ON THE LEDRAPPIER-YOUNG FORMULA FOR SELF-AFFINE MEASURES
BALAZS BARANY

ABSTRACT. Ledrappier and Young [I8] introduced a relation between entropy, Lyapunov exponents
and dimension for invariant measures of diffeomorphisms on compact manifolds. In this paper, we
show that self-affine measures on the plane satisfy the Ledrappier-Young formula if the corresponding
iterated function systems (IFS) satisfies the strong separation condition and the linear parts satisfy
the so called dominated splitting. We give a sufficient conditions, inspired by Ledrappier [16], that
the dimensions of such self-affine measure is equal to the Lyapunov dimension. We show some
applications, namely, we give another proof for Hueter-Lalley’s classical theorem [14] and we consider
self-affine measures and sets generated by lower triangular matrices.

1. INTRODUCTION

Let A := {Aj,As,...,Ax} be a finite set of contracting, non-singular 2 x 2 matrices, and let
O = {fi(z) = Az + L‘}ij\i1 be an iterated function system on the plane with affine mappings. Well
known fact that there exists a unique non-empty compact subset A of R? such that

We call the set A as the attractor of ®.

The dimension theory of self-affine sets is far away from being well understood. One of the most
natural approach of the Hausdorff and box dimension of self-affine sets is the so-called subadditive
pressure function, introduced by Falconer [7]. Denote «;(A) the ith singular value of a 2 x 2 non-
singular matrix A. For s > 0 define the singular value function ¢° as follows

ay(A)* 0<s<1
P*(A) :={ ar(A)az(A) ! 1<s<2
(a1(A)as(A)*? s> 2.
We note that in this case, a1(A4) = ||A]| and ag(A) = ||[A71||7!, where ||| is the usual matrix norm

induced by the Euclidean norm on R?. Let us define the subadditive pressure function generated by
A for s >0 as

N
1
P(s):= lim ~log > A ) (1.1)
U1 yeeeyin=
The function P(s) is continuous, strictly monotone decreasing on [0, 00), moreover P(0) = log N
and lims_,o P(s) = —oo. Falconer showed in [7] that the unique root sg of the subadditive pressure
function is always an upper bound for the box dimension of the attractor A and if ||A;|| < 1/3 for

every i =1,..., N then
dimpy A = dimp A = min {2, 50} for Lebesgue almost every t = (£, ...,ty) € R?V.
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The bound was later extended to 1/2 by Solomyak, see [25].

In the case of similarities (i.e. A; = p;U;, where 0 < p; < 1 and U; are orthonormal matrices) the
dimension theory of the attractors is well understood if a separation condition holds. In the case of
strict affine mappings, it is very unclear. McMullen [21] showed a family of self-affine sets on the
plane, where the Hausdorff and box dimension differs, however a separation condition holds. Later,
such examples were constructed by Gatzouras and Lalley [12] and Baranski [2]. In these cases the
linear parts of the maps were diagonal matrices.

Falconer [§] proved that under some conditions and separation, the box dimension of a self-affine
set is equal to the root of the subaddtive pressure. However, the only known sufficient condition in
general was given by Hueter and Lalley [14], which ensures that the Hausdorff and box dimension of
a self-affine set coincide and equal to the root of the subadditive pressure.

One way to understand the Hausdorff dimension of self-affine sets depends on the understand of
Hausdorff dimension of self-affine measures. We call a measure pu self-affine if its compactly supported
with support A and there exists a p = (p1,...,pn) probability vector such that

N
p=>Y pipo fil. (1.2)
=1

Ledrappier and Young [17, 18] introduced a formula for the Hausdorff dimension of invariant measures
of diffeomorphisms on compact manifolds. It is a widespread claim that self-affine measures satisfy
this formula but it was proven just in a very few cases. Basically, the first result on a class of self-
affine measures and sets, for which the formula hold, was proven by Przytycki and Urbanski [23].
Later, Feng and Hu [I1] proved that if the linear parts of the mappings are diagonal matrices then
the Ledrappier-Young formula holds for the Hausdorff dimension of the self-affine measures, without
assuming any separation condition or condition on the norm of the matrices. Moreover, Ledrappier
[16] proved that the formula is valid for a special family of self-affine measures, namely when the
support is the graphs of a Weierstrass functions.

Our main goal is to generalize Ledrappier’s result [16] for a more general family of self-affine
measures.

An other important dimension theoretical property of a self-affine measure is its exactness. Denote
B,(z) the two dimensional ball centered at z € R? with radius r. Then we call

1 BT‘ — 1 Br
d(2) = timinf 2EFBD) 4G (@) = timsup 8P
1 r—0+ logr 0+ log

the lower and upper local dimension of u at the point z, if the limit exists then we say that the
measure has local dimension d,, (z) at the point z. It is well known fact that

dimp p = p — esssup,d,, () (1.3)

for any p Radon measure. Moreover, we call the measure i exact dimensional if the local dimension
exists for pu almost every points and equals to dimpy p. Feng and Hu [I1] proved that self-similar
measures, and self-affine measures if the linear parts are diagonal matrices, are exact dimensional.
Ledrappier [16] proved that for the graphs of Weierstrass functions. We extend this phenomena, as
well.

To analyse self-affine measures, it is convenient to handle it as a natural projection of Bernoulli
measures. That is, let 1t = {1,..., N }N be the symbolic space of one side infinite length words
and let v = {p1,... ,pN}N be a Bernoulli measure, where p = (p1,...,pn) is a probability vector.
If my : ©* — A denotes the natural projection, i.e. 74 (ig,i1,...) = lim, 00 fiy © - -+ © fi, (0), then
p= (T ) =vomit.



According to the classical result of Oseledec Multiplicative Ergodic Theorem [22] for v-almost
every i € X7 there exist constants 0 < X < X, such that

1
lim —logai (A, -+ Ai, )= —XZ and

n—oo n

1 P
nh_)ngo Elog ag(Aiy - Ai, ) = =X, for v-ae. 1= (io,i1,...) € »t.

Denote the entropy of v by h, = — ZZ]\L 1 pi log p; then we can define the Lyapunov-dimension of the
measure p by N )
. . h v
dimpyap ¢ = min {2, X—g, 1+ XffXM} .

It is known that the Lyapunov dimension of a self-affine measure is always an upper bound for the
Hausdorff dimension, see [15]. We show also a sufficient condition (based on the idea of Ledrappier
[16]) which implies that the Lyapunov- and Hausdorff dimension of a self-affine measure coincide.

Throughout the paper we will follow the method of Ledrappier [16] and Ledrappier and Young
[17, [18]. At the end of the paper we give an alternative proof for the Hueter-Lalley Theorem and we
show some applications for triangular matrices.

2. PRELIMINARIES AND RESULTS

Let A := {A;,Ay,...,Ax} be a finite set of contracting, non-singular 2 x 2 matrices, and let
® = {fi(z) = Az + t;})| be an iterated function system on the plane with affine mappings.

Definition 2.1. We say that ® satisfies the strong separation condition (SSC) if there exists an open
and bounded set O C R? such that

(1) for everyi=1,...,N, fi(O) C O and

(2) for every i # j, fi(O)N f;(0) =0,
where O denotes the closure of O.

If the IFS satisfies the SSC then

fi(A) N fj(A) =0 for every i # j, (2.1)
where A denotes the attractor of ®. One can show that (2.1)) is actually equivalent to SSC. Moreover,

00 N
A:ﬂ U fiyo---o fi, (O).
n=1liy,...in=1
Let us denote by S = {1,..., N} the set of symbols and by ¥ = SZ the symbolic space of two side

infinite words. Moreover, let ¥+ = SN be the set of right- and ¥~ = S%- be the set of left side infinite
length words. For a two sided infinite length word i = (...,i_2,7i_1;%0,%1,%2,...) let us denote the
left hand side by i_ and the right-hand side by iy, i.e. i_ = (...,i_9,i—1) and iy = (i, 41,%2,...).
Denote X* = [J;7, 8™ the set of finite length words. The length of a finite length word i is denoted
by |i| and for an infinite length word i € ¥ we denote by i|¥ the elements of i between n and k, i.e.
i|¥ = (in,...,i). Let us define also the cylinder sets on ¥ (and on X7 respectively) by

ils] = {5 e sl =ik}
We denote the composition of functions of ® for a finite length word i = (i1,...,i,) € ¥* by

fi=fiyo---ofi,.

Now let us introduce a dynamical system F acting on O x 1 by

F(Qa 1) = (fio (£)70—i)7




where O is the open and bounded set from Definition Since F' is hyperbolic map acting Ox¥T,
the unique non-empty and compact set, which is F-invariant, is (-, F"(O x 1) = A x 7.
Define m_ : ¥~ +— A (similarly to 74) by

71——("'7Z.—27Z.—1) :nli)Holof17l Ofl n ZA’L 10 ’L n+1t1 n'

If o is the left-shift operator on ¥ then it is easy to see that F' is conjugate to o by the projection
m: Y= A x Xt where (i) := (7_(i-),it). That is,

moo=Fom.

Let p = (p1,...,pn) be a probability vector and let v = {p1,... ,pN}N be the corresponding

left-shift invariant and ergodic Bernoulli-probability measure on ¥*. Denote 7 = {p1, ..., pN}Z the
natural extension of v to ¥. Let us define its projection to A x X+ by fi := 7,0 = von~!. Then [i is
an F-invariant and ergodic probability measure on A x X+, moreover i = i x v, where p is self-affine

measure defined in ([1.2)).

For the analysis of the dimension theoretical point of view, we need an assumption for the matrices
A, which ensures for us that there is a dynamically invariant foliation on O x X+.

Definition 2.2. We say that the set A of matrices satisfies the dominated splitting if there are
constants C,0 > 0 such that
o1 (A;)
az(Ay)

> Ce™ for all i € ¥* with |i| = n.

For example, family of matrices with strictly positive entries satisfies dominated splitting, see [1J.

Let us define a map from ¥ to A in a natural way, i.e. A(i) := A;,. Denote the product by
AM (i) := A(c" ') --- A(i) for i € ¥ and n > 1. Now we are going to state some useful properties
for set A of matrices, satisfying dominated splitting.

Lemma 2.3 ([4],[26]). The set A of matrices satisfies the dominated splitting if and only if for every
i €Y there are two one-dimensional subspaces ess(i), es(i) of R? such that

(1) A(i)e;(i) = ei(oi) for everyi€ ¥ and i = s, ss,
(2) there are constants C,6 > 0 such that

() (i
|4 (.1)|es( Dl > Ce® forallie X andn > 1.
|AC) (i) ess (1)

We call the family of subspaces ess(1) as strong stable directions.

We note that the dependence of the subspaces e; on i € ¥ is continuous, that is e; : ¥ + P! is
continuous with the standard metrics, where P! denotes the projective space, see [6, Section B.1].

Lemma 2.4 ([5]). Let A be a set of matrices satisfying the dominated splitting and let ess(i), es(i) be
the two one-dimensional subspaces of R? defined in Lemmal[2.3. Then there exists a constant C' > 0
such that

CHAM (B)les ()| < ar(A™ (1)) < ) A" (l)les(i)ll and
CTHIAM ()ess(D)]] < az(A™ (D)) < CIA™ (D)ess (D]

In particular,

) . 1 n)se . . . A~/ ~ . .
X, = _g&ﬁlognA( )(i)|e: ()] = —/logHA(1)|ei(1)Hd1/(1) for D-a.e. i andi=sss.  (2.2)



The dominated splitting property implies that the Lyapunov exponents are always district, actually
X;, + 0 < x;; for any u self-affine measure.

Let Cy == {(z,y) € R*\{(0,0)} : zy > 0} be the standard positive cone. A cone is an image of
C4 by a linear isomorphism and a multicone is a disjoint union of finitely many cones.

Lemma 2.5 ([1], [4]). A set A of matrices satisfies the dominated splitting if and only if A has
a forward invariant multicone, i.e there is a multicone M such that Uzj\il Ai(M) C M°, where M°
denotes the interior of M.

Note that if M is a forward-invariant multicone w.r.t A = (A1,..., Ayx) then the closure of its
complement is backward-invariant, i.e. forward-invariant for A=! = (Afl, ce Ajvl).

Lemma 2.6 ([1], [4]). Let A be a set of matrices satisfying the dominated splitting and let M be a
forward-invariant multicone. Then for everyi € X

o0

es(i) = [ Ai_, - Ai_, (M) and ess(i) = () 4;,' -+ A; 1 (M),
n=1 n=1

where M€ denotes the complement of M. In particular, es(i) depends only on i— and ess(i) depends
only on i;.

An easy consequence of Lemma [2.5]and Lemma [2.6]is that there exists a constant « > 0 such that
ey (i) ess(j) = @ > 0, for every i,j € 3, (2.3)

where < denotes the included angle.

Let us denote the orthogonal projection from R? to the subspace perpendicular to ess(i) by proj;®.
We call the family of projections of p along the strong stable directions as transversal measures and
we denote by

pi = (proji®)up = po (proji®) . (2.4)
Now we are ready to state our main theorem.

Theorem 2.7. Let A = {A;, Ag,..., AN} be a finite set of contracting, non-singular 2 X 2 matrices,
and let ® = {f;(z) = A@Jrzi}i]\il be an iterated function system on the plane with affine mappings.
Let v be a left-shift invariant and ergodic Bernoulli-probability measure on X7, and u is the corres-
ponding self-affine measure. If

(1) A satisfies the dominated splitting,

(2) ® satisfies the strong separation condition

then p is exact dimensional and

h S
dimpg p = :S + <1 - ;:;2) dimp pd for v-almost everyie X+, (2.5)
1 f

where h, denotes the entropy of v and x;,, x;; are the Lyapunov exponents, defined in (12.2)).

We note that, unfortunately, the strong separation condition cannot be relaxed to the open
set condition. Let A; and As be two matrices with strictly positive entries such that the IFS
{fi(z) = Ajz},_, , maps the closed unit square into itself and f;((0, 1)) N f2((0,1)?) = 0. Then the
IF'S satisfies the open set condition, however its attractor is only a single point. Hence, (2.5 cannot
hold for any self-affine measure, which are just the Dirac measure.

Since the transversal measures ,u;f are the orthogonal projections of p, dimg ,uiT < min {1,dimg p}.
By , simple algebraic manipulations show that

dimg p = dimpgap pp < dimg pf = min {1, dimg p} for v-ae. i€ T (2.6)



If the distribution of the strong stable directions egss has large dimension then one can claim that the
right-hand side of holds. Let us consider the map ey : 1 — P! which maps an i € ¥1 to the
element of the projective space associated to egs(i). Let us define the push-down measure of v by e
on P! as

Vss i= (€ss)x = 10 (eg5) . (2.7)

Theorem 2.8. Let A = {A;, Ag,..., AN} be a finite set of contracting, non-singular 2 X 2 matrices,
and let ® = {f;(z) = Aig—kti}i]\il be an iterated function system on the plane with affine mappings.
Let v be a left-shift invariant and ergodic Bernoulli-probability measure on X7, and u is the corres-
ponding self-affine measure. If

(1) A satisfies the dominated splitting,

(2) ® satisfies the strong separation condition,

(3) dimp vge > min {1, dimyyap, it}
then L .

dimpg p = dimyp,yap ¢4 = min {h:, 1 VSSX“} .
XN Xp,
The proof of Theoremis based on the idea of Ledrappier [16, Lemma 1], and uses a modification

of the classical result of Marstrand [20].

Proof of Theorem [2.8, By Theorem we know that dimg uiT is a constant for v-almost every
ieXt. Using Lemma we have that for every ¢ > 0 there exists a set A C 37 such that v(A) > 0
and for every i € A dimy uiT > min {1,dimg pu} —e. This implies that dimg ,uiT > min{1,dimg pu}—¢
for v-almost every i € ¥ 1. Since € > 0 was arbitrary we get

dimp pf = min {1,dimy p} for v-almost every i € £+,
The statement of the theorem follows by (2.6)). O
Lemma, [b.1]is stated and proved in the Appendix, Section

3. PROOF OF LEDRAPPIER-YOUNG FORMULA

The proof of Theorem [2.7] is decomposed into four propositions, Proposition [3.1] [3.3] 3.7}, and [3.8|
The proofs of Proposition and follow the proof of [16, Proposition 2|. Proposition is a
modified versions of [I8, Lemma 11.3.1] and Proposition [3.8|is a modification of [I8, Section (10.2)].

Let v be the left-shift invariant and ergodic Bernoulli-probability measure on ¥ and g is self-
affine measure defined in . Let & = p x v be the F-invariant and ergodic probability measure
on A x X7, defined in the previous section. Denote B the usual Borel o-algebra on A x XT.

If ¢ is a measurable partition of A x T then by the classical result of Rokhlin [24], there exists
a canonical system of conditional measures, i.e. for fi-a.e. y € A x ¥ there exists a measure ,ug,

supported on ((y), the element of ¢ containing y. These measures are uniquely defined up to a 0

measure set and for every measurable set A the function y ué(A) is B¢-measurable, where B is

the sub-o-algebra of B whose elements are union of elements of (. Moreover,

i) = [ E5adaty). (3.1)

For two measurable partitions (; and (3 we define the common refinement {; V (3 such that for
every y, (C1V ¢)(y) = ¢1(y) N ¢2(y). Moreover, let us define the image of the partition ¢ in the
natural way, i.e. for every y, (F()(y) = F(((F~1(y))).

We define a dynamically invariant foliation on A x X7 with respect to the strong stable directions.
Denote egzs the family of one-dimensional strong stable directions defined in Lemma Since eg



depends only on i, by Lemma it defines a foliation on O for every iy € X*. Hence, it defines a
foliation £°* on A x . Namely, for an y = (z,i) € A x X% let l4(y) be the line trough z parallel to
ess(i) on R? x {i}. Let the partition element £%(y) be the intersection of the line ls4(y) with A x {i}.
It is easy to see that FE° is a refinement of £%%, that is, for every y, (FE%)(y) C €% (y).

Let us define the conditional entropy of F&*% with respect to £%° in the usual way,

H(FE)E%) o= — / log 75" ((F&™)(y))dii(y).

Proposition 3.1. For ji-a.e. y € A x ¥t the measure ﬂgs is exact dimensional and

) s H(FE£ss|e58
m

Before we prove the proposition, we define another partition P = {f;(A) x 2+}£\L1- It is easy to
see that

PV ESS = eSS, (3.2)
Let us denote the ball with radius r centered at y by B, (y). Let B;*(y) be the restriction of the ball
to £**(y). That is,
B(y)={zee(y):ly—z/ <7},
where [.| denotes the usual Euchdean norm on R2.

Lemma 3.2. There is a constant ¢1 > 0 that for every n > 1 and y = (z,i) € A x X1 with
xr = 7T_(. . .,i_g,i_1>

n—1
ss k ss SS
Bcflaz(Ai,l"-Ai )(Z) < (V FPPVE ) (¥ ) BCla2(Az;1"'Az;n)(X)’
k=0

where ay(.) is the second singular value of a matrix.

Proof. Let us fix an n > 1 and y € A x X% and let F~"(y) = (2/,1) then i’ = (i_p,...,i_1,i0,...).
Denote D = diam(O) the diameter of O. By the definition of strong stable directions, see Lemma

we have
n—1
diam ((\/ F'pv 588) (y)) < DA™ (i) |es(i)]-
k=0

On the other hand, let K = min;; dist(f;(A), fj(A)). Since the IFS ® satisfies the strong separation
condition, see Definition > 0. Then for every F"(y) = (2/,i') € A x X7 if 2’ € fi(A) then
dist(2/, f;(A)) > k/2 for every j #1i. So

n—1
FYBE(F™(y)) € (\/ FkPV£SS> (¥)-

B k=0
Applying again Lemma we get F”(BSS(F "(y))) = “HAW)( Nless (i )II( y).

Let C > 0 be the constant defined in Lemma ., then by choosing ¢ := C'max {D (%) _1}, the
statement of the lemma follows. O

Proof of Proposition[3.1. To prove the statement of the proposition it is enough to show that

logiy (BP(y) _ H(FE|e®)
r—0+ logr B X

for fi-a.e y.



By Lemma it is equivalent to show that

o (PP ) ) e
i 8 logag(A4; |-+ 4; ) B Xpi

for fi-a.e y. (3.3)

Then by using the definition of the partitions and conditional measures,

log 71y ((\_/ FkPVrS“) (y)> logfi§,” (P(y) N~ NF"H(P(F"(y)))) =

k=0 a
log iy (P(y)) +log iy 7 (F(P(F ™! (9)))) + - +log iy PV Y7 (=4 (P(F T (y))

Applying
log g, VPV VI (FRP(F R (y)) ) = log iy ¢ (FH(P(F T (y))) =

log iy, (PFT))) -

where in the last equality we have used the invariance of the measure fi. Hence

10g““<<\/ F’“PV£SS> ) Zloguf“ o (PEF))

Since i is ergodic

n—1

1 LSS ss LSS ~ ss

Jim —log i ((\/ F*Pv¢ ) (Y)> = /logu§ (P(y))di(y) = —H(PI€®).  (3.4)
k=0

Using the property of conditional entropy and (3.2)), H(P[£%%) = H(P V £5|¢5) = H(FE¥[E).

Applying Oseledec’s Theorem, we have

1
lim —logag(A; ;- A; )= —x; forrv-aei,
n—oco N

which together with (3.4)) implies (3.3]). O

The next proposition is devoted to prove that the transversal measures u? = po (projfs)_1 are

exact dimensional measures for v-a.e i € ¥ and calculate the typical Hausdorff dimension, where
proj;® is the orthogonal projection from R? to the subspace perpendicular to egs(i).

Proposition 3.3. For v-a.e. i € ¥ the measure uiT 15 exact dimensional and

r_ hy— H(FE|E)

dimg p; =
Xiu

We define an other invariant foliation £° with respect to the stable plane. That is, for every
y = (z,i) € A x X1, & (y) = A x {i}. Then the foliation £* has similar properties to £°, i.e. F&® is
a refinement of £° and PV & = FE&. Moreover, it is easy to see that for every y

= (3.5)

The proof of the proposition uses a slight modification of the classical result of Maker [19]. We
state and prove a simpler version of the theorem in the Appendix, Section



For the examination of the local dimension of the projected measure, instead of looking at the
balls on the projection we introduce the transversal stable balls associated to the projection. Let
Bl(x,1i) be transversal stable ball with radius r, i.e

Bl(z,i) = {(1,) : i = § & dist(lss(z, 1), lss (2, ) < 2r},

where [g5(z,1) denotes the line trough z parallel to egs(i).

By technical reasons, for the examination we have to introduce the modified transversal stable
ball. Since the IFS @ satisfies the SSC, by Lemma for an y = (z,i) € A x T we can define
the stable direction es(y) of y by es(y) := es(z) := es(i-), where 7_(i-) = z. Denote dist,, () the
natural Euclidean distance on the subspace es(y). -

Then for an (z,i) € A x X7, we define the modified transversal stable ball with radius § by
Bf (2,1) = {(3.J) € Ax TF 11 = & diste, (1) (lss (2 1), Lss(9,4)) <0}

For a visualisation, see Figure

es(y)
y

]ss(.];'l) ]ss(x) 155(.22)

FIGURE 1. A visualisation of the modified transversal ball B (y).

By there exists a constant ¢ > 0 that for every y € A x Yt and r >0
B, (z,1) € Bl(z,i) € BL(x,i). (3.6)
Lemma 3.4. For anyy = (z,i) € AX ST withz =7_(...,i_1)
M(BJT(X) NP(y)) =n (B|:|FALI|es(F71(Z))||715(F_1(X))) bi_,-
Proof. Since the directions e, are F-invariant, we get for any y’ = (2',i') and oo > ¢’ > 0
F (By(y') x lig]) = BWA%@S(Z)”&( (Y)NPFEY)) <=
The map F' is invertible, hence
BEY) i) = P (Bl e (FE) N PG 2 ).
By taking y' = F(y) we have [|Ayles(y")|| = [[4i_,[es(F~"(y))| and by taking
6 = | Ai_les(E ()19
B\Z\FALl\eS(Ffl(z))Hfla(F_l(X)) x [io1) = F 1 (Bf (y) N P(y) x =*).
The measure j1 is F-invariant, therefore
w(Bs () NP(y)) = A(Bs (y) NP(y) x &%) = 4(F~ (B5 (y) N P(y) x £F)) =
ABjia,_jesir-2gi-1E () X [i-a)) = 0(Bja,_jesr1p-16F @i
(I



Lemma 3.5. For everyy = (z,i) € A x X7

1A @) es (DI = 1A les@ | Ao es(F(3))]]-

In particular,

1A® @) es (v)| = H 1A ) es(F* (y))]]-

Proof. By definition [[A(i)[es(y)|l = sup,cc,(y) ”AH(v\)\ 4G - On the other hand for every vy, vy € es(y)
there exists a constant ¢ € R such that cv; = vp. Therefore [|A(i)|es(y)|| = ||A(i)v|| with any vector
v € es(y) with ||v|| = 1. Hence,

A3 C1AD Doll — 1A Ai)v Ao Al

A @)es(WIl = A @)oll = | A(oi) TAG)] I AG)v] = [|A(ei)les(F(Y))IIIAG) les()I,
where we used in the last equation that A(i)v € es(F(y)). O

. mBfNP(y)) s
Let us define functions g(y) := ,uy (79(7)) and gs(y) = W' By definition and (3.5)),

gs — g as § — 0+ for p almost everywhere and, since gs is uniformly bounded, (3.1]) implies g5 — ¢
in L'(z1) as 6 — 0+.

Lemma 3.6. The function supsso{—loggs} is in L*(fi).

Proof. To verify the statement of the lemma, it is enough to show that

m :inf —k .
Zu{y inf g5(y) < e }<oo

By €3 k=1
ﬁ{:lnf95 } z / {xe () inf (35(@; 12“”;3( ))<e_k}dz/(i). (3.7)

For a fixed i € X1 denote E}“ the set {z € fi(A) s infs5g W

Z- MBI DR _
5’““{35” W(BIwi) }

be the collection of closed transversal balls. It is needless to say that Ek is a cover of Ek ;- Then by

Besicovitch covering Theorem there exists a constant ¢ > 0 independent of i i, 7 and k, and a countable
family of balls | _; F, C &F; such that

<e” } Let

C
Bi;c ) | Band BnB"=0if B ,B" € Fijforj=1,....n
n=1 BEF,
Hence,

T z,1 i N
s pp R <o) <3 S B <3 5

c=1 BeF, n=1 BEF,
Therefore, by (3.7)

: inf k< Ne * .
Z { gr;og(; y)<e }_Zc e " < oo

=1 k=1



Proof of Proposition[3.3. By the definition of the transversal measure, the statement of the propos-
ition is equivalent to

log i(B§(y)) _ hy — H(FE*[£*)

= for fi-a.e y.
55& log ¢ X5 orpaey
Hence, by (3.6) it is enough to show that
log (B (y)) _ hy — H(FE=|E=)
lim = for p-a.e y.

50+ log § N X5,
By Lemma [2.4) if y = (x,i) € A x X1 with 2 = 7_(...,i_2,i_1), it is sufficient to show
y y

T
) log 1 (B“ AleAiinles(F*"(X))”(X)> h, — H(FE*[6%)
m =
n—00 log aq (Al'—l T A'L_n) Xft

for fi-a.e y. (3.8)
We write the measure of the ball as
i (Bl a et rim®) =
u(BlT(F‘"(y)))M(BfAi"'GS(F”(Y”(FnH(ym b (Bl s e F )

y 2 Il ‘
u(BY (F (¥))) k=1 <BfAik1---Ai_n|es(F‘"(Y))||(Fk(y))>

Applying Lemma [3.4] and Lemma [3.5] we get for every k =1,...,n

T —k .
K (B||Ai,k71'“Ai_n‘65(F77L(Z))||(F (Y))) =

T —k _
p (B“Ai_k‘es(ﬁ( DI A~ Ar_ les (P ()| (E (X))> =

Iz (BHA Ai les(F=n(y))] (F 1 (y)n P(kaﬂ(z))) P,

Hence,
%10% i (Bl o et @) =
%logu(BlT(F’”(z))) - %Zloggwmi,kmm,n\es( I (F T (y Zlogpz .
Let us define a function hy, x(y) := log gj 4,
)=

log (B (" () — - hs(F () + > o,
k=1 =

F—n+k—1 (Z))H (Z) Then

i1 n+k—1‘es(

\_/

log/‘(BHAzl~ es(Fm (Y

S|~

Since [|A;_, - Ai_ \eS(F’”JFk’l(X))H — 0 uniformly on A x X" as n—k — 0o, limy,_ g0 hn =

log g in L(zi) and for fi-almost everywhere. Moreover, by Lemma we can apply Maker’s ergodic
theorem Lemma [5.2] thus by (3.4)

Jm S (P ) = [ logg()dity) = ~HFEIE) for e y.
k=1



On the other hand
1
lim — log u(Bf (F~™(y))) = 0 for every y € A x £T and

N
— +
HILIEOEZIngZ . lezlogpz = —h, for ra.ey € A x X
(2
which implies
: 1 T _ 85| ¢SS
7}1_{120 n log v (BllAi,l---Ai_n\es(F*"(z))H(X)) = —hy + H(FE?[£™) (3.9)
Applying Oseledec’s Theorem, we have
1
lim —logai(A; ,---A;,)=—xj for v-aei,
n—o00 N
which together with the equation (3.9)) implies (3.8)). O

Denote Bf(z,i) the square on A x {i} with a side parallel to ess(i) and length 2r centered at
(z,i) € A x 1. Tt is easy to see that there exists a constant ¢ > 0 that for every (z,i) € A x X7,

Bcflr(i) - Bﬁ(iy 1) C Bcr(&); (310)
where B,(z) is the usual Euclidean ball on R2.

Proposition 3.7. For p-a.e x € A
lim inf 08A(Br(@)) o HFE®IE?) |y — HFE2|E™)
r—0-+ log r X X,
Proof. By (3.10)), it is enough to show that
1 B3 85| ¢8s _ 88| ¢8s
i 08B Y)) o HPE?IE”) | hy — H{FETIE™)
r—0+ log r Xp X,

for pi-a.e y. (3.11)

For simplicity, let ds := % By Proposition the measure ﬁgss is exact dimensional and
n R

by Egorov’s Theorem for every e > 0 there exists a set J; C A x X with fi(J;) > 1 — & such that
there exists an M7 > 0 that for every m > M; and y € J;

Aéss(Bss ( )) < em(deJrE).

2e—m

By the definition of B;(y) it is easy to see that B;(y) N&**(y) = B;*(y) and by the definition of
conditional measures

s Ss(Bge_m (y) < e™ (=579 for every y € Ji and £%(z) = £ (y). (3.12)
The combination of Lebesgue density Theorem and Egorov’s Theorem implies that there exists a set
Jo C Jy with [i(J2) > 1 — 2 and M3 > 0 such that for every m > My and y € J»

1
p(JL N Beon(y)) 2 5u(Be-n(¥))-

By (3.12), for every z € B'_,,(y) such that there exists a 2’ € £%%(z) N BS_,,(y) N J1

A&“(Bs w(y)NJ1) < AéSS(Bge W(Z)NJy) < o (—dste)
If £%(z) N B2_,.(y) N J1 = () then the bound above is trivial. Hence, for every y € Jo

MBE@) <2 [ BBy 0 AR < 267 (B ()
e~ m Y



Since € > 0 was arbitrary, inequality (3.11)) follows by Proposition O

Proposition 3.8. For py-a.e x € A
1 B F SS SS hV _ H F SS SS
oy BB @) _ H(PEWIE") | by = H(FEWIE)
r—0+ log X; X,
Proof. For simplicity, let hs := H(FE&*%|£%%). By applying Egorov’s Theorem for Proposition and

for Shannon-McMillan-Breiman Theorem, we get that for every € > 0 there exists a set J; with
fi(J1) > 1 — e and My > 0 such that for every y = (z,1) € J; and every m > M

By (Byemigi—ao (y)) 2 e 02 (05, (3.13)
m—1
iy (( V FW) (y)> < emihee), (3.14)
k=0
m—1
(\/ F’“P) (¥) € B —mixg—2o () X X7, (3.15)
k=0

m—1
i (( \/ FkP> (y)> > emmhwve), (3.16)
k=0

Applying Lebesgue’s density Theorem and Egorov’s Theorem, there exists a set Jo C Jy with u(J;) >
1 —2e and My > M such that for every y = (z,i) € J2 and every m > M>

//,Z§/ (B,; 7m<X,u, 26)( )mjl) 1
> .
Ay (Byniga (y)) 2

(3.17)

Nm
For every m > My we can define a finite sequence {L} such that for any i # j

i=1

(i (Y-

and y, € Ji whenever .J; N : "o F*P) (y,) # 0. For simplicity, we introduce the notation Ly, (y) :=

B ~meg—20(y) N J1. By (3.13] D and (3.17] j for any y € Jo
2
LSS PELL] ]_ s _
B (Ln(¥) 2 575" (B iy 20 (¥) 2 5o 062059, (3.18)
Then by (3.14)
m—1
(L) < D1 ((\/ F’“P) (yimLm(y))
7 X eJq k=0

m—1
o) ()
k=0 RS -

”

m—1
<t {yi €Ji: Lin(y) N (\/ Fk73> (y ) @} o—m(hs—e)

k=0



Hence,

m—1
B (Lin(y))emm) < ¢ {yi €J1: Lin(y) N (\/ ka> (y,) # @} : (3.19)
k=0
On the other hand, if Ly, (y) N <\/ZL:_01 FkP> (y,) # 0 then by
m—1
( \V FkP) (¥,) € By —mixi—20) () x B
k=0

Therefore,

BBy, -, 22 () = [i( By, mix; 20 (z) x £T)

m—1 m—1
> ¢ {yi € Ji: Lin(y) 0 ( \/ ka) (y,) # @} _min {ﬁ (( \ F’fp) (yi)> } .
k=0 Y, eh k=0

By (3.16) and (3.19), for any y € Jo

M(B2€—m(xﬁ—25) (2)) Z ﬁgg (Lm (X))em(hs 7€)€7m(h,,+5) )

Using (3.18)), for any y = (z,1) € Jo

BBy, 20 (@) 2 oG et )gilo=)mmls)
Hence, for any y € Jo
log (B, —mxs—20) (T h, —h 2
Jim sup g u( % sz)( ))gd5+5+ & S et . €
s 00 —m(XM — 2¢) X5 — 2€ X5 — 2€
Since € > 0 was arbitrary, the statement of the proposition follows. O

Proof of Theorem [2.7. Proposition and Proposition together imply that p is exact dimen-
sional, moreover

H F SS SSs h _ H F SS SS
g TFETIE) |y = HFEE™)
X X5,
Simple algebraic manipulations show that
H(FE*|€%) L H(FE*1E%) _ hy n <1 XZ) hy — H(FE¥|£%)
X3 i X X X3
The proof can be finished by applying Proposition O

4. APPLICATIONS

4.1. Hueter-Lalley Theorem. This section is devoted to show some applications of our main
theorems. In the point of view of Theorem to prove that the Hausdorff dimension of a self-affine
measure is equal to its Lyapunov dimension, one has to study the dimension of vgs defined in .
The measure v, is basically a self-conformal measure associated to an IF'S on the projective space. If
the IF'S on the projective space satisfies some separation condition then one may be able to calculate
its dimension. That is, what basically Hueter and Lalley [14] proved. Now we reprove their classical
result.



Theorem 4.1. Let A = {A1, A, ..., AN} be a finite set of contracting, non-singular 2 X 2 matrices,
and let ® = {fi(z) = Aig—l—g}f\il be an iterated function system on the plane with affine mappings.
Let v be a left-shift invariant and ergodic Bernoulli-probability measure on X7, and u is the corres-
ponding self-affine measure. Assume that

(1) A satisfies the dominated splitting,

(2) A satisfies the backward non-overlapping condition, i.e. there exists a backward invariant

multicone M that A7 (M°) C M° and A;'(M°) N Aj_l(M") = for every i # j,
(3) A satisfies the 1-bunched property, i.e. for everyi=1,...,N a1(A;)? < as(4;),
(4) ® satisfies the strong separation condition.

Then
. . hy,
dimpg p = dimpyap p = — < 1.
o
The proof of the theorem uses the following lemma.
Lemma 4.2. Let A = {A}, As,..., AN} be a finite set of contracting, non-singular 2 x 2 matrices

and let v be a left-shift invariant and ergodic Bernoulli-probability measure on X1. Assume that

(1) A satisfies the dominated splitting,
(2) A satisfies the backward non-overlapping condition.
Let egs : X1 +— P be the projection defined in Lemma . Then
h
dlmH Vgs = dlmH Vo 6;91 = Tys’
Xp, - XU

where x;; and x;, are the Lyapunov exponents defined in Lemma .

Proof. The projective space P! is equivalent to upper half unit sphere on R?. We define an iterated
function system on P! by A in the natural way, i.e.
A0
S INTR]
1A; 0]l
where sgn((A;0)2) denotes the signum of the second coordinate of the vector A;0. By [5, Lemma 3.2],

A0 e Pl sgn((A716),)

the IFS A = {Zh . ,EN} is uniformly contracting on M, where M is the backward invariant

multicone with non-overlapping condition. Hence, the measure vy is the invariant measure associated
to the IFS A, and
1 B,(6
dimg vgs = lim 08 Vsl 2orlV)) Ves (Br(9))
r—0+ logr
where B, () denotes the ball with radius r centered at 6 according to the spherical distance. Since
A satisfies the backward non-overlapping condition
dimpg ves = lim 08 s u ° ,ZV"( ) for v-a.e i,
n—=0 log diam(A4;, o --- A;, (M))
where diam(.) denotes the diameter of a set according to the spherical distance. It is easy to see that
for any 61,6 € P! with distance less than 7/2
det(A; 1) ~ ~ 2det(A; )

d(A;(01),A;(02)) < — —
AT @A @) = A 4B < g Ty

for any ¢ € ¥*. Thus

for ves-a.e 0,

1 ~ ~
lim —logdiam(A; o--- A, (M)) = x;, — x; for v-a.e i.

n—oo n



On the other hand

1 ~ ~ 1
lim —logvss(Ai, o--- A (M)) = lim —logv([i1,...,i,]) = —h, for v-a.e i.

n—oo n n—00 1,

The statement follows by taking the ratio of the previous two limits. [l

Proof of Theorem [{.1. By 1-bunched property, x;° < 2x},. Hence, by using Lemma @
hy h

1>dimgrg = ———— > —2 = dimyg, b
Ss XZS — Xi XZ yap
Thus, applying Theorem we have that dimpya, ¢ = dimg p. d

Corollary 4.3 (Hueter-Lalley,[14]). Let A = {A1, Aa,..., AN} be a finite set of contracting, non-
singular 2 X 2 matrices, and let ® = {f;(z) = Ai§+§i}f\i1 be an iterated function system on the
plane with affine mappings and denote A the attractor of the IFS ®. With the assumptions (1)-(4)

of Theorem [{.]]
dimg A =dimgp A =5 <1,

where s is the unique root of the pressure function P(s), defined in (1.1)).
Proof. Tt is easy to see that the assumptions (1)-(4) of Theorem are inherited to the higher
iterations, i.e. for any n > 1 the IFS " = {fi}m:n and the set of matrices A" = {Ai}m:n satisfy

the assumptions (1)-(4).
Let us define a monotone decreasing sequence {sy } - ; such that s, are the unique solution of the

equations
D ai(A)r =1,
lil=n
We define the left-shift invariant Bernoulli measure v, with probability vector (i (Ai)sn)m:n and

let py, be the associated self-affine measure. Then by Theorem and ([2.2)), for every n >

. hy Sn
1> dimg g, = =22 > —
[ H Hn in =11 C

n10g max

where apax = max; ag(A4;). Hence lim,,_, s,, = s < 1. Moreover, by [7, Proposition 5.1]
s > dimpA > dimg A > lim dimg p, = s,
n—oo
which had to be proven. O

4.2. Triangular matrices. The other way to study the dimension of v is to handle the overlaps
of the associated IFS on the projective space. Since this IF'S is very difficult to handle in general, we
focus on a special family of self-affine sets. Let us assume that the matrices in A are lower triangular,
ie.

A; = [ Zz 0 } : (4.1)

where 0 < |a;|,|c;| < 1 for every ¢ = 1,...,N. Using [10, Theorem 2.5, the subadditive pressure
function P(s) defined in ([I.1)) can be written in a simpler form, i.e

1ogmax{zﬁl\ai|s,zgil |c,-\s} if0<s<1
P(s) = logmax{Z?Ll lai||eil* 1, SN |ci\|ai]5_1} if1<s<2 (4.2)
log SN (lagl|ci])*/? if s> 2.



In the case of triangular matrices, the calculation of Lyapunov-exponents of a self-affine measure
w with probability vector (p1,...,pn) is much simpler. That is,

N N N N
Xp = max{—Zpl-log |, —Zpi log\cil} and x;, = min {—Zpi log\ail,—Zpi log]ci\} :
i=1 i=1 =1 =1

Lemma 4.4. The set A = {A1, Ag,..., An} of contracting, non-singular 2 x 2 lower-triangular
matrices in the form (4.1)), satisfies the dominated splitting if

either |a;| > |ci| for everyi=1,...,N or |a;| <|c;| for everyi=1,...,N.

The proof of the lemma is straightforward by Lemma [2.3

In the case of triangular matrices the study of the dimension of self-affine set can be tracked back
to study the dimension of some self-similar measure. In the first case of Lemma the projected
measure in Theorem is a self-similar measure. In the second case, the measure vy is a self-similar
measure. We introduce here a condition, which guarantees according to the recent result of Hochman
[13, Theorem 1.1] that the dimension of a self-similar measure is the quotient of the entropy and
Lyapunov-exponent.

Definition 4.5. For a self-similar IFS ¢ = {gi(x) = Biz + i}, on the real line let

o 00 if B # Bj
d(gi, g;) = { 19:(0) — g;(0)| if Bi = ;.

A, ::min{d(gi,gi) :17&16{1,...,N}n}.

We say that the IF'S ¢ satisfies the Hochman-condition if

and

1
lim ——log A, < +00.
n

n—oo

Theorem 4.6. Let A = {A,;}Z-]\L1 be a finite set of triangular matrices of type (4.1)) and let
® = {fi(x) = Az + (t;, )}, be the IFS on the plane.

(1) |a;| > |ci| for everyi=1,...,N,
(2) ® satisfies the strong separation condition,
(3) the self-similar IFS ¢ = {gi(x) = a;z + ti}ij\il satisfies the Hochman-condition
then for every u self-affine measure
dimg p = dimy,gap p- (4.3)
Moreover,
dimg A = dimp A = min {s1, s2}, (4.4)

where A is the attractor of ® and s1 and se are the unique solutions of the equations
N N
D lail™ =1 and Y a7 = 1. (4.5)
i=1 i=1

Proof. Let v = {p1,..., pN}N be an arbitrary Bernoulli-measure on 7 and p be the corresponding
self-affine measure.

Condition (1) implies by Lemma that the set A of matrices satisfies the dominated splitting
and egs(i), defined in Lemma is equal to the subspace parallel to the y-axis for every i € X7.



Hence, the transversal measure p] = pl, defined in ([2-4), is a self-similar measure with the IFS
¢ ={gi(z) = a;x + ti}ij\il, namely

N
p = "pip"ogt.
i=1
By condition (3) and [13, Theorem 1.1],

dimg ¢ = min {h';, 1} .
Xy
Thus, dimy x = min {dimpy.p g, 1}. By condition (2), applying Theorem and we get ([(4.3).
To prove , first let us observe that condition (1) implies that the root of the subadditive
pressure is the minimum of the solutions of the equations . Then we get the upper
bound by [7, Proposition 5.1]. The lower bound follows by choosing the measure v according to
the probability vector {|ai[*, ... an|*'} or {|ai||c1|271, ..., an||en]27 1} O

Now we turn to the second case of Lemma .41

Theorem 4.7. Let A = {Ai}z’]L be a finite set of triangular matrices of type (4.1)) and let

O = {fi(z) = Aiz + (t, qi)}ij\il be the IFS on the plane. Moreover, let v be a left-shift invariant and
ergodic Bernoulli-probability measure on X, and p is the corresponding self-affine measure. Suppose
that

(1) |ai| < |ci| for everyi=1,...,N,

(2) @ satisfies the strong separation condition,
N

i b ‘ .
(3) the self-similar IFS ¢ = {gz(ac) = afx - } satisfies the Hochman-condition,

C; C; i=1
hy hy
(4) —4— > min{l,s}
X

X = X u
then
dimpg p = dimy,gap pt. (4.6)
Moreover, if A satisfies the 1-bunched property, i.e. |a;| > |ci|? then
dimyg A = dimp A = min {s1, s2}, (4.7)

where A is the attractor of ® and s1 and so are the unique solutions of the equations

N N
D el =1 and Y eillai* T = 1. (4.8)
i=1 =1

We note if dimryap ¢ < 1 then condition (4) is basically the 1-bunched property, defined in The-
orem [4.1 However, if dimpyap, ¢ > 1 then condition (4) is much relaxed and holds if dimpyap, p is
sufficiently large, for example if h, / X, = 1.

Lemma 4.8. Let A = {A;}X| be a finite set of matrices of type (&) and let us suppose that |a;| < |ci|
for every i = 1,...,N. Then the slopes of strong stable directions, defined in Lemma form a
‘ b N
self-similar set of IFS ¢ = {gl(x) =% l} . In particular, for every i = (ig,i1,...) € BT the
Ci i) =1
subspace ess(i) is parallel to the vector v(i) = (1,9(i))", where
oo
ﬂ(i) — bina‘infl e a’iO

n=0 Cincin—l e CiO



Proof. By simple algebraic calculations show that
Aiv(i) = ai,v(oi).
The statement follows by Lemma [2.4 and Lemma O

An immediate consequence of Lemma that for any Bernoulli measure on X%
dimp ves = dimp v o™t (4.9)

where vy is defined in (2.7)).
Proof of Theorem [4.7. First, let us observe that condition (3) with (4.9) and [13, Theorem 1.1] imply

that
. : hy,
dimpg vgs = min 1, ——— 5.
Xi X

By Lemma condition (1) implies that the IFS ® satisfies the dominated splitting, and together
with conditions (2) and (4) by using Theorem [2.8] follows.

To prove , first let us observe that condition (1) implies that the root of the subadditive
pressure ([4.2)) is the minimum of the solutions of the equations . One can check that the 1-
bunched property implies that condition (4) holds for any self-similar measure. Hence, the lower
bound follows by choosing the measure v according to the probability vector {|ci|*',...,|en|*'} or
{leallar]®27t, ..., |en|lan|*27 }. The upper bound follows by [7, Proposition 5.1]. O

4.3. An example. Finally, we consider a concrete family of self-affine sets inspired by the example
of Falconer and Miao, [10, Figure 1]. Let ®. = {fi1,..., f¢} be a parameterized family of IFSs on the
plane given by the functions

fl(x):[é S}er[é]? fz(ﬂf)::é 2]x+[ éc:|
fg(x):[%il”_c(c)]ﬂ[g}, f4(x)=_%“})’_ c] [g}
3 0 _ [ 3
_5 B

FIGURE 2. The attractors A. of IFSs ®. with parameters ¢ = 0.25 and ¢ = 0.4.



Theorem 4.9. For every 0 < ¢ < é

dimy A, = dimp A, — 1 — 82 (4.10)
logc
and there ezists a set C C (,%) such that dimpC = 0 and
1
dimg A; = dimp A =2+ loggS for every c € ( )\C (4.11)

The box dimension of A, is already known for every ¢ € (0, ) by [8, Corollary 5.

Proof. Denote S = {1,...,6} the set of symbols and let 8" := 8™\ {4, 6}".
Observe that the IFS @, satisfies the open set condition but not the strong separation condition.
However, the IFS ®7 given by @] = {fi}z‘egn satisfies SSC for every n > 1 and 0 < ¢ < % Denote

~ ~ ~ ~ \N
the attractor of ®7 by A, .. For every n > 1let £,, = (S”) be the symbolic space and v(™ let be

the uniform Bernoulli measure on %, and fin,c the corresponding self-affine measure supported on
Ap e B

First, let us consider the case 0 < ¢ < 7. Then by Lemma the IFS ®7 satisfies the dominated
splitting and by Lemma [2.3] and Lemma 2.4 the strong stable dlrectlons are parallel to the y-
axis. Hence, the transversal measure umc, defined in , is a self-similar measure with uniform
probabilities, satisfying SSC. Thus,
I log(3™ — 1)
:U’n,c log 37’L
Applying Theorem we get

dimg A > lim dimg Kn,c >
n—oo

hm dimg fin,. = lim
n—oo  —logc?

log(6™ —2™) 1 log3™ '\ log(3" —1) ] log 2
—log c” log3® logc’
which proves (4.10)).
Now we turn to the case % < c < % Lemma implies that the IFS ® satisfies again the
dominated splitting, moreover, by Lemma [2.3] and Lemma [£.8] the strong stable directions can be

given by the IFS ¢, of similarities
1
g1(z) = ga(z) = 3*1’7 93(x) = ga(z) = 3*33 + e and g5(x) = go() = §x+ 2%

Thus by - the distribution 7%, of strong stable directions of the IFS (I>” are given by the IFS
or = { 9i }Z cgn With the uniform Bernoulh measure on X,. Applying [13, Theorem 1.8] we get that

1 2c—-1 1 1-2¢

for every n > 1 there exists a set C, with dimpC, = 0 such that

—on 2L log &= — (3" — 2") 3 log i 11
dimHDZfC:min{l gz 198 grgr — )31 108 371 for every c € ( )\C

log(3c)™ 372
For sufficiently large n, we apply Theorem and therefore

dimg A > lim dimgy ch >
n—o0

i dim fin,e = lim 1+ log 37 log 3 372

where C = |J;~, Cy,, which proves (4.11]). O

log(6™ — 2") — (—log " log 2c .
og( ) — ( ogc):2+ o8 foreveryc€< )\C



5. APPENDIX

Lemma 5.1 (Marstrand, [20]). Let m be a probability measure on R? and let \ be a measure on [0, 7)
such that dimg A > min{1,dimg m}. For a 6 € [0,7) denote proj, the orthogonal projection onto
the line perpendicular to the vector (sin,cos®). Then for every € > 0 there exists a set A C [0, )
such that A(Az) > 0 and

dim g (projg)«m > min {1,dimg m} — e for every 6 € A.. (5.1)

Proof. Let us denote min {1, dimg m} by s. Since dimgy A > s then using (1.3|) and Egorov’s Theorem
for every £ > 0 there exists a set A. and C' > 0 such that A\(A;) > 0 and for every § € A_ and r > 0

A(0 — 1,0 +1)) < Orie/2,

Moreover, without loss of generality we may assume that A. is bounded away from 0 and 7, i.e.
there exists a constant ¢ > 0 s.t. dist(6,{0,7}) > ¢ for every 6 € A.. Let X' := X|,_/A(A:) be the
restricted and normalized measure. It is easy to see that there exists a constant ¢’ > 0 such that for
any interval I C [0, 7)
)\,(I) < C,|I’S_€/2-
We prove that for almost every point w.r.t A (5.1] . ) holds. For simplifity we denote (projy)«m by
mg. By Frostman’s Lemma [9, Theorem 4. 13] it is enough to show that

/// |z — =z dmg(z)dme(y)d\'(0) < +oc.

Applying Fubini’s Theorem we have

/// |projg (z prOJe( )‘s—gd/\/(e)dm(g)dm(y) —

1 !
// llx—st / = projaw))s—edA (O)dm(z)dm(y).

llz—yll

Applying some algebaric manipulation we have for every z # y € R?

[ N 0) <23522nse>x({0 broiole) el 11
( [projg (z)—proje (y)| on

Te=yl ) =0 2=l

Since the set {9 . Iprole(2) —prole(yl i} is contained in at most two intervals with length ¢’ /2" we

et lz—yll -2
/ 1 d)\/ <2$ 5227155 <Cl>s 6/2<+OO
( Iproje(i):proje(g)l ) s—€
lz—yll
Since [f de(g)dm(g) < 400, follows. 0

Lemma 5.2 (Maker, [19])). Let T : X ~ X be an endomorphism on X C RY compact set and
let m be a T-invariant ergodic measure. Moreover, let h,j : X — R be a family of functions
s.t. sup, p hny € LY(m) and limy,_g—yo0 hn = h in L'(m) sense and m-almost everywhere, where
h € LY(m). Then

n—1

.1 k
nh_)rgo - kz_o b (T ) = /h(m)dm(m) form-a.e v € X.

The proof is a slight modification of Shannon-McMillan-Breiman Theorem in [3].



Proof. Since

and

1 n—1 1 n—1 1 n—1
N has(T) = - ST E) + 3 (hs(T) — h(T4))
n n
k=0 k=0 k=0
n—1
ko\ —
nl1_>no10 - g h(T"x) = /h(m)dm(aj) for m-a.e x € X,

it is enough to show that

n—oo N

n—1
1
lim sup — Z | A (TFx) — W(T )| = 0 for m-a.e x € X.
k=0

Let Hy(z) := sup,,_g>n |Pnk(7) — h(x)|. Then

n—oo N

1 1
lim sup — g A (T*2) — h(T*z)| < lim sup - E Hy(T"z)+
k=0

n—1 n—N n—1

1
- Hy(TFz) = /HN(m)dm(a:),
k=0 oo Ly

for m-a.e x. Since Hy € L' and Hy — 0 for m-almost everywhere as N — 0o, the statement of the

theorem follows. O
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