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Laszlé Fuchs was my teacher who introduc




My tecture.

Congruence lattices




Gratzer-Schmidt, 1963: _

e Theorem 1. Let L be an algebraic lattice. Then there
exists an algebra A whose congruence lattice iIs
isomorphic to L.

e Itis perhaps the most famous open problem of universal algebra
whether every finite lattice is isomorphic to the congruence
lattice of a finite algebra. Palfy-Pudlak proved: it is equvivalant

toag

e Prob



Complete congruences N

e For complete lattices we have complete congruences, and the
complete lattice of complete congruences. These lattices were
characterized by G. Gratzer:

e Theorem 2. Every complete lattice K can be
represented as the lattice of complete congruence
relations of a complete lattice L.




Congruence lattices of lattices

e For every lattice L it is clear that the congruence Con(L) is
algebraic. By a result of Nakayama and Funayama Con(L) is
also distributive. Is the converse true: is every distributive
algebraic lattice isomorphic to the congruence lattice of a
suitable lattice ? This is one of the most famous open question
of the lattice theory.

e Itis more convenient to consider Comp(L), the distributive
semilattice of compact congruences of the lattice L. The original
E— J. e e
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The sufficient conditions:

e Sis a lattice (E. T. Schmidt, 1968; see P. Pudlak,
1985),

e S s locally countable (that is for every sin S, (s] is
countable, A. P. Huhn 1983, H. Dobbertin),

o |S| =2K,(A. P. Huhn).




Lattices with nice congrue

Dilworth theorem: every finite distributive lattice D is
isomorphic to the congruence lattice if a finite lattice.

We want:;
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The poset of join-irreducibl

R e e
e A finite distributive lattice D is determined by the poset J(D) of
join-irreducible elements. So a representation of a finite
distributive lattice D as the congruence lattice of a lattice L is

really a representation of a finite poset P (= J(D)) as the poset of
join-irreducible congruences of a finite lattice L.

We want;

e Every
irredu




Two typs of representat

R

e The straight representation theorems
e The congruence-preserving extension results.

Let K be a finite lattice. A finite lattice L is a

congruence-preserving of K, if L is an extension
a

e




Congruence-preserving extension




Nice = sectionally complem

e Theorem 4. (G. Gratzer and E. T. Schmidt, 1962)
Every finite distributive lattice D can be represented
as the congruence lattice of a finite sectionally
complemented lattice L.

e Theo
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vice =minimal

The lattice L constructed by R. P. Dilworth to
represent D is very large, it has O(22") elements

e Theorem 6. (G. Gratzer, H. Lakser and E. T. Schmidt
1996). Let D be a finite distributive lattice with n join-
irreduci |




Nice = semimodular

e Theorem 7. (G. Gratzer, H. Lakser and E. T.
Schmidt, 1998). Every finite distributive lattice D can
be represented as the congruence lattice of a finite
semimodular lattice S. In fact, S can be constructed
as a planar lattice of size O(n3), where n is the
number of join-irreducible elements of D




Nice = semimodular
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The proof starts out with the cubic extension R(K)
of K, where we choose each S(K;)) semimodular.
So the cubic extension is semimodular. The
congruences then are represented in a dual ideal
F of R(K) that is Boolean. By gluing a suitable
modular lattice M to R(K). The congruences are
thenr
chain,
lattice




Semimodular constructio




Nice = given authomorphism group

e

e Theorem 9. (The independence theorem, V. A.
Baranskii and A. Urquhart, 1979). Let D be a finite
distributive lattice with more than one element, and
let G be a finite group. Then there exists a finite
lattice L such that the congruence lattice of L is
isomorphic to D and the automorphism group of L is




Strong Independence theor

e Theorem 10. (G. Gratzer and E. T. Schmidt, 1995).
Let K be a finite lattice with more then one element
and let G be a finite group. Then K has a
congruence-preserving extension L whose
automorphism group is isomorphic to G.




Nice = regular

Let L a lattice. We call a congruence relation © regular, if any

congruence class of © determines the congruences. Let us call
the lattice L reqular, if all congruences of L are regular.
Sectionally complemented lattices are regular, so we alredy
have a representation theorem (Theorem 4).

e Theorem 11. Every finite lattice L has a congruence-
preserving embedding into a finite reqular lattice
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Nice = uniform

S

Let L be a lattice. We call a congruence relation © of
L uniform, if ant two congruence classes of © are of
the same size (cardinality). Let us call the lattice L
uniform, if all congruences of L are uniform.

e Theorem 13. (G. Gratzer, E. T. Schmidt and K.




Let L be a lattice. We call a congruence relation © of L isoform,
If any two congruence classes of © are isomorphic (as lattices).
Let us call the lattice isoform, if all congruences of L are isoform.

e Theorem 14. (G. Gratzer and E. T. Schmidt, 2002).
Every finite distributive lattice D can be represented
as the congruence lattice of a finite, isoform lattice L.

e Theo
E.T.




Simultaneous representation

Let L be a lattice and let K be a sublattice of L. Then the
restriction map rs: Con L Con Kis a {0,1} preserving meet-
homomorphism.

G. Gratzer and H. Lakser, 1986:




Open questions:
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e Problem 1. Let D and E be finite distributive lattices;
let D have more than one element. Let ¢ be a {0,1}-
homomorphism of D into E. Does there exists a finite
isoform lattice L and an isoform ideal K of L such that
D =Con L, E=Con K, and @ is represented by the
restriction map ?
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