
Kalkulus 1, 14. hét

Határozott integrál alkalmazásai
Megoldások

I. Az integrálformulákból közvetlenül adódnak a formulák.

II. 1. Ivhosszszámı́tás. Lf =

∫
I

√
1 + f ′(x)2 dx

a. Lf =

∫ b

0

√
1 + a2 dx =

[
x
√

1 + a2
]b
0

= b
√

1 + a2

b. Lf =

∫ b

0

√
1 + 4a2x2 dx =

[
x
√

1 + 4a2x2

2
+

arsh(2ax)

4a

]b
0

=
b
√

1 + 4a2b2

2
+

arsh(2ab)

4a

c. Lf =

∫ b

0

√
1 + a2 e2ax dx =

[√
1 + a2 e2ax

a
− 1

a
· arth

(
1√

1 + a2 e2ax

)]b
0

=

=

√
1 + a2 e2ab −

√
1 + a2

a
− 1

a
· arth

(
1√

1 + a2 e2ab

)
+

1

a
· arth

(
1√

1 + a2

)
d. Lf =

∫ b

0

chx dx = [shx]
b
0 = sh b

2. Felsźınszámı́tás. Ff = 2π

∫
I

f(x)
√

1 + f ′(x)2 dx

a. Ff = 2π

∫ b

0

ax
√

1 + a2 dx = π
[
ax2
√

1 + a2
]b
0

= πab2
√

1 + a2

b. Ff = 2π

∫ b

0

ax2
√

1 + 4a2x2 dx

t = arsh(2ax)
↓
=

π

4a2

arsh(2ab)∫
0

sh2 t ch2 t d t =
π

16a2

arsh(2ab)∫
0

sh2(2t) d t =

=

[
π

32a2

(
sh(4t)

4
− t
)]arsh(2ab)

0

=
[ π

32a2
(
sh t ch t(1 + 2 sh2 t)− t

)]arsh(2ab)
0

=

=
πb(1 + 8a2b2)

√
1 + 4a2b2

16a
− π arsh(2ab)

32a2

c. Ff = 2π

∫ b

0

eax
√

1 + a2 e2ax dx

t = a eax

↓
=

2π

a2

∫ a eab

1

√
1 + t2 d t =

=
π

a2

[
arsh t+ t

√
1 + t2

]a eab

1
=

π

a2

(
arsh(a eab)− arsh 1 + a eab

√
1 + a2 e2ab −

√
2
)

d. Ff = 2π

∫ b

0

ch2 x dx = [π(x+ shx chx)]
b
0 = πb+ π sh b ch b
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3. Térfogatszámı́tás. Vf = π

∫
I

f2(x) dx

a. Vf = π

∫ b

0

a2x2 dx =

[
πa2x3

3

]b
0

=
πa2b3

3

b. Vf = π

∫ b

0

a2x4 dx =

[
πa2x5

5

]b
0

=
πa2b5

5

c. Vf = π

∫ b

0

e2ax dx =

[
π e2ax

2a

]b
0

=
π

2a

(
e2ab−1

)
d. Vf = π

∫ b

0

ch2(x) dx =
[π

2
shx chx+

πx

2

]b
0

=
π

4
sh(2b) +

πb

2

4. Görbe súlypontja. xs(Lf ) =
1

Lf

∫
I

x
√

1 + f ′(x)2 dx, ys(Lf ) =
1

Lf

∫
I

f(x)
√

1 + f ′(x)2 dx

(Vegyük észre, hogy ys =
Ff

2πLf
teljesül.)

a. xs =
1

Lf

∫ b

0

x
√

1 + a2 dx =
1

Lf

[
x2
√

1 + a2

2

]b
0

=
b

2

ys =
a

2

b. xs =
1

Lf

∫ b

0

x
√

1 + 4a2x2 dx =
1

Lf

[(
1 + 4a2x2

)3/2
12a2

]b
0

=

(
1 + 4a2b2

)3/2 − 1

12a2Lf

ys =
2ab(1 + 8a2b2)

√
1 + 4a2b2 − arsh(2ab)

32a2b
√

1 + 4a2b2 + 16a arsh(2ab)

d. xs =
1

Lf

∫ b

0

x chx dx =
1

Lf
[x shx− chx]

b
0 = b− ch b− 1

sh b

ys =
b+ sh b ch b

2 sh b

5. Śıkbeli alakzat súlypontja. xs(Tf ) =

∫
I
xf(x) dx∫
I
f(x) dx

, ys(Tf ) =

∫
I
f(x)2 dx

2
∫
I
f(x) dx

(Vegyük észre, hogy

ys =
Vf

2π
∫
I
f(x) dx

teljesül.)

a. xs =

∫ b

0
ax2 dx∫ b

0
ax dx

=
2b

3
ys =

ab

3

b. xs =

∫ b

0
ax3 dx∫ b

0
ax2 dx

=
3b

4
ys =

3ab2

10

c. xs =

∫ b

0
x eax dx∫ b

0
eax dx

=
eab(ab− 1) + 1

a(eab−1)
ys =

eab +1

4

d. xs =

∫ b

0
x chx dx∫ b

0
chx dx

=
b sh b− ch b+ 1

sh b
ys =

sh b ch b+ b

4 sh b
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6. Forgástest súlypontja. xs(Vf ) =
1

Vf
π

∫
I

xf(x)2 dx

a. xs =
π

Vf

∫ b

0

a2x3 dx =
3b

4

b. xs =
π

Vf

∫ b

0

a2x5 dx =
5b

6

c. xs =
π

Vf

∫ b

0

x e2ax dx =
b

1− e−2ab
− 1

2a

d. xs =
π

Vf

∫ b

0

x ch2 x dx =
b sh(2b) + b2 + 1− ch2 b

sh(2b) + 2b
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