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ABSTRACT. The weakly reinforced random walk (WRRW) on the one-dimensional
integer lattice Z starts from the origin of the lattice and at each step it jumps to a
neighbouring site, the probability of jumping along a bond being proportional to
w(number of previous jumps along that lattice bond), where w : N — Ry, with
w(n) ~ n® for large n, and a € (0,1) is a fixed parameter. We prove that the
properly scaled local time process of WRRW converges in probability to a determin-
istic function. Using this result we also prove a limit theorem for the position of the
random walker at late times.
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1. Introduction

We continue to investigate the long time asymptotic behaviour of self-interacting
random walks on the one-dimensional integer lattice Z. The walk X;, : = 0,1,2,...
starts from the origin of the lattice and at time ¢ + 1 it jumps to one of the two
neighbouring sites of X;, so that the probability of jumping along a bond of the

lattice is proportional to
w(number of previous jumps along that bond)

where
w:N—- Ry
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is a weight function to be specified later. Formally, for a nearest neighbour walk

xzl = (z0,21,...,2;) we define

(1.1)

r(azg) = #{0<j <i: (2j,0541) = (zi,e + 1) or (¢ + 1,2) }
(1.2)

H(z)) =#{0<j<i:(zxj,2541)=(zi,x; —1)or (z; —1,2;)}.

That is: the number r(z) (respectively, /(z})) shows how many times had the

walk z! visited the edge adjacent from the right (respectively, from the left) to the

terminal site z;. The random walk X; is governed by the law:
w(r(zh))
w(r(zg)) +w(l(z)))
(1.3) — 1—P<Xi+1 :Xi—1Hg‘ :Qi)).

P(Xip = X, +1|X) = 2}) =

The long time asymptotic behaviour of the random walk X; depends strongly on
the choice of the weight function w(-). In three previous papers we analysed the
following cases:

(1) The so-called ‘true’ self avoiding walk, with w(n) = exp(—¢ -n), ¢ > 0,
was studied in TOTH (1995). There we showed that for long times X, scales
as n?/® and we proved a limit theorem for A_2/3X95/A, as A — oo, where 0,4
is a geometrically distributed random variable with distribution P(6,/4 = n) =
(1 — exp{—s/A})exp{—ns/A}, independent of the random walk X,,.

(2) The generalized ‘true’ self-avoiding walk’, a generalization of the previous model,
with subexponential self-repulsion w(n) = exp(—g -n*), ¢ >0, & € (0,1) was
investigated in TOTH (1994). In this case we found that X, scales as n(®+1)/(5+2)
and we proved a limit theorem for A_(”+1)/(”+2)X95/A, as A — oo.

(3) Finally, in TOTH (1996) weight functions with power-law asymptotics were con-
sidered: the so-called polynomially self-repelling walks, with w(n) ~n™%, a > 0,
respectively, the asymptotically free walks, with w(n) = 1+ O(n~') asymptoti-
cally, for n > 1. In these cases the correct scaling of X, was n~'/? (as for ordi-

nary random walks) but the scaling limit was not gaussian. A particular case of
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asymptotically free walks, the once reinforced random walk or random walk partially
reflected/attracted at its extrema has also been considered in DAVIS (1995).
In the present paper we consider self-interacting random walks with polynomaial

self-attraction:

(1.4) w(n)=(1—-a)"! (g)a ~ B(1-a)™ (§)a_1 + O (n2),
or, equivalently

15w =0 (3) T+B(5) o),

where a € (0,1) and B € R are fixed constant parameters. Since in the definition
(1.3) of jump probabilities only ratios of w-s play any role, the constant factor in
front of the leading term is chosen for convenience only. Note, that the next-to-
leading term is assumed asymptotically ‘smooth’.

We call these walks weakly reinforced random walks (WRRW) since the self-
attraction of trajectories is slightly weaker than in the linearly reinforced case (with
w(n) =14Bn, B >0). According to DAVIS (1990) self-interacting random walks

! = 00, otherwise the random walker

on Z are recurrent if and only if Y. w(n)~
eventually sticks to one (randomly selected) edge of the lattice, jumping back and
forth on it indefinitely. PEMANTLE (1988) proved that the linearly reinforced
random walk has an asymptotic distribution on Z without any scaling. These two
remarks explain why we confine our investigations to « € (0,1) in (1.4), (1.5).
The paper is organized as follows: In Section 2 we formulate our main results:
Theorem 1 describes the asymptotics of the local process of WRRW, Theorem 2 is
a limit theorem for the position of the WRRW at late times. In Section 3 we give a
representation of the local time process of our random walks in terms of generalized
Pélya Urn Schemes. Section 4 is devoted to the proof of Theorem 1. As the proof

of Theorem 2 is identical to a similar proof in TOTH (1996), we don’t repeat those

details here.
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In order to keep the paper self-contained we had to include parts of our previous

paper TOTH (1996). These overlaping parts are typed with  petite and thus,

they are clearly distinguishable from the genuinely new parts.

2. Results

The present section is divided in two subsections: in subsection 2.1. we formulate
the limit theorems referring to the local time processes and hitting times of the
WRRW. In subsection 2.2. we formulate the limit theorems for the position of the

SIRW at late times.

2.1. The Local Time Process and Hitting Times

We define the following (bond) local time process:

(2.1.1) L) =#{0<j<i:X;=1, Xj41 =1-1}, leZ, ieN

and stopping times

(2.1.2)
Tk>,—1 =0, Tli,m:inf{i>Tk>,m—1 X, 1 =k -1, Xl:k} k>0, m>0.

(2.1.3)
Ty =0, T =i > TS X =k+1, Xi=k} k>0, m>1.

In plain words: L(l,?) is the number of leftwards jumps on the bond [ — [ — 1 performed by the
random walk up to time i. Tk>,m is the time of the m + 1-th arrival to the lattice site k& coming
from left, Tk<,m is the time of the m-th arrival to the lattice site & coming from right.

In formula (2.1.4) below and thereafter the superscript * stands for either < or >. We consider

the following shifted (bond) local time processes of the walk stopped at T3 :
(2.1.4) Sp (D) =Lk—=1TF )
Sz’m(l) is roughly half of the total number of jumps across the bond {k —{ — 1,k — [}:

(2.1.5) #{0<j< T,:’m AX; Xjpy={k-1-1,k-1}} = 25;’"1(1) + Tpg 1) (D
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Denote
(2.1.6) W =T (s;gm) =inf{l <0:5} (1) > 0}
(2.1.7) wit =wt (s;;m) =sup{l > k: S% (1) > 0},

In plain words: k — wz—i—m, respectively k — wz_m — 1, is the leftmost, respectively rightmost, site

)

T*
visited by the stopped walk X ko

From (2.1.5) it clearly follows that

ot

wk,m e o]
(2.1.8) TEm=2 > Sia+k=2 % St ()+k
I=w;, l=—o0

Looking at the formal definitions only, in principle, these local times or hitting times might be
infinite, i.e. it could happen that the site k € Z is never hit. From the results of DAVIS (1990) it
follows that in case of WRRW-s considered in the present paper, with probability one, this does
not happen: all the random variables defined above are finite almost surely.

The following theorem and its corollary describes the precise asymptotics of the

local time processes Sy . (-) and hitting times Ty, of WRRW:

Theorem 1. The limat

(2.1.9) D= Z <w(2j) w2+ 1))

J=0

ezists and D € (0,00).

Let x € [0,00), h >0 and * =< or > be fized .

*—

w 1/{(1l—«
(2.1.10) [Ar]’[AA“ h P, _p-ipt-e

Wl A (AT =)
(2.1.11) [’”]’[AA "B, op 4 Dpte
(2.1.12)

S —arp ([4Y])
Az],[Al1/(1-a)p o 1/(1—e P
sup | ][Al/(l—a)] —{n ‘|‘D(l’—|y—$|)}+/( 0

Y

Remarks: Note that the non-trivial scaling of the local time process provides con-
vergence in probability to a deterministic function rather than convergence in dis-
tribution to a genuinely stochastic process.

From the previous theorem and (2.1.8) follows immediately:
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Corollary 1. Let x, h and * and 6 be as in Theorem 1.

iy (i—a _ L (2=a)/(1-a)
[Az],[AV/(-o)p] P 2 — 2« ( 101 O4>(
(2.1.13) 2 A(2—a)/(1—a) SRS Dz + (D h) .
as A — o0.

2.2. Limit Theorem for the Position at Late Times

The second result concerns the limiting distribution of the WRRW X,, for late
times. We denote by P(n,k), n € N, k € Z the distribution of our WRRW at time

(2.2.1) P(n,k) = P(Xn - k)

and by R(s,k), s € Ry, k € Z the distribution of the walk observed at an inde-

pendent random time g, of geometric distribution

(2.2.2) P(HS = n) =(1—e")e™",

(2.2.3) R(s, k) = P(ng — k) (1-e Z e P(n, k).

We define the following rescaled ‘densities’ of the above distributions

(2.2.4) ma(t,z) = A0=/C=) p([44] [AT =)/ (=) z))

(225) %14(37 J;) — A_(l_‘)‘)/(2_Q)fi(14__1S7 [A(l—oz)/(Z—oz)x])

t,se Ry, z eR.

Theorem 2. For any s € Ry and v € R
(2.2.6) 7a(s, ) = p\(s, )
as A — oo, where

(2.2.7) ﬁ(g)(s,x) = s/ e_Stpgy)(t,x)dt
0
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and
(2.2.8)
1 /2-2a D\ (/o q ¢\ ®/C o/(1-a)
(1) = L L Rl
2 — 2« 2 —«w t 2_90 D X

This is of course a local limit theorem for the WRRW, observed at an independent
random time 6,4 of geometric distribution with mean e—s/A (1 — e_S/A)_l ~ Als.

In particular the (integral) limit law follows:

(2.2.9) P(A‘“‘“)/(Z““)XQS,A < :c) —>/ B35 (s.y)dy.

— 0

This is a little bit short of stating the limit theorem for determinuistic time:

(2.2.10) P(A_(l_a)/(Q_a)X[At] < x) —>/ pgy)(t,y)dy

— 0

But, of course, we can conclude that the sequence A_(l_“)/(Q_a)X[At], with t € R4
fixed and A — oo, is tight and, if it converges in distribution then (2.2.10) also
holds.
Remark: On the other hand we have good reason to expect that the sequence of
random processes t X(A)(t) = A_(l_a)/(Z_a)X[At] is not tight in the function
space DI0, 1] and there is no continuous limit process.

Given Corollary 1, the proof of Theorem 2 is formally identical to the proof of

Theorem 3 in TOTH (1996). We omit the repetition of those details here.

3. Representation of the Local Time Process in Terms of Pélya Urns
3.1. Generalized Polya Urn Schemes

Given two weight functions

(3.1.1) r:N—- R,

(3.1.2) b:N—-R,,

a generalized Pélya Urn Scheme is a Markov chain (p;, 3;) on N x N with transition probabilities

(3.1.3) P((m+1,ﬂi+1) =(k+10 H (pi, Bi) = (k‘,l)> = %
(3.1.4 P ((ssro i = 0 000 =020 ) = S5



o] bALINL 1010
and no other transitions allowed. Usually the initial values (pg, 8g) = (0,0) are assumed and 3,
and p; are interpreted as the number of blue, respectively red marbles drawn from the urn up to

time 7. Denote by 7y, the time when the m-th red marble is drawn and by u(m) the number of

blue marbles drawn before the m-th red one:

(3.1.5) m =min{i|p; =m}

(3.1.6) u(m) = Br,,.

The functions defined below are essential in the study of the Pélya Urn Scheme defined above

n—1 _

(3.1.7) Ry(n) = 3 (r(9)) P peN
=0
n—1 —p

(3.1.8) Bp(n) = (b(j)) ., peN
=0

We shall be particularly interested in p = 1, 2.

Lemma 1. For any m € N and A < min{r(j) : 0 < j < m — 1} the following identity holds:

619) (ﬁ (1+2))- H (-2

=0 =0

In particular

(3.1.10) E<B1 (u(m))) = Ry(m)

(3.1.11) E([Bl (lu(m)) _EB, (;L(m))r) = Ry(m) + E<32 (,l(m))>

Proof. The proof of (3.1.9) follows from standard martingale considerations, using the represen-
tation of the generalized Pdlya Urn scheme in terms of two independent renewal processes with
exponentially distributed waiting times (see e.g. the Appendix of DAVIS (1990)) Expanding
(3.1.9) to second order in A yields (3.1.10) and (3.1.11). We leave the standard details of this

proof as an exercise for the reader. ]

3.2. The Local Time Process
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For sake of definitness we consider the case of superscript >, i.e. we stop the SIRW at the hitting
time Tk>m' The case of superscript < i1s done in a very similar way, with straightforward slight

changes.

Let (pgl),ﬂgl)), 1 € Z be independent Pélya Urn Schemes with weight functions

(3.2.1)

rG) =w2j+1)  b0G) = w(2)) for 1 € (=00, 0] Uk +1,00)
(3.2.2)

() = w(2j) D) = w(2j +1) for I € [1,k - 1]
(3.2.3)

D) = w(2j) b0 (5) = w(2)) for I = k.

Denote by u{!)(m) the random variables defined in (3.1.6), the superscript I showing to which of
the Urn Schemes it belongs.

The extension to self-interacting walks of F. Knight’s description of the local time process
S;’m(l), l € Z as a Markov chain is formally exhaustively explained in TOTH (1995) Ac-
cording to these arguments S;’m(l), l € Z is obtained by patching together three homogeneous
Markov chains in the following way:

(I.) In the interval [ € (0, k — 2), that is steps 0 — 1,1 —= 2,...,(k—2) — (k — 1):

(3.2.4) S; @ =m,  S7 (41 =D (S;’m(l) 4 1) L 1=0,1,... k-2
(I1.) The single step (k — 1) — k is exceptional

(3.2.5) 7 mk—1) = given by (3.2.4), 87 (k) = u(¥) (S,?’m(k 1)+ 1) .

(I11.) In the intervals | € (—o0, 0), respectively! € (k+1, c0), that issteps 0 — -1, -1 — -2, -2 —

—3,..., respectively k — (k+ 1), (k+1) = (k+2),(k+2) = (k+3),(k+3) — (k+4),...:
(3.2.6) sz (0 =m, S; (1-1)=uD (Sg m(l)) L 1=0,-1,-2,...
respectively

(3:27) 87 (k) = given by (3.2.5),  S7  (1+1) = u(HV) (S;’m(l)) =k k1, kt2, ...
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Due to (3.2.1) these last two Markov chains have the same transition laws.

4. Proof of Theorem 1.

4.1. Preparations.

As suggested by the representation of the local times given in the previous section, we consider
two homogeneous Markov chains Z(l) and ZN(l)7 1=0,1,2,... on the state space N, defined as

follows:
(4.1.1) 2 +1) =z +1), Z(+1) =)

where the processes {p(l)()} len’ e those defined in (3.1.5)-(3.1.6), belonging to i.i.d. Pdlya

Urn Schemes {(p(l) ﬁ(l))} N’ with weight functions
(4.12) WG) = w2 b() = w2+ 1)

and similarly, the processes {ﬁ(l)(.)}leN belong to i.i.d. Pélya Urn Schemes {(ﬁgl)’gl(l))}lel\?’

with weight functions

(4.1.3) FG) = w2i+1) b)) = w(2)).

We shall also need the hitting time

(4.1.4) Fo = &g (2(.)) —inf{l: Z(I) = 0}.

From (4.1.1) and (3.1.5)-(3.1.6) we see that & is actually the extinction time of Z(-):
(4.1.5) Z(h =0 for [ > .

Lemma 1 suggests the introduction of the following functions

(4.1.6) Up(n) = Z_: (w(2])) , p=1,2.

3 m

»—Ao

(4.1.7) Vp(n) = (w(2j n 1)) =12

<.
I
o
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Using formulas (3.1.10) and (3.1.11) of Lemma 1 and the functions introduced above we get

the following identities:

(4.1.8)
E(V1 (z0+) ‘ 2(1) = n) =Uy(n+1)
(4.1.9)
D? <v1 (z0+) ‘ 2(1) = n) =Uy(n+1) + E<V2 (z0+1) H 2() = n)
(4.1.10)
E<U1 (Za+1) ‘Z~(l) = n) - Vi(n)
(4.1.11)
D? ( vy (Z+1)) ‘Z~(l) = n) = Vy(n) + E<U2 (Za+1) H Z() = n)

As both functions n +— Uy (n) and n +— Vi (n) are bijections between N and their ranges it is more

convenient to consider the Markov chains
(4.1.12) Y=V, (Z(z)) , y() = U, (2(1)) . 1=0,1,2...

instead of Z(I), respectively Z(I). With this change of variable formulas (4.1.8)-(4.1.11) transform

as follows:
(4.1.13)

V(I +1) | (1) = = (v @) +1)

(V'@ +1) + E<V2 oV (¥ +1) H (i) = $>

YI+1) | YU) == VioUy ()

(
D2<y(l+1) yi) ==
<

)=
)=
)
D? (37(1+1) () = w) Vy o U (v) +E<U2 oU—l( (1+1) Hy(l) = m>
We introduce the functions F, G : Ran(V;) — R and F, G : Ran(U;) — R defined below
(4.1.17) F(z) = E<y(l + 1)Hy(1) = m> —x

- (Vl_l(m) + 1) -

(4.1.18) G(z) = E([y(z +1) - E(Y(+ 1)Hy(1) - m)] ’ Hy(z) - m)

=0y (Vi M) +1) + E<V2 A 6700) Hy(o) - m)
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(4.1.19) F(z) = E(ﬁ(l + 1)H37(l) = x> -
=VioU; (z)— =
(4.1.20) G(x) = E([ii(l +1) —E(Fu+ 1|50 = m)] : Hﬁ(l) - m>
= Vyo U () + E<U2 o Uy (3(1)) H Y(0) = m)

Since Y(-) and Y(-) are Markov chains, from (4.1.13)-(4.1.20) it follows that the processes

-1 -1
(4121) MO =Y0) -Y0) - S F(¥D), M) =I0) - I0) - 3 F(I0))
=0 j=0

are martingales with quadratic variation processes

-1 -1
(4.1.22) </\A,M>(l) => G(y(j)), </\7, /\7>(1) =y 5(5(]’))
: =

j=0
4.2. Asymptotics of the Relevant Functions.
In the present subsection we give the asymptotics of the relevant functions, F', G,
ﬁ, G to be used in the proof of Theorem 1. All formulas are valid for large values
of the variable and are obtained from (1.4) and (1.5) in a straightforward way.

From (1.5) we get

(4.2.1) Ui(n) =n'"% +u+O0(n™®)
(4.2.2) Vi(n) =n'"" + v+ 0O(n™)

O(n'=2) if O<a<}
(4.2.3) Va(n),Us(n) = ¢ O(logn)  if o=3

O (1) if I<ac<l
v and v in (4.2.1) and (4.2.2) are two real constants. We define

(4.2.4) D:hm(mug—mm»:u—v

n—00

Clearly,

(4.2.5) w(10 Z( (25 — 1) (123'))

and hence, due to (1.4),
(4.2.6) 0<D<w(0)! < oco.

The asymptotics of the functions F, ﬁ, G, and G is given in the next Lemma:
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Lemma 2. The following asymptotics hold for x > 1:

(4.2.7) F(z) =D+ Oz~ o/0=) v z=1)
(4.2.8) F(z) = =D + O(z=/0=) y z=1)
N O (zU720/0=)) 4 D<a<i
(4.2.9) G(z),G(x) = O (log z) if a=1
O (1) if i <a<l.

Proof. Note first that (4.2.1) and (4.2.2) imply

(4.2.10) U (2) = 21/ %xa/“‘“) +0(1)
and
(4.2.11) V(@) = 2/ (me) — D pe/0-a) 4 (1),

l-«
respectively. Inserting (4.2.1) and (4.2.11) into (4.1.17) [respectively, (4.2.2) and

(4.2.10) into (4.1.19)] we readily get (4.2.7) [respectively, (4.2.8)].

In order to prove (4.2.9) we note first that, due to (4.2.10), (4.2.11) and (4.2.3)

we have:
Uy (Vi N (2) 4+ 1), VaoVy N (z), VaoU; '(z), Uz o Uy '(z) =
O (z1-20/0-2)) it (<q< ]
(4.2.12) = O (log x) if a=z
O (1) if I<a<l

Inserting these into (4.1.18) and (4.1.20), and applying Jensen’s inequality (note
that the functions z — (! =20/0=2) and 2 s log x are concave), we get eventually

(42.9). O

Note also that the functions z — F(z) and = — ﬁ(:r;) are monotone decreasing,

with
(4.2.13)
D:Eaﬂwgﬂwgﬂmzﬁ%, D= lim F(x) < F(z) < F(0) = 0.

4.3. Scaling.
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The proper scaling of the processes Y(-) and Y(-) is determined by the dominant terms in the
asymptotics of the functions F, G, respectively F,G. The scaling of the processes Z(+) and 2()

is determined by the functional relations (4.1.12).

(4.2.9)-(4.2.11) suggest the following scaling:

(4.3.1) Ya(t) = A7 ¥([A0) Valt) = A1 5([A0)).

The rescaled martingales M 4(-), M 4(-) and their quadratic variation processes will be

AT AL

(4.3.2) M4(t) = AT M([AL]) = VA(t) — V4(0) — /0 F(AY 4(5)) ds
— — ~ ~ ATHA

(4.3.3) Ma(t) = A~ M([Af]) = V4(t) — V4(0) — /0 F (AVA(5)) ds

AT AL

(4.3.4) (M p, M) (1) = A~2(M, M)([AL]) = /0 ATLG (A 4(s)) ds
-~ —_ AT A1 ~/ ~

(4.3.5) (M 4, Mg)(t) = A72 (M, M)([Af]) = /0 ATIG (AVA(s)) ds

The functional relations (4.1.12), the asymptotics (4.2.1), respectively (4.2.2), and the scaling

(4.3.1) determine the proper scaling of the processes Z(-) and Z(-):
(4.3.6) Za4(t) = A~V A=9) z(14q) Za(t) = A=Y =9 Z(144)).

4.4. Convergence of the processes

We assume that the initial conditions converge in probability to the deterministic

constants yo, respectively yy: denoting the events

(4.4.1) Asa={Wa@-wl<s},  Aa={][7a0) -5

<5}

we have for any fixed § > 0
(4.4.2) P (A&)A> -1, P (.Z(s,A> — 1.

First we show that the martingales M 4(-) and MA() converge to zero in probability,
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uniformly on compact intervals s € [0,¢]. Indeed:
AT A1]
E((MA, MA>(t)> - / A‘lE(G(AYA(s)) )ds
0
AT A1)
(4.4.3) < / A‘1E<C’1 (AVa(s))' ™% + 02)(13
0
A_l[At] 11—«
< AT / (EYA(S)> ds + A~ Cyt
0
ATA1]
< ATYCy / (Y4(0) + C3s)' "% ds + A7 Cyt — 0
0

In the first inequality the asymptotics (4.2.9) of the function G is used, the second
one follows from Jensen’s inequality, finally in the last inequality we have used

(4.3.2) and the fact that the function F' is bounded. Define the events

(4.44) Bisa= { sup |Ma(s)| < (5}, g(s’A = { sup MA(S)

0<s<t 0<s<D-15;

<6}.

From (4.4.3) and a similar argument applied to the martingale MA() we conclude

that for any t € [0,00) and any 6 > 0 fixed
(4.4.5) P(Bisa) =1, P(Bya) -1

as A — oo. Due to (4.3.2) (respectively, (4.3.3)) and (4.2.13), on the sets As 4 N

By s 4 (respectively, on the sets ./Nl(s,A N gg,A) we have for s € [0, 1] (respectively, for

s € [07D_1g0])

(4.4.6) Ya(s) > {yo + Ds — 26} _,
respectively,

(4.4.7) Ya(s) > {fo — Ds — 26} .

Consequently, given any ¢ € [0, 00) fixed, on the set As 4 N By 5,4

0 for 0<s< D36 —yo}s At
(4.4.8)  Ya(s) 2 {6 for D736 —yo}+ Nt <s< ¢
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On the other hand, on the set /Nl(sjA N g&,A

_ 5 for 0 <s< D™y, — 38}4
(4.4.9) YA(S) > { 0 for D_l{go - 36}-}- <s< D_lgo-

Now, choose A big enough to have

(4.4.10) F(Aé6) — D < 6, F(Aé6)+ D < 6.
From (4.3.2) and (4.4.8) it follows that for any ¢ € [0,00), on As 4 N By s, 4

sup |YA(3)—(y0 + Ds)|
0<s<t

ATA1]
< |Ya(0) —yo| + /0 (F(AY4(s)) — D)ds+ sup |Ma(s)|

(4.4.11) o
<6+ 3(w(0)' —=D)DT'E+ (t+ AT+ 6 < (t+3(w(0)D)7") 6,

and hence for any ¢ € [0, 00)
(4.4.12) sup [Ya(s) — (yo + Ds)| = 0
0<s<t

On the other hand, from (4.3.3) and (4.4.9) it follows that, on the set /Nl(sjA N g&,A

sup | Ya(s)= (3 — Ds)|

0<s<D~ 15,
B ATMAD g0l ,
< ‘YA(O) — T +/ (F(AYA(s)) —|—D> ds
0
+  sup | Ma(s)
0<s<D~ 1%,
(4.4.13) <6435+ (t+AT+§< (D +6)6
and hence:
(4.4.14) sup  |Ya(s)— (5o — Ds)| 5 0
0<s<D~ 1%,

4.5. Convergence of the extinction time

The forthcoming argument is a repeat of the proof presented in subsection 5.7/A1

of TOTH (1996).
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For = € R_|_ we denote

(4.5.1) e =inf{l >0: V() < a}

(4.5.2) Fpa=inf{t >0: V(1) <}
We prove now that for any n > 0:

(4.5.3) lim lim P (EO,A > an/A(o) = y> =0,

y—0 A—oo

which is equivalent to

y—0 A—oo0

From (4.2.13) it follows that there exists an g < oo such that for z > zg

(4.5.5) F(z) < —g <0
and thus
(4.5.6) N =) + gl

is supermartingale as long as Y(I) > zy. Applying the optional sampling theorem to the super-

martingale A/ (1) we get for y > z

Y.

RN

(4.5.7) E(;IO Y(0) = y> <

Now, we prove (4.5.4):

lim lim P(EO > AnHﬁ(o) = Ay> <

y—0 A— oo

(4.5.8)

lim lim P(EIO > An/2H§(0) = Ay) + lim  sup P(EO > An/2HJ~/(0) = af:)
y—0 A—oo A—o00p<z<eg

Applying Markov’s inequality and (4.5.7) we get

(4.5.9) lim lim P(EIO > An/2H§(O) = Ay> < lim — =0.

y—0 A—oo0
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On the other hand, since z( is constant independent of A, the second limit on the right hand side

of (4.5.8) clearly vanishes. Hence (4.5.4), or equivalently (4.5.3), follows.

From (4.5.3) and (4.4.14) it follows that

(4.5.10) Gao — D75,

4.6. End of the proof

Collecting the results of subsections 4.1-4.5 we conclude that, provided that

Z4(0) P, 29, for any fixed ¢ € [0, 00):

P

(4.6.1) sup |Za(s) — {Zé_a —I—Ds}l/(l_a) - 0

0<s<t

and, provided that ZA(O) LN 20,

(4.6.2) Foa —» D'zl

and

(4.6.3) sup IZVA(S) — {Eé_a — Ds}l/(l_a) P.0

Given the representation of the local time process described in subsection 3.2.,
Theorem 1 follows directly from (4.6.1)-(4.6.3), after noting that due to (3.1.11) it
is easily seen that the single exceptional step (3.2.5) does not spoil the continuity
of the limit process at y = . a

Corollary 1 follows directly from Theorem 1. Note that the joint convergence of

the processes SFAI],[Al/(l—a)h] ([A-])/AY(1=%) and extinction times w[t;tx],[Al/(l—a)h] /A
is needed in this proof. a
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