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Abstract. We consider the trajectory Q™(¢) of a Brownian particle of mass M in
an ideal gas of identical particles of mass 1 and of density 1 in equilibrium at
inverse temperature 1 (the dynamics is uniform motion plus elastic collisions
with the Brownian particle). Our theory, in dimension one, describes a variety of
limiting processes — containing the Wiener process and the Ornstein-Uhlenbeck
process —for 4~ 12 QM“)(4¢) depending on the asymptotic behaviour of M (A4).
Part of the theory is hypothetical while another part relies upon known results.
We also prove that, if 4***<M(A4) <A, then 4~2 QM (A1) converges to a
Wiener process whose variance is known from papers of Sinai-Soloveichik and
of the present authors.

1. Introduction

Ed Nelson’s classical notes about Brownian motion, N (1967), also containing an
exciting historical account, stressed the necessity to derive Brownian motion from
Hamiltonian principles. “The problem, or one formulation of it, is to deduce each of
the following theories from the one below it:

Einstein—Smoluchowski
Ornstein—Uhlenbeck
Maxwell-Boltzmann
Hamilton—Jacabi.”

His notes, in fact, show that “the Einstein-Smoluchowski theory is in a rigorous
and strong sense the limiting theory of the Ornstein-Uhlenbeck theory.” (Note that
the mathematical model of the first theory is the Wiener process.)

The aim of the present paper is to realize the program for a Brownian particle
interacting with an ideal gas of point particles. A rough outline of our theory is the
following: if we start from a Gibbs equilibrium state, then the model contains a
functional parameter describing the interdependence between the mass ratio of the
Brownian particle and of the gas particles on one side and the space-time scaling of
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the trajectory of the Brownian particle on the other side. (In the understanding of
modern statistical physics, the infinite Gibbs state corresponds to the Maxwell-
Boltzmann theory and it is known to describe the time-invariant state of a dynamics
governed by the Hamilton-Jacobi formalism.) For simplicity suppose that this
functional parameter, whose precise definition will be given in the next section, is of
the form f(A4) ~cA” as A— oo(c>0). (Here larger values of y correspond to heavier
Brownian particles.) Now our theory shows that by varying the functional
parameter — or in this simple case y — one can obtain both the Einstein-
Smoluchowski and the Ornstein-Uhlenbeck theories. Indeed, if $<y<1 then —
and this is the main technical result of the paper —we get the Einstein-Smoluchowski
theory, if y =1, then the Ornstein-Uhlenbeck theory [in fact, this is an earlier result
of Holleyy, H (1971) for d=1, and of Diirr-Goldstein-Lebowitz,
D-G-L (1981)for d=2]. For y > 1 the theory is trivial, while for 0 <y <t andy <0 we
expect the Einstein-Smoluchowski theory to hold, but so far we could not prove it.
We also expect that in the case y =0 the theory definitely depends on the spatial
dimension of the system and on the value of c. (E.g. in dimension 1 computer results
show a delicate picture, cf. Sect. 2¢.) Besides its meaning for the general theory
outlined above our result for ¥ <y < 1 is hoped to open the way towards treating the
very interesting case M =const.

Section 2 describes the model, the theory and finally the result. The framework
of its proof is given in Sect. 3. Sections 4 and 5 are technical, exposing the two main
components of the proof: the analysis of the Markovized process and the
construction of the coupling.

2. The Theory and the Results
a) The Mathematical Model

Since the results we prove are formulated in the one-dimensional case, for
simplicity, we define the model for this case only.

A one-dimensional system of point particles consists of a tagged particle of mass
M (the Brownian particle) interacting with an infinite ideal gas of particles of mass 1
(light particles). The dynamics of the system is governed by the laws of classical
mechanics assuming uniform motion plus elastic collisions between the Brownian
particle and the light ones and no interaction among the light particles. (As far as the
behavior of the Brownian particle is observed only, assuming elastic collisions
among the light particles, too, would not change the picture.)

The collision rules are the following:

M—1 2 2M M—1
= - - * = y-— - 2.1
v i vow L ey vore M1’ @.0)
or
2 oM
= +——— S — T —p- N =+——=:—— V———
AV=V"-V M—H(V v7) ; Adv=v" —v M+1( v7),

where V'*, v* are the post- (pre-) collision velocties of the colliding Brownian
respectively light particle. The most convenient is to describe our system as seen



Brownian Particle in Ideal Gas 43

from the Brownian particle [the so-called “Miinchhausen picture” cf. B (1788)]. In
this picture the phase space is

¥=RxQ={z=V,0):VeR, 0=(¢;,v);c1€Q} ,

where [ is a countably infinite index set, Q the set of locally finite countable point
systems in R x R. (¥ is the velocity of the Brownian particle, (g;,v;);c; are the
coordinates — relative to the position of the Brownian particle —and the velocities of
the light particles.) We say that  is the environment seen by the Brownian particle.
Q is a polish space endowed with the natural g-algebra &%, generated by counting
functions on compact sets. The g-algebra on X is # =% x %y, # being the Borel-
algebra on R. The system is distributed according to the Gibbs measure

pMd(V, w)=dFM(V) - v(dw)

with v being the Poisson measure on (2, #,) with intensity dxdF!(v) and

dFM(V):J% exp(——MV2>dV (M>0) .

2

More prosaically: the positions of the light particles follow a Poissonian point
process of density ¢ = 1, while the velocities of the particles are distributed according
to independent, zero-mean Gaussians of variance equal to (mass)™!, i.e.
Maxwellian velocity distributions at inverse temperature f=1.

Remark. The only essential parameter of the system is M, while ¢ and § enter
trivially into the theory.

Denote by SM the dynamics of the system. The following two facts are assumed
to be known:

a) for each M there exists a set ¥ < ¥ of uM-measure 1 on which the maps SM are
well defined for any e R, and SM,=SMoSM. (The equilibrium dynamics exists
with probability 1.)

b) the group of transformations SM : X¥— XM preserves the measure y™. (The
evolution of the system, as seen from the Brownian particle, is stationary.)
Warning: for different M’s we have different dynamical systems (X, o™, SM).
The random variables to be introduced below are defined on different probability
spaces, depending on M. But, as we are interested in asymptotic laws, this fact is not
at all disturbing.

We shall use the notations

Viz)=V and ow(z)=w iff z=WV,w)eX,
VM) =V(SM2), zeXY,

t
Ma)=[ VM(2)ds , «cXM.
0

b) An Intermezzo : Simple Facts About the Ornstein-Uhlenbeck Process

Throughout this paper W{® will denote a Wiener process of variance ¢* with
W§ =0 and for berevity let W,= W1,






