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rath
Öntapadó jegyzet
here is an application of the
characterization theorem of
symmetric stable distributions

rath
Öntapadó jegyzet
basic question: is the universe infinite?

rath
Öntapadó jegyzet
so now the universe is the interval [-n,n]

rath
Öntapadó jegyzet
since we have n stars on an interval of length 2n

rath
Öntapadó jegyzet
sgn(x) is the sign of x:
the force exerted by the stars to the left of the origin has a negative sign, while the force exerted by the stars to the right of the origin has a positive sign

rath
Öntapadó jegyzet
so now we imagine bigger and bigger possible universes and try to understand whether we run into a contradiction as n goes to infinity. 

rath
Öntapadó jegyzet
does it converge weakly?

rath
Öntapadó jegyzet
if R_n does not converge weakly then an infinite universe cannot be "stable", since the absolute value of accumulated force exerted at the origin is "wildly big" 

rath
Öntapadó jegyzet
If p is big then distant stars exert small force on the origin.
If p is small then they exert big force
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rath
Öntapadó jegyzet
If p is big then distant stars exert small force on the origin.
If p is small then they exert big force

rath
Öntapadó jegyzet
this is the "stable universe" scenario

rath
Öntapadó jegyzet
so in this case R_n converges weakly,
 so an infinite universe is "stable"

rath
Öntapadó jegyzet
this is the borderline case.
In this case the universe is already "unstable"

rath
Öntapadó jegyzet
so in this case R_n does not converge weakly.
We have to normalize R_n by sqrt(ln(n)) and then it converges weakly

rath
Öntapadó jegyzet
this is the "unstable universe" scenario

rath
Öntapadó jegyzet
again, R_n does not converge weakly.
We have to normalize R_n by a scaling factor that goes to infinity and then it converges in distribution

rath
Öntapadó jegyzet
the char.fn. of symm. stable distribution with index 1/p
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rath
Öntapadó jegyzet
see eq C on page 156

rath
Öntapadó jegyzet
by equation C above

rath
Öntapadó jegyzet
since Y_k is uniformly distributed on [-1,1]

rath
Öntapadó jegyzet
this is the same c.d.f. as the one that appeared on
 the r.h.s. eq F on page 149

rath
Öntapadó jegyzet
and thus R_n weakly converges to the symmetric stable distribution with index alpha and scaling parameter c

rath
Öntapadó jegyzet
typo correction:
 S_n = Z_1 + ... + Z_n

rath
Öntapadó jegyzet
typo correction:
 0 < alpha < 2
(the index of a stable distribution is less than 2)
(the alpha=2 case will be treated on the next page)
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rath
Öntapadó jegyzet
same p.d.f. as in eq A on page 121

rath
Öntapadó jegyzet
differentiating eq H from the previous page

rath
Öntapadó jegyzet
by eq E from the previous page

rath
Öntapadó jegyzet
by symmetry

rath
Öntapadó jegyzet
since the expectation is zero

rath
Öntapadó jegyzet
by  eq C on the previous page

rath
Öntapadó jegyzet
since Y_k is UNI[-1,1]
(law of unconscious statistician)

rath
Öntapadó jegyzet
by eq E from the previous page

rath
Öntapadó jegyzet
end of proof of the theorem stated on
page 157
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rath
Öntapadó jegyzet
here is a variant of the Holtsmark problem where the universe is actually taken to be infinite (and d dimensional)

rath
Öntapadó jegyzet
this is a definition and also a theorem (that we will not prove). The theorem is that such a PPP exists and its law is uniquely characterized by these properties

rath
Öntapadó jegyzet
the number of stars that fall into A has Poisson distribution with a parameter that is equal to the density rho times the volume of A

rath
Öntapadó jegyzet
in words: whatever happens inside the set A_1 is independent from what happens inside the set A_2 (if A_1 and A_2 are disjoint)

rath
Öntapadó jegyzet
these locations are d-dimensional vectors

rath
Öntapadó jegyzet
so the force is also a d-dimensional vector which points in the direction of the star, 
but the magnitude of the force decreases with the distance

rath
Öntapadó jegyzet
this is just the unit vector pointing in the direction of the star

rath
Öntapadó jegyzet
we are summing the force for all stars in the universe 
(and now there are infinitely many of them)

rath
Öntapadó jegyzet
we indicate the density rho with a superscript
 because it will play a role

rath
Öntapadó jegyzet
but stable distributions will come up again
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rath
Öntapadó jegyzet
i.e., the following argument is not entirely rigorous, because we did not prove convergence of the infinite sum

rath
Öntapadó jegyzet
we did not yet define what stability means if the we talk about the distribution of a random d-dimensional vector, but it will be obvious from the calculations below

rath
Öntapadó jegyzet
on the left-hand side, the density is rho, on the r.h.s., the density is 1

rath
Öntapadó jegyzet
locations stars in a universe where the density is rho

rath
Öntapadó jegyzet
the locations of the stars in a universe with density 1, multiplied by rho^{-1/d}

rath
Öntapadó jegyzet
this scaling maps a set with volume V 
into a set with volume rho^{-1} * V

rath
Öntapadó jegyzet
thus the density stars in the scaled process becomes rho

rath
Öntapadó jegyzet
this is easy to check using the def of PPP on the previous page

rath
Öntapadó jegyzet
by eq D on previous page

rath
Öntapadó jegyzet
by eq C above

rath
Öntapadó jegyzet
by eq C on previous page

rath
Öntapadó jegyzet
typo: the superscript should be 1, not rho here

rath
Öntapadó jegyzet
by eq D on previous page

rath
Öntapadó jegyzet
end of proof of eq B

Ráth Balázs
Kiemelés
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rath
Öntapadó jegyzet
this is easy to check using the def of PPP on page 160 
(and the well-known analogous property of the POI distribution)

rath
Öntapadó jegyzet
so if we merge k independent parallel universes with density 1, 
we get a universe with density k

rath
Öntapadó jegyzet
see eq D of page 160

rath
Öntapadó jegyzet
we sum k independent copies of the random vector that we study, and after scaling, we obtain a random vector with the same distribution as the one we started from

rath
Öntapadó jegyzet
see equation A of page 146

rath
Öntapadó jegyzet
i.e., the infinite sum in eq D on page 160 convergent iff alpha < 2
(we will not prove this)

rath
Öntapadó jegyzet
but this makes sense, since we "know" that the index has to be less than or equal to 2 (see thm on page 145), and we have already "seen" that the alpha=2 case of Holtsmark is messy on page 159


rath
Öntapadó jegyzet
gravity uses this exponent in real world

rath
Öntapadó jegyzet
hence the name:
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rath
Öntapadó jegyzet
A_n is an "annulus": we remove a ball of radius R from a bigger, concentric ball of radius R+1

rath
Öntapadó jegyzet
recall that this number has Poisson distribution,
 see def of PPP on page 160

rath
Öntapadó jegyzet
since the volume of the annulus A_n of thickness 1 is roughly R^2 in three dimensional space (since the surface of B(R) is roughly R^2)

rath
Öntapadó jegyzet
R^{-2} appears since the light emitted by a star is uniformly distributed on the surface of a ball of radius R around it

rath
Öntapadó jegyzet
typo: R=n everywhere on this page

rath
Öntapadó jegyzet
one unit amount of light coming from the annulus of radius 1, another one coming from the annulus of radius 2, etc..

rath
Öntapadó jegyzet
now that we have seen that if d=3 and p=2 then an infinite universe can exist, let us give a different argument which shows that such an infinite universe cannot exist

rath
Öntapadó jegyzet
note that the calculation on this page also shows that if d=3 and p=2 then the infinite sum that we used in Holtsmark's problem (eq D on page 160) is not absolutely convergent!

rath
Öntapadó jegyzet
so to make rigorous sense of the infinite sum in eq D on page 160, one has to take into account that forces exerted by stars on the opposite side of the origin "cancel each other out"




