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rath
Öntapadó jegyzet
a random variable X with c.d.f. F

rath
Öntapadó jegyzet
in other words: X_1+...+ X_k has the same type as X

rath
Öntapadó jegyzet
X_1,..., X_k has the same distribution as X

rath
Öntapadó jegyzet
c is the scaling parameter

rath
Öntapadó jegyzet
alpha is called the index of X

rath
Öntapadó jegyzet
Indeed stable (see the calculation on the top of page 146).

rath
Öntapadó jegyzet
alpha=2  is the case of the normal distribution with mean zero.


rath
Öntapadó jegyzet
Indeed symmetric: the complex conjugate of the char.fn. phi is the char.fn. of -X (see page 87), so if the the char.fn. is real-valued, then the complex conjugate of phi is phi, so -X ~ X

rath
Öntapadó jegyzet
note in particular that phi is a real-valued function

rath
Öntapadó jegyzet
so it remains to prove that the function phi defined by the r.h.s. of eq F is indeed the characteristic function of a r.v.

rath
Öntapadó jegyzet
scaling parameter

rath
Öntapadó jegyzet
shift parameter

rath
Öntapadó jegyzet
one might call this the symmetrized Pareto distribution
 (see wikipedia)

rath
Öntapadó jegyzet
Z_n is the scaled sum of i.i.d. r.v.'s with p.d.f. f(x)

rath
Öntapadó jegyzet
the value of this integral cannot be expressed in terms of simple elementary functions

rath
Öntapadó jegyzet
This is the characterization theorem of symmetric stable distributions. Today's lecture is devoted to the proof of this theorem.
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rath
Öntapadó jegyzet
that theorem stated that if phi_n is the char.fn. of the r.v. Z_n, and the char.fn.'s phi_n converge pointwise to phi as n goes to infinity, and if phi is continuous at t=0, then phi is the char.fn. of a random variable Z and Z_n converge to Z weakly

rath
Öntapadó jegyzet
the scaled sum converges weakly to a r.v. Z

rath
Öntapadó jegyzet
the char.f.n. of Z is this

rath
Öntapadó jegyzet
in that case the limiting distribution was N(0,1), but we had to scale the sum by sqrt(n*ln(n)) to obtain a limit thm

rath
Öntapadó jegyzet
since the p.d.f. f(x) of these r.v.'s is an even function (see eq H on the previous page)

rath
Öntapadó jegyzet
by the def of the p.d.f. f(x)  (see eq H on the previous page)

rath
Öntapadó jegyzet
by the law of the unconscious statistician

rath
Öntapadó jegyzet
the integral of the imaginary part is zero, since f(x)*sin(t*x) is an odd function
(see page 86)

rath
Öntapadó jegyzet
by the def of the p.d.f. f(x)  (see eq H on the previous page)

rath
Öntapadó jegyzet
sorry, in this proof phi denotes the char.fn. of a r.v. with p.d.f. f(x)  (see eq H on the previous page)


rath
Öntapadó jegyzet
general principle: the rate of decay of f(x) as x goes to infinity is closely related to the behaviour of phi(t) as t goes to zero

rath
Öntapadó jegyzet
an error term which has the same order of magnitude as t^2 as t goes to zero

rath
Öntapadó jegyzet
note: when we applied the thm on page 108, we used that the function on the r.h.s. of eq C is continuous at t=0, since alpha>0

rath
Öntapadó jegyzet
compare the def of f(x) in eq H on page 148 with the def of f(x) in eq A on page 121

rath
Öntapadó jegyzet
where c is defined in eq N of previous page
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rath
Öntapadó jegyzet
since phi(0)=1

rath
Öntapadó jegyzet
applying the formula phi(t) from eq K on page 149 twice (for t and for t=0) and using that the difference of integrals is equal to the integral of the difference

rath
Öntapadó jegyzet
we rewrite the integral using substitution

rath
Öntapadó jegyzet
pulling out the terms that do not depend on y

rath
Öntapadó jegyzet
c is defined on the bottom of page 148

rath
Öntapadó jegyzet
we will show two things separately:
(i) the integral from 0 to 1 is finite
(ii) the integral from 1 to infinity is finite

rath
Öntapadó jegyzet
easy to check that
1-cos(y) <= y^2/2
(just compare the second derivatives of both sides)

rath
Öntapadó jegyzet
1-cos(y) <= 2

rath
Öntapadó jegyzet
by the same argument as in equations H and I

rath
Öntapadó jegyzet
as t goes to zero

rath
Öntapadó jegyzet
integral from t to infinity is equal to intergal from zero to infinity minus integral from zero to t

rath
Öntapadó jegyzet
thus equation M from page 149 holds
(which, by symmetry, is the same as eq R below)

rath
Öntapadó jegyzet
c still denotes the constant defined in eq F above

rath
Öntapadó jegyzet
if x goes from 1 to infinity then
y goes from t to infinity

rath
Öntapadó jegyzet
using equations M and N above
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rath
Öntapadó jegyzet
of the theorem stated on page 148

rath
Öntapadó jegyzet
finally we can prove the statement of the lemma 
(see eq M on page 148)

rath
Öntapadó jegyzet
by def of Z_n (eq L on page 148) and
the def of phi (eq G on page 149)



rath
Öntapadó jegyzet
by eq R on page 150

rath
Öntapadó jegyzet
note that we switched perspective: 
in eq R on page 150 t went to zero,
now t is fixed and n goes to infinity

rath
Öntapadó jegyzet
an error term which is of order 
(1/(n^{1/alpha}))^2
as n goes to infinity

rath
Öntapadó jegyzet
an error term which is much smaller than 1/n
(i.e., if we multiply it with n, it still goes to zero)

rath
Öntapadó jegyzet
so n^{-2/alpha} is much small er than n^{-1} as n foes to infinity

rath
Öntapadó jegyzet
end of proof of lemma stated on page 148. 
So we have proved that condition (2) implies condition  (1) in the theorem stated on page 148

rath
Öntapadó jegyzet
if phi is the characteristic function of a symmetric stable distribution, then the following statements hold:

rath
Öntapadó jegyzet
the characteristic function is an even function
the characteristic function is a real-valued function

rath
Öntapadó jegyzet
phi takes positive real values

rath
Öntapadó jegyzet
this is kind of obvious: 
if a*X has the same distribution as b*X then a=b 
(or X is degenerate, i.e., X=0)
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rath
Öntapadó jegyzet
if X_1 and X_2 are two i.i.d. copies of X and 
S_2 = X_1+X_2
then S_2 has the same type as X, but
both S_2 and X are symmetric, 
so the shift parameter has to be zero

rath
Öntapadó jegyzet
the l.h.s. is the char.fn. of two i.i.d. copies of X
the r.h.s. is the char.fn. of X scaled by delta

rath
Öntapadó jegyzet
if we indirectly assume that eq D holds 

rath
Öntapadó jegyzet
since char.fn.'s are continuous

rath
Öntapadó jegyzet
this contradicts our assumption that X is a non-degenerate r.v.

rath
Öntapadó jegyzet
so delta is not equal to 1

rath
Öntapadó jegyzet
now we show that phi(t) >0

rath
Öntapadó jegyzet
and phi is a continuous function

rath
Öntapadó jegyzet
if we indirectly assume that eq H holds for some t_0

rath
Öntapadó jegyzet
by eq C above

rath
Öntapadó jegyzet
by eq C above

rath
Öntapadó jegyzet
by eq I and eq J above

rath
Öntapadó jegyzet
one proves this by induction on k

rath
Öntapadó jegyzet
by eq C above

rath
Öntapadó jegyzet
by repeating the same argument
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rath
Öntapadó jegyzet
because we cannot have points where the value of phi is zero arbitrarily close to 0

rath
Öntapadó jegyzet
thus we must have phi(t)>0 for all t

rath
Öntapadó jegyzet
now we show that phi is not exponentially periodic
(see eq H on page 151)

rath
Öntapadó jegyzet
we want to conclude that b > a is impossible

rath
Öntapadó jegyzet
by the def of exponential periodicity

rath
Öntapadó jegyzet
and this holds for any t if phi is exponentially periodic

rath
Öntapadó jegyzet
if there exists t_0 such that G holds
(i.e., if phi is not identically equal to 1)

rath
Öntapadó jegyzet
the indirect assumption that b>a

rath
Öntapadó jegyzet
BTW in this proof we did not use stability.
The only thing that we used was continuity and phi(0)=1

rath
Öntapadó jegyzet
thus we must have a=b

rath
Öntapadó jegyzet
if X is symmertic and
if S_n is the sum of k i.i.d. copies of X 
then S_n is also symmetric
so if S_n and X have the same type then
the shift parameter must be zero

rath
Öntapadó jegyzet
the l.h.s. is the char.fn. of the sum of n i.i.d. copies of X
the r.h.s. is the char.fn. of a scaled version of X (no shift)

rath
Öntapadó jegyzet
by eq I

rath
Öntapadó jegyzet
by eq I

rath
Öntapadó jegyzet
by eq I

rath
Öntapadó jegyzet
by our observation that phi is not exponentially periodic

rath
Öntapadó jegyzet
g is a multiplicative function
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rath
Öntapadó jegyzet
by eq I on page 153

rath
Öntapadó jegyzet
taking the n'th root of both sides of the above equation
(which is OK since phi takes positive values)

rath
Öntapadó jegyzet
applying eq C with g(m)*t in place of t

rath
Öntapadó jegyzet
by eq I on page 153

rath
Öntapadó jegyzet
we can extend the domain of g from positive integers to positive rationals 

rath
Öntapadó jegyzet
the analogue of eq I from page 153 holds for positive rationals

rath
Öntapadó jegyzet
if we indirectly assume that ...

rath
Öntapadó jegyzet
since phi is continuous

rath
Öntapadó jegyzet
by eq G above

rath
Öntapadó jegyzet
eq M contradicts that phi is not exponentially periodic

rath
Öntapadó jegyzet
thus the extension of g to positive rationals is continuous at 1, but since it is multiplicative, it is continuous everywhere it is defined
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rath
Öntapadó jegyzet
the domain of g can be extended from
 positive rationals to positive reals

rath
Öntapadó jegyzet
continuity and multiplicativity pf g imply that

rath
Öntapadó jegyzet
in words: if g is continuous and multiplicative then g must be a power function

rath
Öntapadó jegyzet
combining the above FACT with eq G from page 154
(which also holds for any positive real number r)

rath
Öntapadó jegyzet
applying eq C above with 
r = t^alpha

rath
Öntapadó jegyzet
then we can rewrite eq E as eq G

rath
Öntapadó jegyzet
the proof of the characterization theorem
 of symmetric stable distributions is complete




