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1. Let Sn denote the simple symmetric random walk, that is, S0 = 0 and Sn = X1+ · · ·+Xn

where X1, X2, . . . is an iid. sequence of random variables distributed as P(X1 = 1) =
P(X1 = −1) = 1/2. Let Fn = σ(X1, . . . , Xn).

(a) (2 points) Compute E(S3
n+1|Fn) by using that Sn+1 = Sn +Xn+1.

(b) (2 points) Check that Mn = S3
n − 3nSn is a martingale adapted to the filtration Fn.

(c) (2 points) For two positive integers a, b, define the hitting times T−a = inf{n : Sn =
−a}, Tb = inf{n : Sn = b} and T = min{T−a, Tb}. Apply the optional stopping
theorem1 for Mn and T to conclude that E(MT ) = 0.

(d) (2 points) By computing E(ST )
2 directly, determine the covariance of T and ST .

The facts P(T−a < Tb) = b/(a + b) and E(T ) = ab can be used without a proof.

2. In a population of fishes let X1 denote the weight of a fish in grams and let X2 be its
speed in km/h. The random vector X = (X1, X2) has bivariate normal distribution where
the weight has mean 80 and variance 100, the speed has mean 5 and variance 4 and the
two components have correlation −1/2.

(a) (1 point) Write down the covariance matrix of the vector X.

(b) (3 points) What is the distribution of the speed of a fish in the population which has
weight 70 g? Recall from the lecture that the parameters of the conditional normal
distribution are µX|Y = µX + ΣXYΣ

−1

Y Y (Y − µY ) and ΣX|Y = ΣXX − ΣXYΣ
−1

Y YΣY X .

(c) (3 points) For which value of the parameter p ∈ R is the variance of Yp = 2X1+pX2

minimal. For that value of p, what is the distribution of Yp?

1The conditions of the optional stopping theorem are not satisfied because Mn∧T does not have bounded
increments, dominate convergence can be used instead.

2It should have been E(S3

T
).


