
rath
Öntapadó jegyzet
First we recall Scheffé and Slutsky

rath
Öntapadó jegyzet
similarly one can show that X^n_2 also converges in distribution to standard normal as n goes to infinity
(since if n is at least 2 then X^n_1 and X^n_2 have the same distribution by symmetry)



rath
Öntapadó jegyzet
these two n dimensional random vectors have the same distribution

rath
Öntapadó jegyzet
we have to mutliply the l.h.s. by sqrt(n) since the r.h.s. is uniformly distributed on the surface of a ball with radius sqrt(n)

rath
Öntapadó jegyzet
also using that if Z_n is a sequence 
of non-negative random variables 
that converges weakly to Z 
then sqrt(Z_n) weakly converges to Z.



A

rath
Öntapadó jegyzet
this is a special case of CLT, since a POI(n) variable can be written as the sum of n i.i.d. POI(1) variables

rath
Öntapadó jegyzet
again, this is a special case of CLT since BIN(n,1/2) can be written as the sum of n i.i.d. BER(1/2) variables

rath
Öntapadó jegyzet
this homework is the "local CLT" for binomial distribution

rath
Öntapadó jegyzet
so the goal now is to deduce the global CLT for BIN(n,1/2) from the local CLT for BIN(n,1/2)



B

C

rath
Öntapadó jegyzet
S_n is discrete, but Z_n is absolutely continuous.
We needed this trick because we want to use Scheffé, so we need density functions

rath
Öntapadó jegyzet
using that
the lower integer part of Z_n is S_n and
 the fractional part of Z_n is Y_n, moreover
S_n and Y_n are independent

rath
Öntapadó jegyzet
i.e., by equations A and B above

rath
Öntapadó jegyzet
by equation C above

rath
Öntapadó jegyzet
since Y_n is between 0 and 1

rath
Kiemelés

rath
Öntapadó jegyzet
typo: an x is missing from here

rath
Öntapadó jegyzet
more generally: if Y=(X-a)/b ( where b>0 ) 
and
g is the p.d.f. of X
f is the p.d.f. of Y
then f(x) = b * g( a + b*x )




D

rath
Öntapadó jegyzet
X_n is the position of the walker after n steps

rath
Öntapadó jegyzet
in each step, the walker tosses a fair coin and decides to go up by one step or down by one step according to the result of the coin toss

rath
Öntapadó jegyzet
in words, if we scale the position of the walker at time n by sqrt(n) then the scaled position is approximately standard normal if n is large

rath
Öntapadó jegyzet
in words: M_n is the highest location visited by the walker in the first n steps

rath
Öntapadó jegyzet
in words: M_n, scaled by sqrt(n), weakly converges to a random variable with has the same distribution as the absolute value of a standard normal variable

rath
Öntapadó jegyzet
this is the formula for the c.d.f. F of the limiting distribution that appears in the theorem

rath
Öntapadó jegyzet
P( |X| > x ) = P( X<-x )+P(X>x) =
by symmetry=
 2 * P(X>x) = 2* (1- P( X<=x ))



rath
Öntapadó jegyzet
The r.h.s. of the formula is "easy" since it is expressed in terms of X_n and  (X_n+n)/2 has BIN(n,1/2) distribution

rath
Öntapadó jegyzet
magic: the event on the l.h.s. depends on the whole random walk trajectory up to time n, while the probabilities on the r.h.s. only involve the position of the walker at time n

rath
Öntapadó jegyzet
we split the event on the l.h.s. into three parts: is the position of the walker at time n positive, negative or zero?

rath
Öntapadó jegyzet
note that this is equal to P(X_n=k), since {X_n=k} implies {M_n >= k}

rath
Öntapadó jegyzet
and the event {M_n >= k} is equal to the event that the path of the walker hits level k ny time n

rath
Öntapadó jegyzet
i.e., after the hitting time of level k

rath
Öntapadó jegyzet
also note that the walk is symmetric, thus the probability that the walker follows a path is the same as the probability that it follows the reflected path



rath
Öntapadó jegyzet
this follows from HW4.3

rath
Öntapadó jegyzet
by Lemma

rath
Öntapadó jegyzet
in order to prove weak convergence of M_n/sqrt(n) to |X| (where X ~ N(0,1) ), it is enough to show that for every x >=0 this probability converges to P( |X|>=x )

rath
Öntapadó jegyzet
see equation D above

rath
Öntapadó jegyzet
the walker performs T_k steps until it first reaches level k



E

rath
Öntapadó jegyzet
eta_1 is the number of steps the walker performs until it reaches level 1

rath
Öntapadó jegyzet
eta_2 is the number of steps the walker performs after T_1 until it reaches level 2


rath
Öntapadó jegyzet
eta_3 is the number of steps the walker performs after T_2 until it reaches level 3

rath
Öntapadó jegyzet
in words: T_k, scaled by k^2, weakly converges to Lévy distribution as k goes to infinity

rath
Öntapadó jegyzet
if X ~ N(0,1) then we say that 1/|X|^2 has Lévy distribution

rath
Öntapadó jegyzet
 the walker reaches level k in the first n steps
if and only if the maximum of the walk in the first n steps is at least k


rath
Öntapadó jegyzet
by equation E

rath
Öntapadó jegyzet
dividing both sides by k * sqrt(t)
(and cheating a little bit with the integer part)

rath
Öntapadó jegyzet
by the limit theorem about M_n stated on page 57
( with n = integerpart( sqrt( k^2 * t )) which goes to infinity as k goes to infinity )

rath
Öntapadó jegyzet
and now let us calculate the c.d.f. of Lévy distribution

rath
Öntapadó jegyzet
by equation D from page 57

rath
Öntapadó jegyzet
thus indeed T_k / k^2 weakly converges to Lévy distribution as k goes to infinity


