¥ ¢
—KlogB  —logB 2

dimpg F,/B =

which implies that §0’ > 0~ B e Using (5.5)) for the root of the subadditive pressure of ¥’
1= g0 YD) > (gwagerer2)”

Hence, ty — ¢/2 < ty and by Theorem B(2), dimy IV = ¢y which completes the proof. O

6. PROOF OF PROPOSITION C

Finally, we get a bound on the dimension of the exceptional parameters. The statement is based
on the dimension of exceptional parameters for self-similar IFSs.

Lemma 6.1. Let {r;}", be a set of real numbers such that r; € (—1,1) for everyi=1,...,m and
max;; {|ri| + |rj|} < 1. Then there exists a set E C R™ such that dimp E < m — 1 and for every
(t1,. .. tm) € R™\ E the IFS G = {x — rx + t;};~, satisfies the Hochman-condition.

This is lemma is a corollary [I0, Theorem 1.10]. We present here a self-contained proof based on
the method of Fraser and Shmerkin [8, Proposition 4.3]. Before we prove Lemma we need a
technical lemma.

Lemma 6.2. Let {r;}.", be a set of real numbers such that r; € (—1,1) for everyi=1,...,m and
max;.; {|ri| + |r;|} < 1. Then there are vectors a; € R™! such that the vectors {(a;,1 —r;)}ir, are
linearly independent in R™ and the IFS G' = {g; : @ — rix + a;};-, satisfies the strong separation
condition on [—1,1]™1.
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The proof can be found in Simon and Solomyak [I8 Proof of Theorem 2.1(b) and (c)], therefore
we omit it.

Let w be a non-zero vector in R™~1 and let IT, : £ — w - x be the linear projection to the line
determined by w. Then it is easy to see that

lgrad,, (Mw(z) — Mw(y)) | = llz - yll. (6.1)
Lemma 6.3. There exists a § > 0 such that for everyn > 1 and everyi #7€ 8" ={1,...,m}"
max { [Ty (g:(0)) — Mw(g7(0))] [lgrady, (Mw(g:(0)) — Mw(g5(0))) [} > &7,

where g; are the functions defined in Lemma and g; denotes the composition gz = g;, © - ° ¢gi,
(and similarly for g;).

Proof. Tt is enough to show that there exists a ¢ > 0 that for every n > 1 and every 7 # j € S" =
{1,...,m}" with i1 # 71

max { [T (g:(0)) — T (g5(0))], llgrad,, (Mw(g:(0)) — Mw(g5(0))) [} > e,

by choosing 6 = £ min; {|r;|}. Let us argue by contradiction. Suppose that for every £ > 0 there exist
n >1and 7,7 € 8" with i; # j; such that

max { |y (g:(0)) — w(g5(0))], [lgrady, (IMw(g7(0)) — Mw(g;(0))) ||} < e.
By compactness and by letting ¢ — 0+, we get that there exists x,y € ©(G’) such that ||z — y| >
min 2, {dist(g:(©(G")). 9,(0(0")))} > 0 and [[grady, (Iu(z) — Tu(y)) || = 0. where ©(G') denotes the
attractor of G’. But by , it is a contradiction. U

Proof of Lemma[6.1]. Falconer showed in [2 Proof of Theorem 1] that the projections of G’ in
Lemma to lines in R™~! through the origin and the IFS G are linearly equivalent. That is,
for every (t1,...,tm) € R™ there exists a unique vector (zg,w) € R™ such that t; = zo + w - g;.
Thus, it is enough to show that there exists a set £ C R™~1 such that dimp E < m — 2 and the IFS
{x + rix 4+ Ty(g;)} satisfies the Hochman-condition for w € R™ !\ E.

For a,j € 8" let Ajj(w) := Iy (g:(0)) — Iy (g7(0)). It follows from the definition of exceptional

set that -
peNU N U adeenen
e>0 N=1n>N 1£7€S"
Since w — II,,(g:(0)) is linear, so w — Az;(w) is. By Lemma A{Jl(—a”,s") is contained in a
(¢/0)"-neighbourhood of the hyperplane A 31 (0). Hence, U; s5esn A; jl(—sn, e™) can be covered by at

most Cm?*(6/¢)™=2" balls with radius (¢/6)", where C is depending on m. Thus,

S 2logm
: —1
dlmB m ) U Ai,j (_€n7€n) Sm—2+m
n>N 1£7eS™
By using the definition of packing dimension,
2logm
imp F < li 24+ ——=m-2.
dimp E < il + —log(e/6) m

O

Proof of Proposition C. Fori=1,...,mlet o, fB; satisfy o, 8; € (—1,1)\{0}, such that max;; {|a;| + |ay|} <
Land )", |8 < 1. Then by Lemmathere exist sets E, By C R™ such that dimp F1,dimp FEy <

m — 1 and the IFSs ®, = {z — oz +t;1},-, and ®g = {x — Bix +t; 2}, satisfy the Hochman-

condition simultaneously for every (t11,...,tm,1) € R™\ Ey and (t12,...,tm2) € R™\ Ey. Thus, the

IFS of the form satisfies the assumptions of Theorem A and Theorem B for every (¢t1.1,...,tm.1,t12, .-, tm2) €
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R2m \ E1 X E. By using the product property of the packing dimension, we get dimp E; X Ey <
dimp Fq + dimp Ey < 2m — 2, which completes the proof. |
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