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Abstract We investigate the asymptotic properties of a random tree growth model
which generalizes the basic concept of preferential attachment. The Barabási-Albert
random graph model is based on the idea that the popularity of a vertex in the graph
(the probability that a new vertex will be attached to it) is proportional to its current
degree. The dependency on the degree, the so-called weight function, is linear in
this model. We give results which are valid for a much wider class of weight func-
tions. This generalized model has been introduced by Krapivsky and Redner in the
physics literature. The method of re-phrasing the model in a continuous-time setting
makes it possible to connect the problem to the well-developed theory of branching
processes. We give local results, concerning the neighborhood of a “typical” ver-
tex in the tree, and also global ones, about the repartition of mass between subtrees
under fixed vertices.

1 Random Tree Model

A natural concept of randomly growing trees is the class of models where at each
discrete time step, a new vertex appears, and is attached to an already existing ver-
tex randomly, the distribution of the choice depending on the actual degrees of the
vertices currently apparent in the tree. This dependence on the degree structure is
characterised by a weight function w : IN � IR � .

The concept of preferential attachment generally means that w is an increasing
function. One of the realizations of this idea is the Barabási - Albert graph [2], which
model reproduces certain phenomena observed in real-world networks, the power-
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law decay of the degree sequence, for example. This was proved in a mathematically
precise way in [3] and, independently, in [15]. The Barabási - Albert model, for
trees, corresponds to the special case of the model considered in this survey, when
w is chosen to be linear. In [3] and [15], the techniques used strongly depend on
martingales that are apparent in the system only in the linear case. For a survey on
random graph models that produce scale-free behavior, see Bollobás and Riordan
[4] and Chapter 4 of Durrett [7].

General weight functions are considered in the model of Krapivsky and Redner
[12], [13]. There w

�
k ��� kγ , and non-rigorous results are obtained, showing the

different behavior for γ � 1 and γ � 1. In the first regime the limiting object does
not have a non-trivial degree sequence: a single dominant vertex appears which
is linked to almost every other vertex, the others having only finite degree. This
statement is made precise and proved rigorously in [17]. See also [5] for a related
model. In this survey, following [20], we consider weight functions for which this
does not happen, our class includes the second regime γ � 1 mentioned above.

Certain similar random recursive trees and random plane-oriented trees have
been studied before, see, for example, [21].

1.1 Notation

We consider rooted ordered trees, which are also called family trees or rooted planar
trees in the literature.

In order to refer to these trees it is convenient to use genealogical phrasing. The
tree is thus regarded as the coding of the evolution of a population stemming from
one individual (the root of the tree), whose “children” form the “first generation”
(these are the vertices connected directly to the root). In general, the edges of the
tree represent parent-child relations, the parent always being the one closer to the
root. The birth order between brothers is also taken into account, this is represented
by the tree being an ordered tree (planar tree). The vertices are labelled by the set

��� ∞	
n 
 0

� � n
�
� where

� �
� :
���

1 � 2 ����������� � � 0
� :
���

/0 ���

as follows. /0 denotes the root of the tree, its firstborn child is labeled by 1, the
second one by 2, etc., all the vertices in the first generation are thus labeled with the
elements of

� �
. Similarly, in general, the children of x

� �
i1 � i2 ��������� ik � are labeled by�

i1 � i2 ��������� ik � 1 � ,
�
i1 � i2 ��������� ik � 2 � , etc. Thus, if a vertex has label x

� �
i1 � i2 ��������� ik ����

, then it is the ithk child of its parent, which is the ithk � 1 child of its own parent
and so on. If x

� �
i1 � i2 ��������� ik � and y

� �
j1 � j2 ��������� jl � then we will use the shorthand

notation xy for the concatenation
�
i1 � i2 ��������� ik � j1 � j2 ��������� jl � , and with a slight abuse

of notation for n � � � , we use xn for
�
i1 � i2 ��������� ik � n � .
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There is a natural partial ordering � on
�

, namely, x � z if x is ancestor of z,
so if � y � � such that z

�
xy. If we want to exclude equality, we use x � z, which

thus means that x � z but x �� z.
We can identify a rooted ordered tree with the set of labels of the vertices, since

this set already identifies the set of edges in the tree. It is clear that a subset G � �
may represent a rooted ordered tree iff /0 � G, and for each

�
i1 � i2 ��������� ik � � G we

have
�
i1 � i2 ��������� ik � 1 � � G if ik � 1, and

�
i1 � i2 ��������� ik � 1 � � G if ik

�
1.�

will denote the set of all finite, rooted ordered trees. The degree of vertex x � G
will denote the number of its children in G:

deg
�
x � G � :

�
max

�
n � � � � : xn � G ���

Thus degree in this paper is one less than the usual graph theoretic degree, except
for the root, where it is the same. The subtree rooted at a vertex x � G is:

G � x :
���

y : xy � G � �
this is just the progeny of x viewed as a rooted ordered tree.

1.2 The Model

First we describe the growth model in discrete time. Then we present a continuous-
time model which, at certain random stopping times, is equivalent to the previous
one. The method of investigating the discrete time growth model by introducing the
continuous-time setting described below appears in [17] and in [20], independently
of each other.

1.2.1 Discrete Time Model

Given the weight function w : IN � IR � , let us define the following discrete time
Markov chain ϒ d on the countable state space

�
, with initial state ϒ d � 0 � � � /0 � . If

for n � 0 we have ϒ d � n � � G, then for a vertex x � G let k :
�

deg
�
x � G �
	 1. Using

this notation, let the transition probabilities be

P
�
ϒ d � n 	 1 � � G � � xk �
� ϒ d � n � � G � � w

�
deg

�
x � G ���

∑y � G w
�
deg

�
y � G ��� �

In other words, at each time step a new vertex appears, and attaches to exactly one
already existing vertex. If the tree at the appropriate time is G, then the probability
of choosing vertex x in the tree G is proportional to w

�
deg

�
x � G ��� .
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1.2.2 Continuous Time Model

Given the weight function w : IN � IR � , let X
�
t � be a Markovian pure birth process

with X
�
0 � � 0 and birth rates

P � X � t 	 dt � � k 	 1 �� X
�
t � � k � � w

�
k � dt 	 o

�
dt � �

Let ρ : � 0 � ∞ ���� �
0 � ∞ � be the density of the point process corresponding to the pure

birth process X
�
t � , namely let

ρ
�
t � � lim

ε � 0
ε � 1P

���
t � t 	 ε � contains a point from X � � (1)

We denote the (formal) Laplace transform of ρ by �ρ :
�
0 � ∞ � � �

0 � ∞ � :
�ρ � λ � :

�
	 ∞

0
e � λ tρ

�
t � dt

� ∞

∑
n 
 1

n � 1

∏
i 
 0

w
�
i �

λ 	 w
�
i � � (2)

The rightmost expression of �ρ � λ � is easily computed, using the fact that the intervals
between successive jumps of X

�
t � are independent exponentially distributed random

variables of parameters w
�
0 � � w � 1 � � w � 2 � ������� , respectively. Let

λ :
�

inf
�
λ : �ρ � λ ��� ∞ � � (3)

Throughout this paper we impose the following condition on the weight function w:

lim
λ 
 λ

�ρ � λ � � 1 � (M)

We are now ready to define our randomly growing tree ϒ
�
t � which will be a contin-

uous time, time-homogeneous Markov chain on the countable state space
�

, with
initial state ϒ

�
0 � ��� /0 � .

The jump rates are the following: if for a t � 0 we have ϒ
�
t � � G then the process

may jump to G � � xk � with rate w
�
deg

�
x � G ��� where x � G and k

�
deg

�
x � G � 	

1. This means that each existing vertex x � ϒ
�
t � ‘gives birth to a child’ with rate

w
�
deg

�
x � ϒ � t ����� , independently of the others.

Note that condition (M) implies

∞

∑
k 
 0

1
w
�
k �
�

∞ (4)

and hence it follows that the Markov chain ϒ
�
t � is well defined for t ��� 0 � ∞ � , it does

not blow up in finite time. If, on the other hand, (4) does not hold, then λ is not
finite. A rigorous proof of this statement follows from the connection with general
branching processes (see Sect. 3) for which the related statement is derived in [9].

We define the total weight of a tree G � � as
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W
�
G � :

�
∑
x � G

w
�
deg

�
x � G �����

Described in other words, the Markov chain ϒ
�
t � evolves as follows: assuming

ϒ
�
t � � � G, at time t a new vertex is added to it with total rate W

�
G � , and it is

attached with an edge to exactly one already existing vertex, which is x � G with
probability

w
�
deg

�
x � G ���

∑y � G w
�
deg

�
y � G ��� �

Therefore, if we only look at our continuous time process at the stopping times when
a new vertex is just added to the randomly growing tree:

Tn :
�

inf
�
t : �ϒ � t � � � n 	 1 � (5)

then we get the discrete time model: ϒ
�
Tn � has the same distribution as ϒ d � n � , the

discrete time model at time n.

1.3 Some Additional Notation

We are ready to introduce the notations τx and σx, as follows. Let τx be the birth
time of vertex x,

τx :
�

inf
�
t � 0 : x � ϒ

�
t � � � (6)

Let σx be the time we have to wait for the appearance of vertex x, starting from the
moment that its birth is actually possible (e.g. when no other vertex is obliged to be
born before it). Namely, let

(a) σ /0 :
�

0,
(b) σy1 :

�
τy1 � τy, for any y � � ,

(c) and σyk :
�

τyk � τy � k � 1 � , for each y � � and k � 2.

Also, we will need the concept of historical orderings of the vertices in a finite
tree, as follows.

Consider a G � � . An ordering s
� �

s0 � s1 ��������� s �G � � 1 � of the elements of G is
called historical if it gives a possible ’birth order’ of the vertices in G, formally
if for each 0 � i � �G � � 1 we have

�
s0 � s1 ��������� si � � � . The set of all historical

orderings of G � � will be denoted �
�
G � . For a fixed s ��� �

G � the rooted ordered
trees

G
�
s � i � :

���
s0 � s1 ��������� si �
� G (7)

give the evolution of G in this historical ordering s.
Let G � � and one of its historical orderings s

� �
s0 � s1 ��������� s �G � � 1 �����

�
G � be

fixed. The historical sequence of total weights are defined as

W
�
G � s � i � :

�
W
�
G
�
s � i ��� (8)
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for 0 � i � �G � � 1 while the respective weights of the appearing vertices are defined
as

w
�
G � s � i � :

�
w � deg � � si � 1 � G � s � i � 1 � � � � (9)

for 1 � i � �G � � 1, here
�
si � 1 denotes the parent of si. Since deg � � si � 1 � G � s � i � 1 � �

is the degree of si’s parent just before si appeared, w
�
G � s � i � is the rate with which

our random tree process jumps from G
�
s � i � 1 � to G

�
s � i � .

2 Local Properties

We ask questions about the neighborhood of the “typical” vertex (e.g. sampled uni-
formly randomly from the tree), after a long time. We state theorems regarding the
limit distribution of the number of children, and of the subtree under the uniformly
selected vertex. We then comment on the case of linear weight functions, where the
formulae gain a simpler explicit form. After that we state a more general version of
these theorems, which turns out to be the analogue of an important theorem in the
theory of general branching processes (see Sect. 3). At the end of the section we give
an argument on the convergence in Theorem 2, different from that of the analogu-
ous theorem discussed in [16]. Although this approach does not give almost sure
convergence, it is elementary and instructive, and gives convergence in probability.

2.1 Statement of Results

Note that from condition (M) it follows that the equation

�ρ � λ � � ∞

∑
n 
 1

n � 1

∏
i 
 0

w
�
i �

λ 	 w
�
i �
�

1 (10)

has a unique root λ ��� 0, called the Malthusian parameter. Now we are ready to
state our theorems, quoted from [20].

Theorem 1. Consider a weight function w which satisfies condition (M) and let λ �
be defined by (10). For any t � 0 let ζt denote a random vertex which is, once ϒ

�
t �

is given, selected uniformly from ϒ
�
t � . Then the following limits hold almost surely:

(a) For any fixed k � IN

lim
t � ∞

P
�
deg

�
ζt � ϒ � t ��� � k � � lim

t � ∞

� � x � ϒ
�
t � : deg

�
x � ϒ � t ��� � k � �

�ϒ � t � �
�

pw
�
k � �

where the limit degree distribution pw on IN is given by



Random Tree Growth with Branching Processes – a Survey 7

pw
�
k � :

� λ �

λ � 	 w
�
k �

k � 1

∏
i 
 0

w
�
i �

λ � 	 w
�
i � �

(b) For any fixed G � �

lim
t � ∞

P
�
ϒ
�
t � � ζt

�
G � � lim

t � ∞

���
�
x � ϒ

�
t � : ϒ

�
t � � x

�
G � ����ϒ � t � �

�
πw
�
G � �

where the limit subtree distribution πw on
�

is given by

πw
�
G � :

�
∑

s ��� � G �
λ �

λ � 	 W
�
G �
�G � � 2

∏
i 
 0

w
�
G � s � i 	 1 �

λ � 	 W
�
G � s � i � �

These results are direct consequences of the following theorem, as shown in de-
tail in [20], with the choices of ϕ :

� � IR as

ϕ
�
H � � 11 � deg � /0 �H � 
 k � �

or, respectively,
ϕ
�
H � � 11G

�
H � �

Theorem 2. Consider a weight function w satisfying condition (M) and let λ � be
defined by equation (10). Consider a bounded function ϕ :

� � IR. Then the follow-
ing limit holds almost surely:

lim
t � ∞

1
�ϒ � t � � ∑

x � ϒ � t �
ϕ
�
ϒ
�
t � � x � � λ �

	 ∞

0
e � λ � t E � ϕ � ϒ � t ��� � dt �

Remark. Based on Theorem 2 it is also possible to “look back” from the uniform
random vertex, and ask local questions regarding its parent, grandparent, etc. This
Theorem is an application of a result of Nerman, see the remark after Theorem 4, and
for the detailed proof see [20]. The related general concept of fringe distributions
can be found in Aldous [1].

2.2 Linear Weight Function

In the linear case w
�
k � � αk 	 β

�
α � β � 0 � , all computations regarding the dis-

tributions pw and πw in Theorem 1 are rather explicit. In [3] and [15], the degree
distribution is given, for any fixed finite number of vertices. Our computations in
the linear case (see below), reproduce the asymptotic degree distribution p, as the
size of the tree tends to infinity.

For sake of completeness, we perform these (explicit and straightforward) com-
putations for the linear case. Multiplying the rate function with a positive con-
stant only means the rescaling of time in our model thus it is enough to consider
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w
�
k � � k 	 β (with β � 0). In this case it is straightforward to compute that condi-

tion (M) holds, �ρ � λ � � β
λ � 1 , λ

�
1 and λ �

�
1 	 β . Thus both Theorems 2 and 1

hold.
For the asymptotic degree distribution we get

p
�
k � � � 1 	 β �

�
k � 1 	 β � k�

k 	 1 	 2β � k � 1
�

where we used the shorthand notation

�
x � k :

� k � 1

∏
i 
 0

�
x � i � � Γ

�
x 	 1 �

Γ
�
x � k 	 1 � � k

�
0 � 1 � 2 ������� �

For the calculation of π
�
G � first we show that the sum which defines it contains

identical elements. In order to avoid heavy notation, during the following computa-
tions we will use n :

� �G � � 1 and deg
�
x � instead of deg

�
x � G � .

Clearly, for any s � � �
G �

n � 1

∏
i 
 0

w
�
G � s � i 	 1 � � ∏

x � G

�
deg � x � � 1

∏
j 
 0

w
�
j ��� �

∏
x � G

�
deg

�
x � � 1 	 β � deg � x � �

(Actually, the first equality holds for every weight function w.) It is also easy to see
that for any G � �

W
�
G � � ∑

x � G

�
deg

�
x �
	 β � � �G � � 1 	 β � � 1 �

thus for any s � � �
G �

λ �

λ � 	 W
�
G �

n � 1

∏
i 
 0

1
λ � 	 W

�
G � s � i �

� 1�
1 	 β � n � n 	 2 �

�
1 	 β � � 1 � n � 1

�

Therefore

π
�
G � � � � �

G � � ∏x � G

�
deg

�
x � � 1 	 β � deg � x ��

1 	 β � n � n 	 2 �
�
1 	 β � � 1 � n � 1

�
In the β

�
1 case (i.e. if we consider random tree proposed in [2]) the previous

calculations give

p
�
k � � 4�

k 	 1 � � k 	 2 � � k 	 3 �
and

π
�
G � � 2 � � �

G � ��
2 �G � 	 1 � !! ∏

x � G

deg
�
x � !

Although the value of � � �
G � � cannot be written as the function of degrees of G

only, one can compute it using the values ���G � x ��� for x � G, for the detalis see [20].
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2.3 Proof of Convergence in Probability

In this section we present a proof of the convergence in probability of certain ratios
of variables, see Theorem 3. The result formulated here exists in a stronger form,
namely, the convergence holds in the almost sure sense, as stated by Theorem 4 in
Sect. 3. The proof presented here, though, uses more elementary methods and it is
probabilistically instructive.

In order to simplify technicalities, we restrict the class of weight functions from
those satisfying condition (M) to a somewhat smaller, but still very wide class. We
demand in this section that w

�
k � � ∞ as k � ∞, with the weight function varying

regularly.
w
�
k � � kγ 	 v

�
k � (11)

at some 0 � γ � 1 and v
�
k � � o

�
kγ � as k � ∞. (We do not need monotonicity for w.)

Let us fix w
�
0 � � 1, which can be done without loss of generality, since multi-

plying all w
�
k � by a constant just corresponds to rescaling time in the continuous

time model.
Let λ � be the constant defined by (10), and with the letters ϕ and ψ we denote

positive bounded functions ϕ � ψ :
� � IR

�
.

Define
Zϕ

t :
� ∑

x � ϒ � t �
ϕ
�
ϒ
�
t � � x �

(the analogous definition in Sect. 3 is (24)). We use the notation

κ :
�
� ∂λ �ρ � λ � ��� λ 
 λ �

� 	 ∞

0
te � λ � t ρ � t � dt � ∞ � (12)

We also introduce the notation

�ϕ � λ � :
� 	 ∞

0
e � λ sE

�
ϕ
�
ϒ
�
s ����� ds � (13)

Theorem 3. Let w satisfy the conditions described in the beginning of Sect. 2.3.
Then

Zϕ
t

Zψ
t

� �ϕ � λ � �
�ψ � λ � �

in probability, as t � ∞.

To prove Theorem 3 we need Lemmas 1, 2 and 3 below.

Lemma 1.

E
�
e � λ � t Zϕ

t � � 1
κ
�ϕ � λ � � � : dϕ � as t � ∞ � (14)

Remark. See Sect. 3 and Theorem 5 therein for the analogous, more general
result. There we see that e � λ � t Zϕ

t itself converges almost surely to a random variable
with the appropriate expectation.
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Proof. The key observation is the so-called basic decomposition, namely that

Zϕ
t

�
ϕ
�
ϒ
�
t ���
	 ∑

j � IN
Z

ϕ j
t � (15)

where j runs over the children of the root, ϕ j

�
G � :

�
ϕ
�
G � j � , and recall that τ j is the

birth time of vertex j.
The advantage of this formula is due to the fact that given the sequence

�
τ j � j ��� ��� ,

Z
ϕ j
t has the same conditional distribution as Zϕ

t � τ j
.

At this point observe that if Zϕ
t is of some exponential order eλ t , then λ must be

the one defined by equation (10). This can be seen if we take expectation of both
sides in equation (15), supposing that limt � ∞ e � λ tZϕ

t exists almost surely, we can
write

E
�
lim
t � ∞

e � λ tZϕ
t � � ∑

j � IN

E
�
e � λ τ j lim

t � ∞
e � λ � t � τ j � Zϕ j

t �
�

∑
j � IN

E
�
e � λ τ j � E

�
lim
t � ∞

e � λ � t � τ j � Zϕ j
t � � E

�
∑
j � IN

e � λ τ j � E
�

lim
t � ∞

e � λ tZϕ
t � �

since limt � ∞ e � λ � t � τ j � Zϕ j
t

d�
limt � ∞ e � λ tZϕ

t .
So if the limit exists almost surely, and is non-zero and finite, then

E

�
∑
j � IN

e � λ τ j � � �ρ � λ � � 1

must hold (compare with (10)).
For the convergence itself, using the notation

mϕ
t :
�

E � Zϕ
t � � (16)

taking expectation on both sides of (15) in two steps (first conditionally on
�
τ j � j ��� � � ,

then taking expectation regarding
�
τ j � j ��� � � � , we get

mϕ
t

�
E
�
ϕ
�
ϒ
�
t �����
	 	 t

0
mϕ

t � sρ
�
s � ds � (17)

Taking the Laplace transform of both sides, we have

�m � λ � � �ϕ � λ �
	 �m � λ � �ρ � λ � �
so formally

�m � λ � � �ϕ � λ �
1 � �ρ � λ � �
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From condition (M) it follows that there is an interval of positive length below λ �
where the Laplace transform is finite, so 1

� �
1 � �ρ � λ ��� has a simple pole at λ � (it is

easy to check that �ρ � � λ � � � 0 and �ρ � � � λ � � � 0). Taking series expansion and inverse
Laplace transform results that

mϕ
t

� 1
κ
�ϕ � λ � � eλ � t 	 o

�
eλ � t � �

so, indeed, the statement of the lemma holds. ��

Recall the notation in Sect. 1.2.2, the birth times of the vertices in the first gen-
eration of the tree,

�
τ j � j � 0, constitute the point process X . The density function ρ

has already been introduced, see (1). Similarly, let us denote the second correlation
function by ρ2, namely, for u �� s, let

ρ2

�
u � s � :

�
lim

ε � δ � 0

�
εδ � � 1P

���
u � u 	 ε � and

�
s � s 	 δ � both contain a point from X � �

and we define it to be 0 if u
�

s.
The following estimates are needed.

Lemma 2. Suppose that w satisfies the conditions described in the beginning of
Sect. 2.3. Then

(a)

C1 :
� 	 ∞

0
e � 2λ � sρ � s � ds � 1 � (18)

(b)

C2 :
�
	 ∞

0

	 ∞

0
e � λ � � u � s � ρ2

�
u � s � duds � ∞ � (19)

Proof. The first statement is obvious, considering that

	 ∞

0
e � 2λ � sρ � s � ds

� �ρ � 2λ � � � �ρ � λ � � � 1 �

since �ρ strictly decreases and λ � � 0.
As for statement (19), write C2 as follows:

C2

�
2 ∑

1 � i � j

E
�
e � λ � � τi

� τ j � � �

Since for any i � j, τ j can be decomposed as the sum of the two independent vari-
ables τ j

�
τi 	

�
τ j � τi � , it can be seen that

E
�
e � λ � τ j � � E

�
e � λ � τie � λ � � τ j � τi � � � E

�
e � λ � τi � E � e � λ � � τ j � τi � � �

It now follows that
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C2

�
2 ∑

1 � i � j

E
�
e � 2λ � τi � E � e � λ � � τ j � τi � � � 2 ∑

1 � i � j

E
�
e � 2λ � τi � E

�
e � λ � τ j �

E
�
e � λ � τi � �

From here we get the estimate

C2
�

2 ∑
1 � i � j

E
�
e � 2λ � τi �

E
�
e � λ � τi � E

�
e � λ � τ j � � 2

�
∑

i

E
�
e � 2λ � τi �

E
�
e � λ � τi � � �

∑
j

E
�
e � λ � τ j � � �

where the second sum is just �ρ � λ � � � 1, while the first is

∞

∑
n 
 1

n � 1

∏
k 
 0

λ � 	 w
�
k �

2λ � 	 w
�
k �
� ∞

∑
n 
 1

n � 1

∏
k 
 0

�
1 �

λ �

2λ � 	 w
�
k ��� �

So far this was all general, but under the specific assumptions (see (11)) on
w, the final expression is finite. If γ

�
1 then the logarithm of the product is�

� 1 	 o
�
1 ��� λ � logn 	 O

�
1 � , so for any ε � 0, the sum can be bounded by O

�
1 � 	

∑n � � λ � � ε � . This is finite, since λ � � λ
�

1. If 0 � γ � 1, then the sum can be
bounded by ∑exp

�
� cn1 � γ � for some c � 0.

This completes the proof of Lemma 2. ��

Lemma 3.
E
�
e � 2λ � t Zϕ

t Zψ
t � � C �ϕ � λ � � �ψ � λ � �

for some constant C � 0. (This constant depends on the weight function w.)

Proof. According to the basic decomposition, we can write

Zϕ
t Zψ

t

�
ϕ
�
ϒ
�
t ��� ψ � ϒ � t ���

	 ϕ
�
ϒ
�
t ���

∞

∑
j 
 1

Z
ψ j
t 	 ψ

�
ϒ
�
t ���

∞

∑
j 
 1

Z
ϕ j
t

	
∞

∑
j 
 1

Z
ϕ j
t Z

ψ j
t 	

∞

∑
i �
 j

Zϕi
t Z

ψ j
t �

Taking expectation yields

mϕ � ψ
t :

�
E
�
Zϕ

t Zψ
t � � E

�
ϕ
�
ϒ
�
t ��� ψ � ϒ � t �����

	 E

�
ϕ
�
ϒ
�
t ���

∞

∑
j 
 1

Z
ψ j
t 	 ψ

�
ϒ
�
t ���

∞

∑
j 
 1

Z
ϕ j
t �

	 	 t

0
mϕ �ψ

t � s ρ
�
s � ds 	 	 t

0

	 t

0
mϕ

t � umψ
t � sρ2

�
u � s � duds � (20)

recall the notation mϕ
t

�
E
�
Zϕ

t � from (16).
After multiplying the equation by e � 2λ � t , we can easily identify the limit (as

t � ∞) of the first, second and fourth terms in (20), as follows.
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First term: since ϕ and ψ are bounded, limt � ∞ e � 2λ � t E � ϕ � ϒ � t ��� ψ � ϒ � t ����� is triv-
ially 0.

Second term: let ϕ be bounded by the constant D � ∞, then

e � 2λ � t E
�

ϕ
�
ϒ
�
t ���

∞

∑
j 
 1

Z
ψ j
t � � De � 2λ � t 	 t

0
mψ

t � sρ
�
s � ds

�
De � 2λ � t � mψ

t � E
�
ψ
�
ϒ
�
t ��� � �

the limit of which is 0 since mψ
t is of order eλ � t (see (17)), and since ψ is bounded.

Fourth term: Let us introduce m̃ϕ
t :
�

e � λ � t mϕ
t , and m̃ϕ � ψ

t :
�

e � 2λ � t mϕ � ψ
t . By

Lemma 1, limt � ∞ m̃ϕ
t

�
dϕ and limt � ∞ m̃ψ

t

�
dψ . With these, and using Lemma

2,

lim
t � ∞

	 t

0

	 t

0
m̃ϕ

t � sm̃
ψ
t � ue � λ � � u � s � ρ2

�
u � s � duds

�
C2dϕdψ �

by dominated convergence.
This way we see

m̃ϕ �ψ
t

� 	 t

0
m̃ϕ � ψ

t � s e � 2λ � sρ � s � ds 	 C2dϕdψ 	 εt � (21)

where εt
� 0 as t � ∞.

Now let us assume for a moment that the limit dϕ � ψ :
�

limt � ∞ m̃ϕ �ψ
t does exist. In

this case dominated convergence could also be used in the third (normalized) term
of (20), and the following would be true:

lim
t � ∞

	 t

0
e � 2λ � t mϕ � ψ

t � s ρ
�
s � ds

�
lim
t � ∞

	 t

0
m̃ϕ �ψ

t � s e � 2λ � sρ � s � ds
�

C1dϕ �ψ �
recall the notation and result in Lemma 2.

This way if m̃ϕ � ψ
t was convergent, then its limit could only be

dϕ � ψ � C2

1 � C1
dϕdψ �

recall that C1 � 1, by Lemma 2.
To show that the limit really exists, first note that m̃ϕ �ψ

t is bounded. This is true
since with Mϕ � ψ

t :
�

sups � t m̃ϕ � ψ
s and Mϕ :

�
sups � 0 m̃ϕ

s , we get

Mϕ �ψ
t � E 	 Mϕ �ψ

t C1 	 MϕMψC2 �
where E is an upper bound for εt . This way Mϕ � ψ

t is bounded by a constant indepen-
dent of t (again, C1 � 1), thus m̃ϕ � ψ

t is bounded.
Let us introduce the difference of m̃ϕ � ψ

t and its supposed limit,

nt :
�

m̃ϕ � ψ
t �

C2

1 � C1
dϕdψ (22)
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and rearrange equation (21),

nt
� 	 t

0
nt � se

� 2λ � sρ � s � ds 	 ε̄t �
where ε̄t

� 0 as t � ∞.
Since we have shown that m̃ϕ � ψ

t is bounded, so is nt . Let Nt :
�

sups � t � ns � , Ēt :
�

sups � t � ε̄s � , and fix arbitrarily 0 � u � t0. For these and for all t � t0

� nt � � � ε̄t � 	 ����
	 u

0
nse
� 2λ � � t � s � ρ

�
t � s � ds

����
	 ����
	 t

u
nse � 2λ � � t � s � ρ

�
t � s � ds

���� �
Recall that

� ∞
0 e � λ � t ρ � t � dt

� �ρ � λ � � � 1 and
� ∞

0 e � 2λ � t ρ � t � dt
� �ρ � 2λ � � � C1, and

thus
� nt � � Ēt0

	 e � λ � � t � u � N0 	 NuC1 �
This way

Nt0
� Ēt0

	 e � λ � � t0 � u � N0 	 NuC1 �
Letting t0

� ∞ with u remaining fixed,

N∞ � NuC1 �
and now letting u � ∞

N∞ � N∞C1 �
Since C1 � 1 this means that N∞

�
0, so m̃ϕ � ψ

t is convergent and its limit is

lim
t � ∞

m̃ϕ � ψ
t

�
lim
t � ∞

e � 2λ � tE � Zϕ
t Zψ

t � � C2

1 � C1
dϕdψ �

as stated by the lemma.
��

Now we are ready to prove Theorem 3.

Proof (Proof of Theorem 3).
Let At :

�
e � λ � t Zϕ

t and Bt :
�

e � λ � tZψ
t . Denote the limits of their expectations

a :
�

limt � ∞ E
�
At � and b :

�
limt � ∞ E

�
Bt � . From Lemma 3 we see that E

�
At Bt � �

Cab, and also E
�
A2

t � � Ca2 and E
�
B2

t � � Cb2. This implies that

E � � bAt � aBt � 2 � � 0

so
�
bAt � aBt � � 0 in L2 and thus in probability, too.

Now fix any positive δ � η � 0, then
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P

� ��� At

Bt
�

a
b
��� � δ � �

P

��� ��� At

Bt
�

a
b
��� � δ ��� � Bt � η � � 	 P

��� ��� At

Bt
�

a
b
��� � δ ��� � Bt � η � �

� P � �� bAt � aBt �� � bδη � 	 P
�
Bt � η � �

Since the first term tends to 0 by the previous observation, it remains to show that
in the limit, Bt does not have a positive mass at 0, and then the statement of the
theorem is true.

But since
�
Bt � t � 0 is tight, in every subsequence there is a sub-subsequence�

tn � n � 0 along which Btn converges weakly to some random variable Y . By (15) for
this variable, in distribution,

Y
� ∞

∑
j 
 1

e � λ � τ jYj �

where the Y j are iid with the same distribution as Y .
This means that

P
�
Y
�

0 � � P
�
Y j

�
0 for all j � � lim

k � ∞

�
P
�
Y
�

0 ��� k �
It follows that if Y had a positive mass at 0, then Y would be a random variable
that is almost surely 0. Since we know that its expectation tends to a positive limit,
this could only happen if E

�
B2

t � converged to ∞, but in fact it converges to a finite
positive limit, according to Lemma 3. Thus, Y does not have a positive mass at 0, so
the statement of Theorem 3 holds. ��

3 Branching Processes

The Random Tree Model, defined in continuous time, has the big advantage that it
fits into the framework of the well-established theory of branching processes. We
give a brief introduction to the fundamentals and state the theorems that we rely on.
We do not give a broad survey on the most general types of branching processes
here, we choose to focus on the results which may be applied to our process. For
more details see the monograph [9] or the papers [10], [16], [18] and the references
therein. For a survey on branching processes, trees and superprocesses, see [14].

In the case of a general branching process, there is a population in which each
individual reproduces at ages according to i.i.d. copies of a random point process
ξ on � 0 � ∞ � . We denote by ξ

�
t � the ξ -measure of � 0 � t � , this the random number of

children an individual has up to time t. (In the case of our model, ξ is the Markovian
pure birth process X .)
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The individuals in the population are labelled with the elements of
�

, the same
way as described in Sect. 1.1. The basic probability space is

�
Ω ��� � P � � ∏

x ���
�
Ωx ��� x � Px � �

where
�
Ωx ��� x � Px � are identical spaces on which ξx are distributed like ξ .

For each x � � there is a � � x shift defined on Ω by

�
ω �

x
� y � ωxy �

in plain words, ω �
x

is the life of the progeny of x, regarding x as the ancestor.
The birth times τx of the individuals are defined in the obvious way: τ0

�
0 and

if x � � xn with n � � � � then

τx �
�

τx 	 inf
�
t : ξx

�
t � � n ��� (23)

just like in the random tree model, see (6).
The branching process is often counted by a random characteristic, this can be

any real-valued process
�
Φ : IR � Ω � IR � . For each individual x, Φx is defined by

Φx
�
t � ω � � Φ

�
τx 	 t � ω �

x
� �

in plain words Φx
�
t � denotes the value of Φ evaluated on the progeny of x, regarding

x as the ancestor, at the time when x is of age t. We can think about Φx
�
t � as a ‘score’

given to x when its age is t. With this,

ZΦ
t :
�

∑
x ���

Φx
�
t � τx � (24)

is the branching process counted by the random characteristic Φ (the ‘total score’
of the population at time t).

For our applications we only consider random characteristics which are 0 for
t � 0 and equal to a bounded deterministic function of the rooted tree for t � 0.

This means that only those individuals contribute to ZΦ
t which are born up to time

t and their contribution is a deterministic function of their progeny tree. (Random
characteristics may be defined in a more general way, see e.g. [9], [10].) One of
the important examples is Φ

�
t � � 11

�
t � 0 � when ZΦ

t is just the total number of
individuals born up to time t.

The Laplace-transform of dξ
�
t � is of great importance, we denote this random

variable by:
�ξ � λ � :

� 	 ∞

0
e � λ tdξ

�
t � � (25)

We are interested in supercritical, Malthusian processes, meaning that there exists
a finite 0 � λ � � ∞ (the so-called Malthusian parameter) for which

E �ξ � λ � � � 1 � (26)
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and also
κ
�
� ∂λ

�
E �ξ � λ � � ��� λ 
 λ �

�
E
	 ∞

0
te � λ � tdξ

�
t � � ∞ � (27)

(The last property means that the process is Malthusian and the first means that
it is supercritical.)

Also, we require the reproduction to be non-lattice, which means that the jumps
of ξ

�
t � cannot be supported by any lattice

�
0 � d � 2d ������� � , d � 0 with probability one.

We quote here a weaker form of Theorem 6.3 from [16], using its extension
which appears in Section 7 of the same paper. This way the conditions of the original
theorem are fulfilled automatically.

Theorem 4 (Nerman, [16]). Consider a supercritical, Malthusian branching pro-
cess with Malthusian parameter λ � , counted by two random characteristics Φ

�
t �

and Ψ
�
t � which have the properties described above (i.e. they are 0 for t � 0 and

a deterministic bounded function of the progeny tree for t � 0). Suppose that there
exists a λ � λ � for which

E �ξ � λ � � ∞ �
Then, almost surely

ZΦ
t

ZΨ
t

�
�Φ �

λ � �
�Ψ �

λ � � as t � ∞ �

where �Φ �
λ � � ∞�

0
exp

�
� λ t � E � Φ � t ��� dt.

Remark. Clearly, the time-evolution of the population has the same distribution
as the evolution of the continuous time Random Tree Model corresponding to the
weight function w. The vertices are the respective individuals and edges are the
parent-child relations. It is also not hard to see that the function E �ξ � λ � for the
branching process is the same as �ρ � λ � , and the two definitions (12) and (27) for κ
agree. This means that by condition (M) we may apply Theorem 4 with appropriate
random characteristics. Given any bounded function ϕ :

� � IR, setting the charac-
teristics Φ �Ψ as Φ

�
t � :
�

ϕ
�
ϒ
�
t ��� 11 � t � 0 � and Ψ

�
t � :
�

11
�
t � 0 � we get exactly

the statement of Theorem 2.
We have already seen in Sect. 2.3, Lemma 1, that

E
�
e � λ � t ZΦ

t � � 1
κ

Φ̂
�
λ � � � (28)

Thus we need to divide ZΦ
t by eλ � t to get something non-trivial. Let us quote a

weaker form of Theorem 5.4 of [16].

Theorem 5 (Nerman, [16]).
Consider a supercritical, Malthusian branching process with Malthusian param-

eter λ � . Suppose that condition (M) holds and Φ is a random characteristic with
properties described before. Then almost surely
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e � λ � t ZΦ
t

� 1
κ
�Φ �

λ � � W � as t � ∞ � (29)

where W is a random variable that does not depend on Φ .

The necessary and sufficient condition for the random variable W to be a.s. posi-
tive is the so-called x logx property of the reproduction process ξ :

E
� �ξ � λ � � log

� �ξ � λ � ��� � ∞ � (L)

We quote Theorem 5.3 of [10].

Theorem 6 (Jagers-Nerman, [10]). Consider a supercritical, Malthusian branch-
ing process with Malthusian parameter λ � . If condition (L) holds then W � 0
a.s. and E

�
W � � 1; otherwise W

�
0 a.s.

Remark. This theorem is the generalization of the Kesten-Stigum theorem, which
states this fact for Galton-Watson processes (see [11]).

4 Global Properties

The questions discussed in Sect. 2 investigated local properties of the random tree:
after a long time evolution, we asked about the neighborhood of a typical (uniformly
selected) vertex.

When we want to look “too far away” from the random vertex though, the general
theorem (Theorem 2) is of no use. What is the probability, for example, that the
random vertex is descendant of the first, second, or kth child of the root? These are
the types of questions that we address.

The results in this section are from [19], we give sketches of the basic ideas and
proofs.

4.1 Notation and Question

As we have seen in Sect. 3, the normalized size of the tree, exp
�
� λ � t � �ϒ � t � � , con-

verges almost surely to a random variable. Throughout this section, we denote it
by

Θ :
�

lim
t � ∞

e � λ � t �ϒ � t � � � (30)

For every x � � , we introduce the variables Θx, corresponding to the growth of the
subtree under x, analogously to Θ ,

Θx :
�

lim
t � ∞

e � λ � � t � τx � �ϒ� x
�
t � � �



Random Tree Growth with Branching Processes – a Survey 19

The letter Θ refers to the variable corresponding to the root, but when we want to
emphasize this, we sometimes write Θ /0 instead.

The most important relation between the different Θx variables in the tree is the
so-called basic decomposition (according to the first generation in the tree):

Θ /0

�
lim
t � ∞

e � λ � t �ϒ � t � � � lim
t � ∞

e � λ � t �
1 	

∞

∑
k 
 1

�ϒ� k
�
t � � � �

� ∞

∑
k 
 1

e � λ � τk

�
lim
t � ∞

e � λ � � t � τk � �ϒ� k
�
t � � � � ∞

∑
k 
 1

e � λ � τkΘk �

or similarly for any x,

Θx
� ∞

∑
k 
 1

e � λ � � τxk � τx � Θxk � (31)

Now we turn our attention to another random variable, which we denote by ∆x. In
the introduction of this section, we asked about the probability that for a fixed vertex
x, after a long time, a randomly chosen vertex is descendant of x. This probability
tends to an almost sure limit as t � ∞,

∆x :
�

lim
t � ∞

�ϒ� x
�
t � �

�ϒ � t � �
�

e � λ � τx lim
t � ∞

e � λ � � t � τx � �ϒ� x
�
t � �

e � λ � t �ϒ � t � � � e � λ � τxΘx

Θ /0
� (32)

Note that the value of Θ , obviously apparent in the continuous-time model, seems to
disappear when we investigate the discrete-time evolution of the tree. The questions
we naturally pose concern those properties which are observable also in the discrete-
time setting. The variable ∆x is obviously one of these observables since it can be
written as the limit of a sequence of random variables from the discrete time model:

∆x
�

lim
n � ∞

�ϒ d � x
�
n � �

�ϒ d
�
n � � �

The question is, does Θ really “disappear” in the problems concerning the discrete-
time evolution? Recall that in Sect. 2, the main theorem discusses the behavior
of ratios of the form Zϕ

t

�
Zψ

t , and since both the numerator and the denominator
converges to constant times the common global variable, Θ itself cancels out. In
this section we are interested whether Θ is merely an artificial side-product of the
continuous-time embedding, or there exist properties observable in the discrete-time
model, where Θ itself appears.
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4.2 Markov Property

Definition 1. We say that a system of random variables
�
Yx � x � � constitutes a tree-

indexed Markov field if for any x � � , the distribution of the collection of variables�
Yy : x � y � , and that of

�
Yz : x �� z � , are conditionally independent, given Yx.

We state the following Lemma (recall that σx is the time we have to wait be-
fore vertex x is born, as counted from the birth time of his youngest brother, see
Sect. 1.3).

Lemma 4. For each x � � let Vx denote the vector Vx :
� �

σx � Θx � . Then the col-
lection of variables � x :

� �
Vy : x � y � and

�
x :
� �

Vz : x �� z; σx � are conditionally
independent, given Θx.

Proof. Recall (31), the decomposition of Θx according to the first generation of the
subtree under x,

Θx
� ∞

∑
j 
 1

e � λ � � τx j � τx � Θx j
� ∞

∑
j 
 1

e � λ � � σx1
� σx2

��� � � � σx j � Θx j � (33)

Decompose the Θx j variables similarly, and so on, to arrive at the conclusion that Θx,
as well as the whole collection � x, is in fact a function of the variables

�
σy : x � y � .

By the same argument, the collection
�
Vz : x �� z; σx � is a function of the collec-

tion of variables
�
σy : x �� y; Θx � .

Now since for all x �� y, σx and σy are independent, it is clear that
�
σy : x � y �

and
�
σy : x �� y � are independent sets of variables. Given Θx, the two collections�

x :
� �

σy : x � y; Θx � , and � x :
� �

σy : x �� y; Θx � are conditionally independent.
Since the variables in � are functions of

�
nad similarly,

�
is function of � , the

statement of the lemma follows. ��

Corollary 1. The variables
�
Θx � x ��� constitute a tree-indexed Markov field.

Proof. Direct consequence of Lemma 4, since Vx
� �

σx � Θx � .
��

It is clear that if x �� x � and x � �� x, then Θx and Θx � are independent. Using Lemma
4, any moment can be computed in the non-independent case. We give formula for
the covariance here for example:

Corollary 2. Let x � � xy for some y � � , then

Cov
�
Θx � Θx � �

�
E
�
e � λ � τy � Var

�
Θ � �

Proof. With the notation � y � � n,
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E
�
ΘxΘxy � � E

�
Θxy ∑

z: � z � 
 n

e � λ � � τxz � τx � Θxz �
�

E
�
e � λ � � τxy � τx � � E � Θ 2

xy � 	 E
�
Θxy � ∑

z: � z � 
 n � z �
 y

E
�
e � λ � � τxz � τx � � E

�
Θxz �

�
E

�
e � λ � τy � E � Θ 2 � 	 � E � Θ ��� 2 �

1 � E
�
e � λ � τy � �

� �
E
�
Θ ��� 2 	 E

�
e � λ � τy � Var

�
Θ � �

since by the results in Lemma 4, Θxz is independent of
�
τxz � τx � . Since E

�
Θx � E � Θx � �

�
�
E
�
Θ ��� 2, the formula for the covariance follows.

��

Let us introduce the following variables, indexed by
�

. For the root let R /0 :
�

1 and
for any other vertex y � which has a parent y, so for any y � � yk with k � IN � , let

Ryk :
�

lim
t � ∞

�ϒ� yk

�
t � �

�ϒ� y
�
t � �

� e � λ � � τyk � τy � Θyk

Θy

� ∆yk

∆y
� (34)

Notice that for x
� �

i1i2 ����� in � , ∆x is a telescopic product,

∆x
�

∆i1

∆i1i2

∆i1

∆i1i2i3

∆i1i2

����� ∆i1
� � � in

∆i1
� � � in � 1

�
Ri1

Ri1i2
Ri1i2i3

����� Ri1
� � � in � (35)

This decomposition is of interest due to the following Theorem.

Theorem 7. With the variables Rx defined as above, let Ux :
� �

Rx � Θx � . Given any
sequence of positive integers

�
in � ∞n 
 1, the sequence of variables U /0, Ui1

, Ui1i2
,

Ui1i2i3
� ����� constitutes a Markov chain, which is homogeneous: the transition prob-

abilities from Uy to Uyk depend on k, but not on y.

Proof. Let y, x, z be vertices in a progeny line, so let x be parent of z, and y be parent
of x. Given Θx, then, from Corollary 1, Θy and Θz are conditionally independent. We
show that so are Ry and Rz.

Consider that

Rz
� e � λ � � τz � τx � Θz

Θx
�

so Rz is a function of � x (recall the notation in Lemma 4). At the same time,

Ry
� e � λ � � τy � τ

y � � Θy

Θy �
�

where y � is the parent of y, so Ry is a function of Θy and the collection
�
σv : x �� v � ,

which implies that Ry is a function of
�

x.
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According to Lemma 4, � x and
�

x are conditionally independent, given Θx, thus
the proof is complete. ��

4.3 Fragmentation of Mass

The ∆x variables can be thought of as relative “masses” which the limiting tree
“gives” to the individual vertices. For any fixed vertex x, ∆x is the limit of the prob-
ability that a uniformly selected vertex, is descendant of x. If we thus look at all the
x vertices in any fixed generation of the tree, the sum of the respective ∆x values is
obviously 1.

How can we describe this fragmentation of mass 1, from the root to generation
one, and then to generation two, etc? We investigate this question in the following,
in different cases of the choice of the weight function.

4.3.1 Linear Weight Function

Let us consider the case when the weight function is linear. That is, for some α � 0
and β � 0, for all k � IN � , let the weight of a vertex of degree k be

w
�
k � � αk 	 β �

The corresponding Malthusian parameter (solution of (10)), is now λ �
�

α 	 β . For
the sake of computational simplicity it is convenient to re-scale w so that λ �

�
1,

thus α
�

1 � β ,
w
�
k � � � 1 � β � k 	 β � (36)

where 0 � β � 1. Note that β
�

1 is allowed, and means that the weight function is
constant, which corresponds to the Yule-tree model (see [22]). Also, for any integer
m � 1, we allow the choice of β

� m
m � 1 . In this case w linearly decreases, and it hits

level zero at m, meaning that each vertex can have at most m children.
When a new vertex is added to the system, the sum of the weights in the tree

increases by two terms, with 1 � β because of the parent, and with β because of the
new vertex. Thus, each time a new vertex is added, the total growth rate increases by
1, independently of the choice of the parent. This intuitively explains why the size
of the tree grows exponentially in time, with parameter λ �

�
1.

The previous observation means that Nt :
� �ϒ � t � � is a Markov process, which, at

time t, increases by one with rate Nt � 1 	 β . Thus it is straightforward to set up
a partial differential equation for f

�
u � t � :

�
E
�
e � uNt � , which can be solved explic-

itly. By taking the limit limt � ∞ f
�
ue � t � t � , one arrives at the conclusion that Θ has

Gamma(1 � β ) distribution.
The fact that the growth rate is independent of the structure of the tree, implies

that anything that can be computed from the discrete time model, is independent
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of Θ . This is in accordance with the distribution of Θ being Gamma. To see this
connection, consider for example that

∆1

� e � λ � τ1Θ1

Θ /0

� e � λ � τ1Θ1

∑∞
k 
 1 e � λ � τkΘk

� Θ1

Θ1 	 ∑∞
k 
 2 e � λ � � τk � τ1 � Θk

� (37)

which shows that ∆1 is a random variable of the form X
X � Y , where X and Y are

independent. For the ratio to be independent of the denominator (thus ∆1 to be in-
dependent of Θ /0), X has to be of a Gamma distribution. This result is in accordance
with the above considerations.

This all implies that in the linear case, ∆x is the product of independent vari-
ables (see (35)), since now the Markov chain in Theorem 7 consists of independent
elements.

From this observation it follows that Θ , according to the first generation, splits
into the vector �

e � λ � τkΘk � k � IN �
�

which is of a Poisson-Dirichlet distribution. For a precise formulation of this fact,
see [6].

4.3.2 Binary Tree

We now consider weight functions which ensure that each vertex can have two chil-
dren at maximum. First let us investigate the distribution of Θ in this case, then we
construct the system of the ∆x variables.

Let w
�
0 � � a � 0, w

�
1 � � 1, and w

�
k � � 0 for k � 2. (We fix w

�
1 � � 1 for the sake

of computational simplicity, this is a different scaling from the one used in the linear
case). The Malthusian parameter λ � is now the positive solution of the equation

�
λ � � 2 	 λ � � a

�
0 � (38)

Consider the basic decomposition of Θ ,

Θ
�

e � λ � σ1Θ1 	 e � λ � � σ1
� σ2 � Θ2 � (39)

Let the moment generating function be ϕ
�
u � :

�
E
�
e � uΘ � . Using (39), computing

ϕ
�
u � in two steps, by first taking conditional expectation with σ1 and σ2 remaining

fixed, then expectation with regards to Θ1 and Θ2, yields the integral equation

ϕ
�
u � � 	 ∞

0

	 ∞

0
ϕ
�
ue � λ � x � ϕ � ue � λ � xe � λ � y � ae � axe � ydydx � (40)

Now, with two changes of variables, and twice differentiating the equation, one
arrives at the differential equation
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ϕ � � � u � � c
� ϕ � u � 2 � ϕ

�
u � �

u2 � c
ϕ � � u �

u
	
�
ϕ � � u ��� 2
ϕ
�
u � � (41)

where we introduced the shorthand notation

c :
� λ � 	 1

λ �
� (42)

The boundary values are ϕ
�
0 � � 1 and ϕ � � 0 � � � E

�
Θ � � � 1

λ � κ , where κ is easily
computed (recall (12)),

κ
�
�

∂
∂λ

�
a

λ 	 a
	 a

λ 	 a
1

λ 	 1 � ����� λ 
 λ � � (43)

Introducing g
�
u � � logϕ

�
u � , equation (41) is equivalent to

g � � � u � � cu � 2
�
eg � u � � 1 � � cu � 1g � � u � � (44)

We could have computed the moments of Θ already from (39), but (44) offers a
simple method. From the series expansion of eg � u � ,

g � � � u � � c
eg � u � � 1 � g � � u � u

u2
� c

2

�
� g � � � 0 �
	 � g � � 0 ��� 2 � � as u � 0 �

This way g � � � 0 � � c
2 � c

�
g � � 0 ��� 2, and so E

�
Θ 2 � � � 1 	 c

2 � c �
�
E
�
Θ ��� 2.

As for other moments of Θ , one can find a simple recursive formula for the
derivatives of g. The derivation of this recursion is not illuminating, so we just state
the result, namely,

g � k � 2 � � c

�
eg � � k �
u2 �

�
ck 	 k

�
k � 1 ��� g � k �

u2 �
�
c 	 2k � g � k

� 1 �
u

� � �
k � 1 � �

from which all the values of g � k �
�
0 � can be computed.

Now we turn our attention to the structure of the ∆x system, meaning that we
want to construct the ∆x variables step by step, from generation to generation. For
the rest of this section we treat the distribution of Θ as known.

Recall that σ1, σ2, Θ1 and Θ2 are independent. Thus, from

Θ
�

e � λ � σ1
�
Θ1 	 e � λ � σ2Θ2 � �

the conditional distribution of σ1, given Θ , is straightforward to calculate. Then,
given Θ and σ1, the conditional distribution of Θ1 follows. After this, given now Θ ,
σ1 and Θ1, the conditional distribution of σ2 can be determined. Finally, if we know
Θ , σ1, Θ1 and σ2, then Θ2 is a deterministic function of these.

Based on these considerations and on Theorem 7, now we can construct the sys-
tem of the ∆x variables in the following steps.
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1. Pick Θ /0 at random, according to its distribution.
2. First generation

a. Pick
�
σ1 � Θ1 � according to their conditional distribution, given Θ /0. These

three numbers define ∆1

�
R1

� exp � � λ � σ1 � Θ1
Θ .

b. Pick
�
σ2 � Θ2 � similarly, according to their conditional distribution, given Θ /0

and
�
σ1 � Θ1 � . At this point we can compute ∆2

�
R2
� exp � � λ � � σ1

� σ2 � � Θ2
Θ /0

.

3. Second generation

a. Repeat the steps seen before for the progeny of vertex 1, to get R11 and
R12. Using the Markov property described in Theorem 7, this is done only
using the information carried by Θ1, conditionally independently of Θ and
also of Θ2. Since we already know R1, we can now compute the values
∆11

�
R1R11 and ∆12

�
R1R12.

b. Independently of the previous step, split Θ2 to get R21 and R22, thus also
∆21 and ∆22.

4. Subsequent generations are constructed similarly.

Note that the special choice of a
�

2 corresponds to the negative linear, binary
case of Section 4.3.1 (take m

�
2 there). Then λ �

�
1, κ

� 1
2 , and E

�
Θ � � 2. It

can be checked that in this case, equation (41) is solved by ϕ
�
u � � �

1 	 u � � 2, so
indeed, if a

�
2, then Θ is of Gamma(1,2) distribution. Also, by checking that no

other function of the form
�
1 	 u � � α satisfies (41), it is verified that no other choice

of a allows Θ to be of a Gamma distribution, so in all a �� 2 cases the structure of
the tree is indeed dependent on Θ .

These results are extendable, in a very similar way, to the case where the weight
function allows the vertices to have at most m children for some finite m � 2. Then,
an mth order differential equation can be derived for the moment generating func-
tion, and again, any moment of Θ can be computed. The structure of variables ∆x is
also constructed analogously.

In [8], certain scaling exponents are derived explicitly, characterizing the decay
of the distribution of ∆x.
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