UEf. LET Tuy=f(®%<x)  X~F

e orY THAl THE  DISTRIBOTON OF
(. cTALLE P
5 1AW
. n : R Such
€
JpelN 3470, 23

\' \./\JF
TUAT IF Qoo S0 BV, /34,“

SR e
TRE N /}%f_'_','__i__f?‘:,.ﬁ% (;/ F -
33
[

e



rath
Öntapadó jegyzet
the last chapter of our course is about stable distributions

rath
Öntapadó jegyzet
in words: if you take k i.i.d. copies of X and sum them up, then the sum can be scaled (by alpha_k) and shifted (by beta_k) in a way that the resulting r.v. has the same law as X 

rath
Öntapadó jegyzet
if a*X+b = tilde(X) then we need to choose 
tilde(alpha_k) = alpha_k
and
tilde(beta_k) = a*beta_k + b*(k/alpha_k - 1) 
and then the analogue of eq A above holds with tilde

rath
Öntapadó jegyzet
in this case:
alpha_k = sqrt(k) and beta_k = 0

rath
Öntapadó jegyzet
by the above remark, because if X ~ N(0,1) then sigma*X+mu has N(mu, sigma) distribution (sigma denotes the standard deviation)

rath
Öntapadó jegyzet
this is the char.fn. of N(0,1).
The characteristic functions of stable distributions will all look somewhat similar to this

rath
Öntapadó jegyzet
We say that the r.v.'s X and Y have the same type if there exist real numbers a>0 and b such that a*X + b has the same distribution as Y

rath
Öntapadó jegyzet
alpha_k is the scaling parameter

rath
Öntapadó jegyzet
beta_k is the shifting parameter

rath
Öntapadó jegyzet
so if Y is a scaled shifted version of X then they have the same type

rath
Öntapadó jegyzet
so X is stable iff for any k the sum of k i.i.d. copis of X has the same type as X

rath
Öntapadó jegyzet
so if X is stable and Y has the same type as X then Y is stable

rath
Öntapadó jegyzet
let S_k = X_1+...X_k
then S_k ~ N(0,sqrt(k)) (the variance is k, since the variance of the sum is the sum of the variances)
so S_k / k ~ N(0,1)
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rath
Öntapadó jegyzet
see page 105 for the def of Cauchy distribution

rath
Öntapadó jegyzet
equation A from page 140 holds with
 alpha_k=k and beta_k=0

rath
Öntapadó jegyzet
char.fn. of standard Cauchy distribution

rath
Öntapadó jegyzet
equation A from page 140 holds with
 alpha_k=k^2 and beta_k=0


rath
Öntapadó jegyzet
char.fn. of sum of i.i.d. r.v.'s is the k'th power of the char.fn.

rath
Öntapadó jegyzet
so the char.functions of the two sides of eq C are equal, so we conclude the proof of C using that the char.fn. uniquely characterizes the distribution of a r.v.

rath
Öntapadó jegyzet
in words: if Z appears as a weak limit of shifted, scaled sum of i.i.d. random variables then Z is stable. 

rath
Öntapadó jegyzet
we have already seen a special case of this thm:  the Lévy distribution on page 64

rath
Öntapadó jegyzet
a similar result that appears in extreme value theory is that the weak limit of the shifted, scaled running maximum of an i.i.d. sequence of r.v.'s is max-stable. We saw special cases of this on page 44 (Gumbel) and in HW 4.1 (Fréchet)

rath
Öntapadó jegyzet
Note that we have already proved the k=2 case of eq C on page 64

rath
Öntapadó jegyzet
the char.fn. of the l.h.s. of eq C

rath
Öntapadó jegyzet
this identity holds for the complex square root function defined at the beginning of HW7.2

rath
Öntapadó jegyzet
this theorem shows why the notion of stability is important if one is interested in limit theorems of probability

rath
Öntapadó jegyzet
scaling parameter

rath
Öntapadó jegyzet
shift parameter
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rath
Öntapadó jegyzet
they are identically distributed since each of them is a sum of n i.i.d. copies of X_i.
they are independent because each X_i only appears as a summand in only one of the sums S^{(j)}_n

rath
Öntapadó jegyzet
S_{k*n}=X_1+...+X_{k*n}

rath
Öntapadó jegyzet
by rearranging equation E above

rath
Öntapadó jegyzet
if we can prove that the limits stated in equations G and H exist (and we denote them by 1/alpha_k and beta_k)

rath
Öntapadó jegyzet
by our assumption in equation H on page 141

rath
Öntapadó jegyzet
a subsequence of the weak conv. stated in equation H on page 141

rath
Öntapadó jegyzet
the sum of k i.i.d. copies of Z

rath
Öntapadó jegyzet
so it remains to prove that the sequences that appear on the l.h.s. of G and the l.h.s. of H both converge

rath
Öntapadó jegyzet
by Slutsky
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rath
Öntapadó jegyzet
this is called the "Convergence of Types Theorem".
We say that the r.v.'s X and Y have the same type if there exist real numbers a>0 and b such that a*X + b ~ Y

rath
Öntapadó jegyzet
a r.v. is degenerate if its variance is zero,
 i.e., if it is in fact deterministic 

rath
Öntapadó jegyzet
and alpha is positive and finite, |beta| is finite

rath
Öntapadó jegyzet
note that the criterion alpha_n >0 cannot be dropped. 
E.g., if W_n ~ N(0,1) for each n,
alpha_n= (-1)^n and beta_n=0 
then both A and C hold (since N(0,1) is symmetric), 
yet D does not hold

rath
Öntapadó jegyzet
and we also have alpha >0

rath
Öntapadó jegyzet
first let us prove eq F

rath
Öntapadó jegyzet
by eq A and Slutsky

rath
Öntapadó jegyzet
by equations B and C and Slutsky.
recall from page 41 that the deterministic sequence converges weakly if and only if it converges in the ordinary sense

rath
Öntapadó jegyzet
by eq C and Slutsky

rath
Öntapadó jegyzet
rearranging eq B, using eq A, Slutsky.
Also using again that a deterministic sequence converges weakly iff if it converges in the ordinary sense

rath
Öntapadó jegyzet
we will prove F by contradiction: let us assume that F does not holds, and then...

rath
Öntapadó jegyzet
this contradicts the sddumptions of the lemma, so F must hold

rath
Öntapadó jegyzet
again, this is an indirect proof. Let us assume that J does not hold, and then...

rath
Öntapadó jegyzet
this again contradicts teh assumptions of the lemma, so J must hold
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rath
Öntapadó jegyzet
correction: ...which contradicts the fact that W^*_n is tight, i.e., that mass does not escape to infinity 
(note: weak convergence implies tightness)

rath
Öntapadó jegyzet
weak convergence implies tightness
(see page 77)

rath
Öntapadó jegyzet
this is an element of the two dimensional plane R^2, so now we talk about convergence of a sequence of points on R^2 

rath
Öntapadó jegyzet
by Bolzano-Weierstrass

rath
Öntapadó jegyzet
there exist two different subsequential limits

rath
Öntapadó jegyzet
and also using A, B, C on page 143

rath
Öntapadó jegyzet
the rest of the proof is an indirect proof 
(i.e., proof by contradiction)

rath
Öntapadó jegyzet
but we will see that this leads to a contradiction, so we will eventually conclude that both alpha_n and beta_n converges
 (and thus the proof of the lemma will be complete)

rath
Öntapadó jegyzet
we could find a subsequence n' such that beta_{n'} which goes either to infinity or minus infinity and then...

rath
Öntapadó jegyzet
the l.h.s. of eq G is the weak limit along one of the subsequences.
The r.h.s. of eq G is the weak limit of W^*_n along that subsequence

rath
Öntapadó jegyzet
the r.h.s. of eq H is the weak limit along the other subsequence.
The l.h.s. of eq H is the weak limit of W^*_n along that subsequence
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rath
Öntapadó jegyzet
using eq I from the previous page

rath
Öntapadó jegyzet
the proof of the lemma stated on page 143 (i.e., the Convergence of Types theorem) is complete. 

rath
Öntapadó jegyzet
the theorem stated on page 141 is complete
(if Z appears as a weak limit of shifted, scaled sum of i.i.d. random variables then Z is stable)


rath
Öntapadó jegyzet
characterization of symmetric stable distributions

rath
Öntapadó jegyzet
so for example:
-- normal distribution is the symm.stable distribution with index 2
-- Cauchy distribution is the symm.stable distribution with index 1
(see page 140, 141)


rath
Öntapadó jegyzet
so we can assume that c=1 by multiplying the random variable X with an appropriate constant

rath
Öntapadó jegyzet
alpha is the interesting parameter that really characterizes the stable ditribution

rath
Öntapadó jegyzet
so our indirect assumption turned out to be false, thus both of the sequences alpha_n and beta_n converge
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rath
Öntapadó jegyzet
the summands on the l.h.s. are i.i.d. and have the same distribution as X on the r.h.s.
 We assume that the char f.n. of X is of form as in eq F in page 145

rath
Öntapadó jegyzet
this is the char. fn. of the scaled sum from the l.h.s. of A

rath
Öntapadó jegyzet
using that phi is of form as in eq F in page 145


rath
Öntapadó jegyzet
thus A holds, since the char.fn. characterizes the distribution

rath
Öntapadó jegyzet
-- normal distribution is the symm.stable distribution with index 2
-- Cauchy distribution is the symm.stable distribution with index 1
(see page 140, 141)


rath
Öntapadó jegyzet
Lévy distribution is NOT symmetric
(a r.v. with Lévy distribution is non-negative, i.e., Lévy distribution lives on the positive half-line)

rath
Öntapadó jegyzet
differentiating eq F twice you can see this

rath
Öntapadó jegyzet
note that this proposition does not cover the full range of indices (i.e., alpha in (0,2] ) from the theorem on the previous page

rath
Öntapadó jegyzet
Just a sanity check: if the r.h.s. of equation F on page 145 is a char.fn., then indeed it must be the char.fn. of a stable distribution

rath
Öntapadó jegyzet
phi is the char.fn. of X, see eq F on page 145

rath
Öntapadó jegyzet
let us stress that neither implications of the characterization theorem (stated on the previous page) is trivial:

rath
Öntapadó jegyzet
if alpha is in (0,2] then

rath
Öntapadó jegyzet
this will give that condition (2) implies condition (1) of the theorem 

rath
Öntapadó jegyzet
this gives that condition (1) implies condition (2) of the theorem

rath
Kiemelés

rath
Öntapadó jegyzet
not is 2024
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rath
Öntapadó jegyzet
sometimes the p.d.f. is easy to write down, but the char.fn. is not
sometimes the char.fn. is easy to write down, but the p.d.f. is not

rath
Öntapadó jegyzet
normal

rath
Öntapadó jegyzet
Cauchy

rath
Öntapadó jegyzet
you can check this by differentiating twice

rath
Öntapadó jegyzet
quite similar to the naive solution of HW7.1(b), which is the special case alpha=4

rath
Öntapadó jegyzet
the only way for a r.v. to satisfy D is that it must satisfy E

rath
Öntapadó jegyzet
since E(e^{it0})=e^{it0}=e^0=1

rath
Öntapadó jegyzet
this contradicts equation B

rath
Öntapadó jegyzet
but we cannot use this, since the only thing that we know about this hypothetical r.v. X is that it has char.fn. as in eq B, but we did not assume anything about the finiteness if its second moment

rath
Öntapadó jegyzet
you will have to wait a bit for that homework sheet

rath
Öntapadó jegyzet
HW 9.2 in 2024




