
rath
Öntapadó jegyzet
this is an example of weak convergence of a sequence of integer-valued random variables to an integer-valued random variable
(see the claim on page 44)

rath
Öntapadó jegyzet
this is the well-known 
Poisson approximation of the Binomial distribution

rath
Öntapadó jegyzet
for the details of such a calculation, see the solution of HW2.3(d)

rath
Öntapadó jegyzet
this is an example of a limit theorem

rath
Öntapadó jegyzet
in words: 
X_n weakly converges to X
X_n converges in distribution to X

rath
Öntapadó jegyzet
important: we assume that the variance of the summands is finite

rath
Öntapadó jegyzet
terminology:
-- subtracting E(S_n) from S_n is called "centering", the result is called a "centered" random variable
--dividing the result by its standard deviation is called normalizing

rath
Öntapadó jegyzet
centering & normalising = standardizing
(standardized r.v. has zero mean and unit variance)

rath
Öntapadó jegyzet
so the CLT states that the standardized sum weakly converges to standard normal distribution as n goes to infinity

rath
Öntapadó jegyzet
the probability density function of standard notmal distribution

rath
Öntapadó jegyzet
since 
E(S_n) = n * m 
and
Var(S_n) = n * sigma^2

rath
Öntapadó jegyzet
by the definition of weak convergence (see page 40), this convergence has to hold for all continuity points of the c.d.f. of the N(0,1) distribution, i.e., for every real number x

rath
Öntapadó jegyzet
this probability is the value of the c.d.f. of the standardized sum evaluated at x

rath
Öntapadó jegyzet
this is how we denote the c.d.f. of standard normal distribution
(which is a continuous function)

rath
Öntapadó jegyzet
this is how to obtain the c.d.f. of an absolutely continuous random variable from its p.d.f

rath
Öntapadó jegyzet
we will prove CLT in its full generality in a few weeks

rath
Kiemelés

rath
Kiemelés

rath
Öntapadó jegyzet
typo: the integral goes from minus infinity to x



A

B

D

rath
Öntapadó jegyzet
note that we have already proved 
a crude version of Stirling's on page 3
but that result involved a more crude notion of convergence (i.e., the triple wiggly equivalence)

rath
Öntapadó jegyzet
since now X_i has exponential distribution with mean one

rath
Öntapadó jegyzet
more generally: if Y=(X-a)/b ( where b>0 ) 
and
f is the p.d.f. of X
g is the p.d.f. of Y
then g(x) = b * f( a + b*x )

rath
Öntapadó jegyzet
by equation A

rath
Öntapadó jegyzet
g_n is the p.d.f. of the standardized sum



C

rath
Öntapadó jegyzet
the numerator is n factorial
the denominator is what we want n factorial to be asymptotically equivalent to

rath
Öntapadó jegyzet
this function on the left-hand side is no longer a density function (i.e., its integral is not equal to 1), but it is equal to a density function times a constant

rath
Öntapadó jegyzet
this is the p.d.f. of N(0,1)

rath
Öntapadó jegyzet
converges as n goes to infinity

rath
Öntapadó jegyzet
in words: \tilde{g}_n uniformly converges on compact intervals to the p.d.f. of N(0,1) as n goes to infinity

rath
Öntapadó jegyzet
by equations B and C above

rath
Kiemelés

rath
Öntapadó jegyzet
the yellow term goes to 1 as n goes to infinity

rath
Öntapadó jegyzet
we still need to show that this term uniformly converges on [-K,K] to 
exp(-x^2/2) as n goes to infinity

rath
Öntapadó jegyzet
let us take the natural logarithm of both sides

rath
Öntapadó jegyzet
second order Taylor expansion (with error term) of the ln(1+y) function around y=0 

rath
Öntapadó jegyzet
the "big O" notation means that the absolute value of the error term is less than or equal to C*y^3 if |y|<1/2
(where C is an absolute constant)

rath
Öntapadó jegyzet
and the convergence holds uniformly for all x in [-K,K]



E

F

rath
Öntapadó jegyzet
it is called Stirling's formula, but it was actually proved earlier by de Moivre

rath
Öntapadó jegyzet
by equation C above

rath
Öntapadó jegyzet
recall from equation D on page 47 that g_n is the p.d.f. of the standardized sum


rath
Öntapadó jegyzet
the numerator is the variance of the standardized sum (this is how Chebyshev works), which is equal to 1 since the the variance of the standardized sum is 1

rath
Öntapadó jegyzet
since the inregral on the l.h.s. is the probability that the absolute value of a standard normal random variable is less than K

rath
Öntapadó jegyzet
and this inequality holds for every n

rath
Öntapadó jegyzet
in a few weeks, we will introduce the notion of "tightness". 
Using that terminology, we have just shown that the sequence of standardized sums is tight

rath
Öntapadó jegyzet
by the lemma stated on page 48

rath
Öntapadó jegyzet
here we also used that the convergence is uniform on the finite interval [-K,K]
(thus the integral also converges)

rath
Öntapadó jegyzet
since g_n is a density function

rath
Öntapadó jegyzet
end of proof of Stirling's formula

rath
Öntapadó jegyzet
heuristically:
"tightness" = "no mass escapes to infinity" 



G

rath
Öntapadó jegyzet
By equations E and F above and the lemma stated on page 48

rath
Öntapadó jegyzet
so we do not assume uniform convergence on compact intervals in Scheffé's lemma

rath
Öntapadó jegyzet
it is an important assumption that f_n and f are all probability density functions 
(i.e., we assume that their integrals are equal to 1)

rath
Öntapadó jegyzet
In some sense, this assumption implies that no mass escapes to infinity!


rath
Öntapadó jegyzet
or, in other words: if f_n is the p.d.f. of X_n
and f is the p.d.f. of X then X_n converges in distribution to X

rath
Öntapadó jegyzet
not that we used a slightly different version of the dominated convergence theorem compared to the one that we stated on page 37 (sorry)

rath
Öntapadó jegyzet
f will play the role of the dominating function in the dominated convergence theorem



rath
Öntapadó jegyzet
for each n, by equation G above

rath
Öntapadó jegyzet
this is a quick lemma, but we will use it a lot

rath
Öntapadó jegyzet
the magic of Slutsky's thm is that we do not assume anything about the joint distribution of X_n and Y_n, yet the theorem holds



rath
Öntapadó jegyzet
i.e., if x is a continuity point of F

rath
Öntapadó jegyzet
and as soon as this holds for every continuity point x of F, we can conclude that X_n + Y_n weakly converges to X+c

rath
Öntapadó jegyzet
since there are only countably many values
 where the c.d.f. of X jumps,
 but uncountably many possible values of
 delta in the interval (0,epsilon] 

rath
Öntapadó jegyzet
this is F_n(x)

rath
Öntapadó jegyzet
by the definition of weak convergence of X_n to X 
(and because we were careful enough to avoid the discontinuities of the distribution of X)

rath
Öntapadó jegyzet
end of proof of Slutsky


