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Note on the "Magic Cube"
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can be rotated around their axes /see fig.l./.The really ingeni
t
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his construction is not relevant from the
mathematical point of view which I shall adopt in this note.

In the basic ordured state s« g 3ix faces of the Cube hagm
BWEl its own colour /fig.2./.But after a few random rotations of the
facesithe six different colours mix up on them and the Cube becomes
motley.The point is to reestablish the initial basic order.This task
seems practically hopeless without a wellformed strategy.

Inll 579 Kéri Gerzson had publisghed an algorithmic-programmable
solutioﬁbf the problem with the help of which one can rearrenge the
Cube from any mixed state with a reduced number /max.136/ of rotations,

In this note I shall give a more formasl description in the sense
of matrix representations of the operations on the Cube.Kéri,s re-
sulte are formulable in this formal frame,but this representation
gives a complete mathemtical description of the Cube.In this sense
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my note can be considered(a completion to Kéri's work.
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erminology

The Cube contains three kinds of pieces:

~—corner-pieces /8/

--edge-pieces /12/

~-face~center-pieces /6/
The first two can change their situation on the Cube by switching
the faces.The face-center-pieces are fixed.Ihis is evident from the
construction /fig.1,/.The situation of a mobile piece on the Cube
is characterised by its place /site/ and its po&ition on this place;
Corner-nisces can have three,edge-pieces two different positions on
one site.Thus for a full description of one state of the Cube,one
has to specify the places and positions of the twenty mobile pleces.
For the description 6f a transformation of the Cube one has tG‘Sp@~
7 the changes suffered by these.

ﬁV”TfQ“'COTﬂeP—UleCﬁ“ cen permute but on corner-sites and like-

or the proper
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The group of posgible tra ngformations of the Cube
sroup of the Cube is a subgroup of a group formed by the direct pro-
duct of two groups,which themselves are direct products.The Firet

of these is the following: the direct »roduct of the group of ner-
mutations of the eight cornermgéeces with the groups of position-
changes of these on fixed 31t;:.T e second: the direct nroduct of
the group of permutations of the twelve edge-pieces with the groups

of pogition changes of these on fixed sites /6./

:? c G= (51" CiL

the proper groun is generated by six generating element®s /elemen-
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tary transformations/ :the rotations of the six faces around their

axes in pozitive trigonometric sense with one quarter rotation.Q%ui=@wQ
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The representation

The group of corner-pieces,eﬁ,h;s a natural eight-dimensional complex



A

matrix represeﬂétionuFor the fixation of the representation one has
to choose a numeration of the corner-sites from 1 t%% and a notation
of the pogitions./The choice is arbitrary ,but once fixed the repre-
sentation is alsgo fixed./ I chose the one notated on fig;S;The ner-
mutations are representable in the usual natural way./In every line
and column of the 8x8 matrices there is one 1 in the rest are O8+/
But this representation does not reflect the possible changes of PO~
gitions.For that,one has to introduce other signs in the place of

ls./Direct product of groups —3% tensorial nroduct of representations,,

of changes of pogition of one

One can observe,that
corner-plece is simply the third-order cyclic groupCZﬂ AELgd ol s
Thus 1t can be represented in the following way:
) 47 | 2 3

a(=k?)—> et s b (=d)—seF j E(==") —» 1
One can now easily guess the faithful representation of the group G, 3
it will be the group of &x8 matrices,which formally resemble the
natursl representations of 8th order permutations,but instead of 1
complex numbers represent the changes of po8itions of the corner-pie-

ces./This is exactly the tensorial product of the MmpceRfor®® repro-
sentetionsa mertioned above . /

the situation is essentially similar.There
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For the edge-piece
are two differences: we shall have 12x12 matrices and real numbers
/+1/,because the group of pogition-changes of an edge-niece is the
second order cyclic group (& S/Eigeho_/

I shall denote the "corner-part" of the representation wiﬂzzb

g

.The complete representation is:

dis

the "edge~-part" with
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where the indices refere to the Taces as follows:

ace, ===

ace,5~--lower-face,6-~=~right-

ide-T

o
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g A===1eft-

-—-=-upner-Face
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back

face,
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Theorens_coneerning the Cube

Theorem l:There cxés no swemie troncformation in the proper group
of the Cube,vhich can change the podition of one corner-

niece fat fixed site/,leaving unchanged the situation of

the other seven./"o matter o what changes in the "edge-
“raad iece-space™ occur./
Proof _ : i=1,2,...,6. aetD@)-_1 =% ‘Vjéﬁ det De)z‘t:‘:'l.
‘ Iy
while for such & transformation 5’ d%ftzzﬁf) €§t m_ef?

! L.
= 9'&7 R.ED.
eoren2?2:There exists no weemmm transTormation in the proper sroup

'5 ,which can change the
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-
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ogition of one edge-piece /at fixed

'C.'f

site/,leaving unchanged the situation of the other eleven.

u

o matter of whst changed occur irfthe ‘corner-siece-space"./
det &(q)

4 £ FS ddb(. i 15w Yol s -
PPOOT _ 1 ietge Jafz%a‘“i wheve Bi=184) 7@3‘5) eFEy = L

det Alay
A (%‘) -1 =

= 3’ £7 e ED,

Theorem 3:There exists no wmmisms transformation in the proper group

. - ‘ 1
while for such a transformation 3

Zf ,vhieh can interchange the place of two mobile pieces

and leaves the other eighteen &t their initial sites./No

matter of -noSition-changes./

: A= 42,6 det % {?;)-.—. det Dgi). det A(jﬂu-y-j_..e?@‘je?j) ({d,,‘é’{j) =1

while for such a transformation 8' a’c{ffj’) =-4{ =
e B & j @RED.

1 2 w2 ‘? ) 3 2
These theorems are also stated in ¥éris work.But there their

I'g
3
o
Hhy

sroofs are lengthy and more verbal,Shortness,simplicity and traens-

narence are adventages of this formal descriotion.

One can conclude Trom these theorems,that there exist at least
S

twelve classes of configurations of the €Gube vhlcj?re not connectable

by means of proper transformations /corner-piece-pozitions x edge-

piece-pozitions x place-interchanges = 3x2x2 =12 /,Thus the Cube

may be assembled @n twelve different ways of whiich one alone is correct.
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f course in its mived-up state one can not find if the @ube is
correctly assembled or not.

IN this last section-i shall give five simple transformation se-
ries belonging to the proper group's ,which are sufficient for the
reordering of $he Cube from any mixed-up state,and their matrix repre-
sentations.These transformation series are those indicated by Kéri

in his work.I do not know of any simpler than those,

A% %;55 %G%s%ﬁ %4 %%6 %34

(\Tz. - %-‘l %35 %54 %5%2 %5 39%35 %c.,cg:\ Cgc‘%/\

% "6% 5% 55255

1,7 380 3,%4%5 4 T R %

1= et B AT 8 T T D



M;) and 66?] are unimportant.

From the matrix represenations of'T5 one can find the followings:
--By means of 1} /applying it a few times consecutively in dif-
ferent pogitions of the Cube/ one can rearrange the corner-

plieces bn their right sites.
2

--After this,by means of f; and V, /anpplying them at most seven
times/ one can epin these to their correct pogitisns on their
nleces./The pogition of the last is determined!/

--Applying {;} and i; a few times one can rearvange the edge-
nieces to their right sites,leaving unchanged the corners,
which are elready ordered./The »laces of the last two are
determined!/

--Finally,by means of 1; /applying it at most eleven times/ it
is nossible to arrange the pogitions of the edge-pleces.

ogition of the last is determined!/

™
3
=y
@
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From this way of ordering we can conclude,that there are exactly twelve

claczses of configurations on the Cube.

¥rom a simple calculation it results that there are

1AL B0 549 024 039 293 3R 232 00O

transformations in the total group G ,from which the 12-th part

/43 252 003 274 489 €56 000 / are elements of the proper group .
The results of this note are not different in content from those

published by Kéri,but I consider that this formal,mathematical lan-

<

guage is more adequate.Further this formal frame makes possible the

N
complet#ﬁescrigtion of the Cube facing Kéris algorithmical approach.

1.Kéri Cerzson:About the Magic Cube; MTA 3ZTAKI preprint,Budapest,
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2.Morton Mamermesh:Croup Theory and its Application to Physical Problem

Pergamon Press,1962,
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