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rath
Öntapadó jegyzet
"the continuity of  measure" is a property which is equivalent to sigma-additivity given the other axioms of measure theory
(so essentially it is an axiom)

rath
Öntapadó jegyzet
continuity of measure: if A_1, A_2, ... are a sequence of decreasing events (i.e., A_{n} contains A_{n+1} for all n)
and A is the intersection of these events, then
the limit of P(A_n) as n goes to infinity is P(A)

rath
Öntapadó jegyzet
again by the continuity of measure

rath
Öntapadó jegyzet
in this case we say that the distribution of X has an atom at x_0
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rath
Öntapadó jegyzet
we say that the sequence X_n of random variables converge in distribution to X

rath
Öntapadó jegyzet
we say that the sequence of random variables X_n weakly converges to X

rath
Öntapadó jegyzet
and q(x) is different from q(y) if x is different from y
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rath
Öntapadó jegyzet
or in other words: if X_n is a degenerate random variable concentrated on the deterministic constant x_n

rath
Öntapadó jegyzet
so indeed, the notion of weak convergence of random variables is an extension of the notion of convergence of real numbers

rath
Öntapadó jegyzet
so it makes sense to only require convergence of F_n(x) to F(x) for those values of x which are continuity points of F

rath
Öntapadó jegyzet
in words: if the limit is deterministic, then weak convergence and convergence in probability are the same
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rath
Öntapadó jegyzet
in words: X_n scaled by n converges in distribution to the uniform distribution of the interval [0,1]

rath
Öntapadó jegyzet
and this is indeed the c.d.f. of UNI[0,1] distribution

rath
Öntapadó jegyzet
in this case all of the probability mass escapes to plus infinity.
One might say that X_n weakly converges to infinity

rath
Öntapadó jegyzet
this was an example where a sequence of discrete random variables weakly converge to an absolutely continuous random variable
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rath
Öntapadó jegyzet
exponential distribution with parameter 1

rath
Öntapadó jegyzet
the maximum of X_1, ..., X_n is smaller than b if and only if 
X_i is smaller than b for all i=1,...,n 

rath
Öntapadó jegyzet
independence

rath
Öntapadó jegyzet
by the definition of the c.d.f. of EXP(1) distribution: F(y)=1-e^(-y)

rath
Öntapadó jegyzet
if x is fixed and n is large enough
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rath
Öntapadó jegyzet
one can check this equality using the formula that defines the c.d.f. of the standard Gumbel distribution

rath
Öntapadó jegyzet
if Y_1 and Y_2 are i.i.d. Gumbel (i.e., their c.d.f. if F) then the c.d.f. of max{Y_1,Y_2} is F^2

rath
Öntapadó jegyzet
if Y is Gumbel (i.e., its c.d.f. is F) then the c.d.f. of Y+ln(2) is F(x-ln(2))

rath
Öntapadó jegyzet
if  n is big, then by our limit theorem (applied with 2n in place of n), the distribution of max{X_1,..., X_(2n)} can be approximated by Y + ln(2n), where Y is Gumbel

rath
Öntapadó jegyzet
by our limit theorem

rath
Öntapadó jegyzet
by our limit theorem

rath
Öntapadó jegyzet
and then we subtract ln(n) from both sides, we obtain equation A above (if n is very large)

rath
Öntapadó jegyzet
the reason why substitute k-1/2 is that 
k is not a continuity point of F if P(X=k)>0

rath
Öntapadó jegyzet
the maximum of two i.i.d. Gumbels has the same distribution as a shifted Gumbel

rath
Öntapadó jegyzet
in extreme value theory, this "fun fact" is called the "max-stability of Gumbel distribution". In words: "the Gumbel distribution is max-stable"
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rath
Öntapadó jegyzet
again by Fatou

rath
Öntapadó jegyzet
be careful: this sum has potentially infinitely many terms (since X_n can possibly take negative values)

rath
Öntapadó jegyzet
here we use a more general version of Fatou's lemma than the one we stated on page 37 (sorry)


