Limit/large dev. thms. HW assignment 4.

1. The Fréchet distribution.

(a)

Let Uy, Us, ... denote i.i.d. random variables with UNT[0, 1] distribution. Let 8 > 0. Let
M, =max{U;? ...,U;%}.
Show that M, /n® converges in distribution as n — oo by determining the cumulative distribution

function (c.d.f.) F(x) of the limiting distribution.

Show that if Y7 and Y, are i.i.d. with the above c.d.f. F(z) then (Y; V Y3)/2” also has c.d.f. F(z).
Instruction: Use the explicit formula for F' that you have obtained in sub-exercise (a), similarly to
the top of page 44 of the scanned lecture notes.

Show that if Y7 and Y are i.i.d. with the above c.d.f. F(z) then (Y; V Y3)/2? also has c.d.f. F(z).

Instruction: Do not use the explicit form of F', but use the limit theorem (i.e., M, /n® = Y1)
that you have obtained in sub-exercise (a), similarly to the middle of page 44 of scanned.

Solution:

(a)

First note that for any 2 > 1 we have P(U; ” < z) = P(U; > 2~ /F) = 1 —2~/# thus for any z > 0
and for any n big enough so that zn® > 1 we have

P(M, /n® < ) =P(M, gxnﬂ):}P’(Uf’B <anf,. . U P <anf)=

-1/8\"
IP’(U{Banﬁ)...P(Ugﬁ§xn5):(1—(xn6)_1/’3)":<1—xn )

Therefore lim,, o, P(M, /n” < z) = e~ "7 for any = > 0.
If we define F),(z) = P(M,/n® < x) then F,, = F, where

-1/

e ¢
Plz) = e 1 x>0,
0 if z<0.

Remark: The probability distribution corresponding to the c.d.f. F' is known as the Fréchet distri-
bution in extreme value theory (c.f. page 43 of the scanned lecture notes).

P((Y1VY2)/2° <z) =P (V1 VYs <2%2) =P(V; < 2°2)P(Y> < 2°2) = F2(2°2)
Thus we want to show that F2(2z) = F(z). This is clear if z < 0, since both sides are zero. On
the other hand, if x > 0 then
F2(2ﬁ$) = (6_(251)71“})2 = (6_%171/5)2 =€ = F(a:)

Let M} = max{Ugfl,...,U;f}. Then M, and M} are i.i.d., moreover M, /n® = Y; and
M /n® = Y,, where Y} and Y, are ii.d. with c.d.f. F' by sub-exercise (a). Also, we have
Ms,,/(2n)? = Y3, where Y3 has c.d.f. F, again by (a). But on the other hand hand

My,  M,VM: 1 (M, M Y VY,
(2n)8  (2n)f 26\ nf  np 268

Thus Y3 ~ (Y1 V Y3)/28, thus (Y1 V Y5)/27 also has c.d.f. F(x).
Remark: Essentially what we have shown here was that the Fréchet distribution is mazx-stable.
The Gumbel distribution is also max-stable, see page 44 of the scanned lecture notes.

For the precise definition of max-stability, see the lecture notes of the Fztreme value theory course
BMETE95MM16 or wikipedia.

More about stable distributions later.



2. The goal of this exercise is to deduce the central limit theorem (CLT) for Poisson distribution using the
CLT for the sum of i.i.d. EXP(1) random variables (proved in class on March 6).

(a) Let F, : R — [0,1] and F : R — [0,1] denote c.d.f.’s. Assume that F is continuous and F,, = F.
Prove that for any convergent sequence x,, — x of real numbers we have F,(z,) — F(x).
Hint: Use Slutsky.

(b) Let X1, Xs,... denote i.i.d. random variables with EXP(1) distribution. We can think of X; as the
waiting time between the arrivals of consecutive earthquakes. Denote by T,, = X7 + --- + X, the
time of the n’th earthquake. We have already determined the p.d.f. of T}, in HW3.3(a). Deduce
from this that the c.d.f. of T;, is

n—1 k
Falt) =PB(T, <t)=1- e’ (1)
k=0

(c) Denote by N; the number of earthquakes during the time interval [0,¢]. Show that the identity
{T,, <t} = {N; > n} holds and deduce from sub-exercise (b) that N; has POI(¢) distribution.

(d) Use the fact that T’\‘/%" = N(0,1) as n — oo to deduce that N\f/? = N(0,1) as t = .

Hint: You will have to use {T,, <t} = {N; > n} as well as the result of sub-exercise (a).

Solution:

(a) Let X,, denote a random variable with c.d.f. F;,. Let X denote a random variable with c.d.f. F.
Then X,, — X as n — ~. Let a, := z, — x, thus z + a,, = . Thus a,, — 0 as n — oco. Let
Y, = X,, —a,. We have Y,, = X by Slutsky. Let G,, denote the c.d.f. of Y,,. Thus we have
G, = F. Since F is continuous, we have G, (z) — F(z). But

Gp(x) =P, <z)=P(X, —a, <z)=P(X,, <z+a,) =P(X, <z,) = F,(zn),
thus F,,(z,) — F(z).
(b) The p.d.f. of T}, is fn(t) = e’t% if ¢ > 0. In order to prove that F,, defined in (1) is indeed

satisfies F,(t) = fg fn(s)ds, we only need to check that F,,(0) = 0 and F),(¢) = f,(¢) if t > 0,n > 1.
Indeed, we have F},(0) = 0 and

) n—1 d ttk n—1 ttk n—2 ttk
Fo(t) Z—Z@ <6_ k,) => e g—Ze‘ =

k=0

(¢) The events {T;, <t} and {N; > n} both mean that the n’th earthquake happened by time ¢.

tn
P(N, = n) = B(N, > 1) ~P(N; > n+1) = P(T, < t) = P(Toss <) L e,
n.

hence N; ~ POI(t).
Vit

This is equivalent to showing that lim;_, o, P (Nf/%t > [L‘) =1-®(z).

et us fix some x € R. We want to show that lim;_, =< x| =Pd(x).
d) L fi R. W how that li P (Nt )

{Nt\/gt zx}z{Ntzwrﬁx}:{Ntz [t+\/ix1}:{Tmm] St}:

Trvi = L4 V] ¢ = [t + V]

JIE+vEe] Tt + Vi)

Tuzn impli Dot vin ~[tHVE]
Now observe that == = N(0,1) as n — oo implies that TRy = N(0,1) as t — oo.
Also note that lim;_, t-ftvia] —x, therefore
[t+vtx]
Ny —t Tropviy — [t V]t -t 4+ Vix] |
tlim]P’( tﬁ 2x>(2:)11m]P’ s — | |ttt via] @ $(—z) = 1 - d(x).
— oo

tee VIt+viz] Tt + Vi)



3. Local central limit theorem for BIN(n, %)
Let X1, Xo, ... denote i.i.d. random variables, where P(X; = 1) = P(X; = 0) = 1. Let S, = X1+ - -+X,,
thus S, ~ BIN(n, %) In this exercise we write a,, = b, to denote that lim, . a, /b, = 1.

(a) Use Stirling’s formula to show that if (k(n)) is an integer-valued sequence satisfying k(n) — oo and
n — k(n) = oo then

Vi L !
P (S, =k(n) = \/% (2k(n)/n)k(n)+% (2— 2k(n)/n)("—k("))+% ' ®)

(b) Show that if k(n) = § + @z(n)7 where (z(n)) is a bounded real-valued sequence, then
(2k(n)/n)FM3 . (2 = 2k(n) /n)PRINHS & @2 (M7/2, (4)

(¢) Prove the local CLT for S,, i.e., show that for any z € R we have

. \/ﬁ _ n \/ﬁ _ 1 —x2/2
e Ol R e v = (5)

Hint: There is a sequence z(n) such that k(n) = {% + 44 =5+ 4z(n) for all n.

Solution: The theorem (5) was first proved by Abraham de Moivre in 1718.

(a) Note that k(n) — oo and (n — k(n)) — oo as n — 00, so we can apply Stirling’s formula to k(n)! as
well as (n — k(n))! in the calculation below:

n n n!
9P (5= K = G e
Vn 2rntze —
2 \2rk(n)kW+3e—kn) . /27 (n — k(n))P—Hk)+3 e—(n—k(n))
1 @ nnts o—n 1 (n/2)n+1 B
V2 2 BRI+ L (= k(n))(R0))+3 V2 )P E - (1 — () O RO 3
1 1

V21 (2k(n)/n)EM+3 (2 = 2k(n) /n) k) +s

(b) We will use that if a,, — 0 and b,, — 0o, moreover (a,b,) is bounded, then (1 + a,)"" ~ e*bn.

(n) k(n)+3 2(n) (n—k(n))+5%
— 1= Ry
) =R

)S-‘r @z(n)

n VR — Y 2(n
_z(n)?\? 2(n) 2 2™ Cz(n)\ 2 ( )N —2(n)%/2 _2(n)2)2 _2(n)?)2 _ _z(n)?/2
1-— 14+ —= 1 - —= ~e -e -e =e .
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(Qk(n)/n)k(n)Jr% . (2 o Qk(n)/n)(nfk(n))Jr% _ <1 4
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(c) There is a sequence z(n) such that k(n) = {% + @:EJ =5+ 42(11) for all n. We have k(n) — oo
and (n—k(n)) — oo, so (a) can be applied. Also, clearly, we have |z — z(n)| < %, thus e=*(M*/2

e=*"/2 as n — co. The sequence z(n) converges, so it is bounded, therefore (b) can be applied.
Thus we have

o[£ ) e e e
2 2 2 2 2

This completes the proof of (5).



