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Myopic (or ‘true’) self-avoiding walk (TSAW)

D. Amit, G. Parisi, L. Peliti, 1983

in continuous time:
X(t) nearest neighbour random walk on Z¢

local time (occupation time measure) with initialization:
I(,%) i= 1(0,%) + [{s € [0,£] : X(s) = x}|

Jump rates:
P(X(t+dt)=y | past, X(t) = x)
= 1)y —xj=13r(I(t,x) = I(t,y)) dt + o(dt)

where r : R — (0, 00) increasing.

The walker is pushed by the discrete negative gradient of its
own local time to less visited areas.
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Self-repelling Brownian polymer model (SRBP)

J. Norris, C. Rogers, D. Williams, 1987
R. Durrett, C. Rogers, 1992

X(t) diffusion process in RY

occupation time measure with initialization:
I(t,A) :=1(0,A) + |{s € [0, t] : X(s) € A}|

V : R — R* approximate identity, e.g. V(x) = e IxP?
F:RY—RY F(x) = —grad V(x)

Evolution:
/ / (X(s) — X(u))duds

dX(t) = dB(t) + </0t F(X(t) — X(u)) du> dt

or

or

dX(t) = dB(t) — grad(V = I(t,-))(X(t))dt.
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Earlier results, conjectures theoyemm for the
Brownian
polymer model
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dimension-dependent behaviour for both models

Introduction,
result,

d =1 X(t) ~ t?/3 with difficult non-Gaussian scaling limit conjectures
> limit theorem for a version of 1d TSAW (B. Téth, 1995)
» construction of the limit process (B. Téth, W. Werner,
1998)
» another version of TSAW in 1d (B. Téth, B. V., 2009)
d =2 X(t) ~ t/?(log t)¢ with Gaussian limit, £ =?
» partial results (B. Valks, 2009)
d >3 X(t) ~ t'/? with Gaussian limit
» CLT for the SRBP (I. Horvath, B. Téth, B. V., 2009)




Environment seen by the walker

£(t) : RY = R, £(t) := £€(0) + (V * I)(t) environment
process (smeared out local time with initialization)

&(t, x) = £(0,x) + /Ot V(x — X(s))ds.
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Environment seen by the walker theorem for the
Brownian
polymer model

£(t) : RY = R, £(t) := £€(0) + (V * I)(t) environment Balint Vets
process (smeared out local time with initialization)

&(t, x) = £(0,x) + /Ot V(x — X(s))ds.

Environment
process,

n(t) : RY = R, n(t, x) := &(t, X(t) + x) environment as e
seen by the walker

n(t,x) = n(0,x) + /Ot V(X(t) +x— X(s))ds.

n(t) is a Markov process in some state space 2 (function
space)

Stationary distribution exists (P. Tarrés, B. Téth, B. Valko,
2009 in 1d)




Stationary measure: massless free Gaussian field theorern for the
Brownian
polymer model

Condition on V: positive type, i.e.

Balint Vets

V(p) := (2m)"9/? /]Rd eP*V(x)dx > 0.

Q = {w : R? — R smooth with slow increase at co},

Environment
process,

A random element w € Q is a Gaussian field, if (w(x)),cRrd Stationary
are jointly Gaussian random variables. measure

Choose the distribution m(dw) in such a way that
Er(w(x)) =0,  Ex(w(x)w(y))=Cly—x)
with
C=(-A)"V, more precisely C(p) = |p|2V(p).

This is the massless free Gaussian field smeared out by V.
Note that it exists in 3 or more dimensions.




Main results

Theorem
n(t) is a stationary and ergodic Markov process on (Q, ).

Corollary
X(t)/t—0 a.s.
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Theorem
n(t) is a stationary and ergodic Markov process on (Q, ).
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Corollary
X(t)/t—0 a.s.
Theorem (I. Horvath, B. Téth, B. V., 2009) e
> 0= limi_oo tT1E (|X(t)[?) exists, %Ztaifunriry
> d<o®<d+ [palp|2V(p)dp < oo,
> X(Nt)

= W(t)

ov'N
in the sense of finite dimensional marginals.
Basic idea: CLT for additive functionals of Markov processes
0:Q— R p(w):= —gradw(0)

X(6) = B(e)+ | ola(s)) s




Gaussian Hilbert space, an example Central limit

theorem for the
Brownian

The Space Of interest IS LZ(Q, 7T) polymer model
Example Balint Vetd

Instead of (2, ), consider Qe := R with
Tex(dx) := ﬁe’xzﬁdx.

There is an orthogonal decomposition

L2(Qex’ Tex) = @‘ZO:OHZX

Gaussian Hilbert
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generator

where HE* contains polynomials of degree n.




Gaussian Hilbert space, an example theorem for the
Brownian
The Space Of interest IS LZ(Q, 7T) polymer model
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Example

Instead of (2, ), consider Qe := R with
Tex(dx) := ﬁe’ﬁﬁdx.

There is an orthogonal decomposition

L2(Qex’ Tex) = @zO:OHZX

Gaussian Hilbert

where HE* contains polynomials of degree n. These are the space, operators,

generator

Hermite polynomials, which can be constructed with the
Gramm —Schmidt orthogonalization.

Similarly with infinitely many variables, the same procedure
gives

Lz(Q, 7T) = EB%&OHH
where H,, is generated by the Wick polynomials of form
cw(xt) .. .w(xy) 1 with x1, ..., x, € RY, i.e. polynomials
w(x1) ...w(x,) orthogonalized.




Other representations

K = @52 K with Iy being the closure of all symmetric
functions u(xy, ..., x,) with x¢,...,x, € RY endowed with
the scalar product

)= [ ] WGy = xv(y) axay

where Cp(y — %) = [ -1 C(¥m — Xm)-
Gaussian embedding:
u— # Jgan t(X) : w(x1) .. .w(xp) : dx.
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Other representations

K = @52 K with Iy being the closure of all symmetric
functions u(xy, ..., x,) with x¢,...,x, € RY endowed with
the scalar product

)= [ ] WGy = xv(y) axay

where Cp(y — %) = [ -1 C(¥m — Xm)-
Gaussian embedding:
u— # Jgan t(X) : w(x1) .. .w(xp) : dx.

Fourier space: K= @2":0/6,, where IE,, contains the
symmetric functions u(pi, ..., ps) with the scalar product

(3.9) = /R (p)C(p)¥(p) dp

~

where Co(p) = [1%_; C(pm)-

The spaces H,, K, and Ia,, are unitary equivalent.
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Operators
Differentiation in the /th direction:

Viu(p) = i (X m=1 Pmi) U(P)
Laplacian: A = 27:1 %
AT(p) = — [y Pml* U(p)
Creation: a;u(p1, ..., Pnt1) =

Annihilation:

aiu(py, .-, pn-1) = v/ Jpa U(p1, ...

1 n+1 ~
= 2om—1 4(PL, - -+ Pm—1,Pm1, - -
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Operators
Differentiation in the /th direction:
Viu(p) = i (X m=1 Pmi) U(P)
Laplacian: A = 27:1 %
AT(p) = — [y Pml* U(p)
Creation: a;u(p1, ..., Pnt1) =
— S U(PL, - -y Pm—1, PmtLs - - - s Prt1) P

Annihilation: R
ajt(p1, ... Pn-1) = /N Jga U(p1, .-, Pn-1,9)iq1C(q) dq

Infinitesimal generator of 7(t) — i.e. an operator G acting on
L2(Q, 7) defined by

(6F)(w) = lim E (f(n(t + dt)) —dft(n(t)) | (t) = w)
for all f € [2(Q,7):
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Kipnis—Varadhan theory

General setup: 7)(t) is a stationary and ergodic Markov
process on the state space (2, ).

G is the infinitesimal generator of 7(t) acting on L2(Q, 7).
Notation: S :=—3(G + G*) and A:= (G — G*).

¢ € L%(Q,7) with [, pdr = 0.

Question: sufficient condition for the martingale
approximation and central limit theorem for

Nt
Yu(t) = & /0 2(1(s)) ds.
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» C. Kipnis, S. R. S. Varadhan, 1986 (reversible)
» B. Téth, 1986 (non-reversible, discrete time)
» S. V. S. Varadhan, 1996: (strong) sector condition

157Y2A5712|| < 0.

» S. Sethuraman, S. R. S. Varadhan, H-T. Yau, 2000:
graded/weak sector condition L2(Q, ) = &°° yH, and e
> S=Y, S, with S, : H, — H, and Varadhan
> A= Zn An+ + Ani with A:I: : Hn — Hn:tl sector condition

‘ 5;j{2An+5;1/2H < Cn with < 1.
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d
1 *
G= EA + E (a,V, +V,a))

=~ I=1
-5
A
For the graded sector condition:
-1/2 —1/2 _d |1 A[-1/2 1A1-1/2
Spil AnsSn 1T =0 [A]TT AV 34
Since A =5, V7,
Kipnis—
HVI|A|_1/2H S 1. Varadhan
technology,

sector condition

Computations yield that in at least 3 dimensions:

|17723f 1, | < v




The end

Thank you for your attention!
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