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rath
Öntapadó jegyzet
also known as the fundamental theorem of probabilistic number theory (says wikipedia)

rath
Öntapadó jegyzet
U_n is a uniformly distributed element of {1,2,...n}

rath
Öntapadó jegyzet
the number of distinct prime divisors

rath
Öntapadó jegyzet
this is the easy bound, 
the proof of the other bound is more complicated

rath
Öntapadó jegyzet
 if x is in [k,k+1] then 1/x <=1/k

rath
Öntapadó jegyzet
since every integer k can be written as a product of powers of primes
(and if k is less than or equal to n, then the factors are also less than or equal to n)

rath
Öntapadó jegyzet
sum of geometric series

rath
Öntapadó jegyzet
first order Taylor expansion with error term

rath
Öntapadó jegyzet
the sum of the squares of the reciprocals of all primes is finite

rath
Öntapadó jegyzet
this is why the ln(ln(n)) appears in the statement of Erdős-Kac

rath
Öntapadó jegyzet
an error term that stays bounded as n goes to infinity
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rath
Öntapadó jegyzet
the indicator of the event that p divides U_n
(where U_n is defined by equation A on page 129)

rath
Öntapadó jegyzet
Z_n is the number of prime divisors of U_n

rath
Öntapadó jegyzet
the ratio of the terms on the two sides of the wiggly equatlity sign goes to 1 as n goes to infinity
Note: E( Y_{n,p} )<=1/p

rath
Öntapadó jegyzet
but they are "almost" independent, as we will see.
Remember the probabilistic proof of the Euler product formula for Riemann zeta function, page 128 -- there the ananlogous indicators are independent

rath
Öntapadó jegyzet
truncation also helped when we proved the "borderline case of CLT" on page 121-122

rath
Öntapadó jegyzet
(a) alpha_n is big enough so that Z_n and T_n are "close enough", see argument below
(b) alpha_n <= n^{epsilon} for any epsilon if n is large enough, see page 134

rath
Öntapadó jegyzet
we will first show that we can replace Z_n by T_n in the statement of Erdős-Kac

rath
Öntapadó jegyzet
we apply the claim twice (once for n, once for alpha_n) and then we take the difference

rath
Öntapadó jegyzet
by linearity of expectation and using that
E(Y_{n,p}) <=1/p


/"

- =
THUS _?;________..,_ﬂ D;Q by MARKOV'S weg .,
3 o )

J
HEnCE I WE ¢ROVE @ AL @ e

- 1
LeT (%\7)%@ pe \woey, X,?j\%LR(%/

LFT 9 ?_)&/\7 g
Mmoo C EEA

- R g b |
LE Nk \/n« fo (b () = N {0,1)

Lo { B M)

S i e

N

7ROOF . cNOUGH TO SHOW:



rath
Öntapadó jegyzet
using Slutsky

rath
Öntapadó jegyzet
since (Z_n-T_n)/sqrt(ln(ln(n)))
is a sequence of non-negative random variables whose expectation goes to zero as n goes to infinity

rath
Öntapadó jegyzet
ln(ln(ln(n))) / sqrt(ln(ln(n))) goes to zero as n goes to infinity

rath
Öntapadó jegyzet
CLT of T_n
from page 130

rath
Öntapadó jegyzet
CLT for Z_n
from page 129

rath
Öntapadó jegyzet
so we create an ideal world where the indicators that we sum are independent
(while in the real world they are not, see the note on page 130 about this)

rath
Öntapadó jegyzet
but we will later show that S_n and T_n 
behave quite similarly anyway

rath
Öntapadó jegyzet
 ln(ln(ln(n))) is much smaller than sqrt(ln(ln(n))), so we can use Slutsky to argue that equations D and E above are equivalent

rath
Öntapadó jegyzet
by claim on page 129

rath
Öntapadó jegyzet
since the sum of the reciprocals of the squares of the primes is finite

rath
Öntapadó jegyzet
linearity of expectation

rath
Öntapadó jegyzet
independence
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rath
Öntapadó jegyzet
so if n is large enough then we are summing all zeroes in Lindeberg's condition

rath
Öntapadó jegyzet
so Lindeberg's theorem (+ Slutsky) 
implies equation E from page 131.
End of proof of Lemma.

rath
Öntapadó jegyzet
see equation G from page 130

rath
Öntapadó jegyzet
see equation D from page 131

rath
Öntapadó jegyzet
this statement does not immediately follow from G and the equivalent def of weak convergence stated on page 81, since g(x)=x^k is not a bounded function of x

rath
Öntapadó jegyzet
we will prove J using I
and then we will later prove H using J

rath
Öntapadó jegyzet
sqrt(ln(ln(alpha_n))) is essentially the standard deviation of S_n,
 see bottom of previous page

rath
Öntapadó jegyzet
since alpha_n goes to infinity

rath
Kiemelés

rath
Öntapadó jegyzet
skipped this HW in 2022




rath
Öntapadó jegyzet
now we are comparing the moments of S_n and T_n
(and not the moments of S^*_n and T^*_n)

rath
Öntapadó jegyzet
the summation variable ell denotes the number of different variables that appear in one term

rath
Öntapadó jegyzet
the exact value of this combinatorial term is not important for us

rath
Öntapadó jegyzet
by linearity of expectation

rath
Öntapadó jegyzet
this notation is confusing: by X_{m_i} we denote here the Bernoulli variable corresponding to the prime number with index m_i in the list of prime numbers

rath
Öntapadó jegyzet
now we are back to the 
notation introduced in equation B on page 131

rath
Öntapadó jegyzet
any positive power of 0 is 0
any positive power of 1 is 1

rath
Öntapadó jegyzet
independence

rath
Öntapadó jegyzet
(i) the product of indicators of certain events is the indicator of the intersection of the events.
(ii) p_1, ..., p_l all divide U_n iff their product divides U_n
(they are primes, so their least common multiple is their product)


rath
Öntapadó jegyzet
Y_{n,p} is the indicator of the event that p divides U_n

rath
Öntapadó jegyzet
the difference between a number and its integer part is at most one

rath
Öntapadó jegyzet
plugging x_1=1, ... , x_N=1 
in equation D above

rath
Öntapadó jegyzet
by equation C above

rath
Öntapadó jegyzet
the l.h.s. is a multivariate polynomial in the variables x_1,...,x_N
the r.h.s. is the same polynomial written as a sum of monomials

rath
Öntapadó jegyzet
and there is an analogous formula for the k'th moment of T_n where the indicators Y_{n,p} appear on the r.h.s.

rath
Öntapadó jegyzet
since the r.h.s. of G is greater than or equal to the r.h.s. of I
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rath
Öntapadó jegyzet
by the def of S^*_n
(equation E on page 132)

rath
Öntapadó jegyzet
binomial theorem

rath
Öntapadó jegyzet
using def of T^*_n 
(see equation F on page 132)
and linerity of expectation

rath
Öntapadó jegyzet
using:
(i) 1/ln(ln(n))^{k/2} <= 1
(ii) Lemma from previous page

rath
Öntapadó jegyzet
binomial theorem

rath
Öntapadó jegyzet
this is a typo. Correction:
alpha_n + ln(ln(n))

rath
Öntapadó jegyzet
for any fixed k, as n goes to infinity

rath
Öntapadó jegyzet
the proof of equation A above is complete
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rath
Öntapadó jegyzet
putting together equation I from page 132
and equation A from page 134

rath
Öntapadó jegyzet
and as soon as we prove this 
(i.e., eq G from page 130, see def of T^*_n, eq F on page 132) 
then the proof of Erdős-Kac will be complete

rath
Öntapadó jegyzet
so we need to investigate "the moment problem"

rath
Öntapadó jegyzet
If all of the moments of the random variables V and W agree, does that imply that V and W have the same distribution?

rath
Öntapadó jegyzet
In words: if the sequence of moments does not grow too rapidly, then the sequence of moments uniquely determine the distribution

rath
Öntapadó jegyzet
we will see that R is the radius of convergence of the Taylor expansion of the char.fn. 
(which is the same as the radius of conv. of the moment generating function)

rath
Öntapadó jegyzet
i.e., if R is not zero then V ~ W
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rath
Öntapadó jegyzet
the characteristic function of V

rath
Öntapadó jegyzet
by the ROOT TEST guaranteeing
 the convergence of the power resies
(see wikipedia)

rath
Öntapadó jegyzet
the characteristic functions of V and W agree for all t

rath
Öntapadó jegyzet
by the IDENTITY THEOREM for analytic functions
(see wikipedia)

rath
Öntapadó jegyzet
since the characteristic dunction characterizes the distribution

rath
Öntapadó jegyzet
let us find the moments of the standard normal distribution

rath
Öntapadó jegyzet
the moment generating function of standard normal distribution
(calculated on page 14)

rath
Öntapadó jegyzet
the Taylor series of e^x evaluated at 
x=lambda^2/2

rath
Öntapadó jegyzet
the Taylor series of the moment generating function
(see page 16)

rath
Öntapadó jegyzet
if two power series produce the same function then the coefficients of lambda^k have to be the same for all k in the two power series

rath
Öntapadó jegyzet
so, by the lemma stated on the previous page, if a random variable has the same moments as N(0,1), then it must be N(0,1)
(this is what we need for Erdős-Kac)

rath
Öntapadó jegyzet
k'th derivatiave of phi at t=0 is the k'th moment times i^k
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rath
Öntapadó jegyzet
"The method of moments"
(this is a method to prove limit theorems)

rath
Öntapadó jegyzet
the k'th moment of the n'th random variable

rath
Öntapadó jegyzet
briefly: convergence of moments implies weak convergence

rath
Öntapadó jegyzet
thus the definition of tightness is satisfied
(see page 77)

rath
Öntapadó jegyzet
note that a convergent sequence is also bounded

rath
Öntapadó jegyzet
by Helly's them, the tight sequence (V_n) has a weakly convergent subsequence

rath
Öntapadó jegyzet
where M_k is the limit of M_{n,k} as n goes to infinity
(see equation B above)

rath
Öntapadó jegyzet
as soon as we prove this theorem,
 the proof of Erdős-Kac will be complete
(see top of page 135)

rath
Öntapadó jegyzet
in words: we want to show that the k'th moment of the weak limit is equal to the limit of k'th moments 

rath
Öntapadó jegyzet
tilde(V) is a subsequential limit
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rath
Öntapadó jegyzet
(i) phi_K is a bounded, continuous function
(ii) phi_K converges pointwise to the identity function as K goes to infinity

rath
Öntapadó jegyzet
(i) first read the proof in the case when k is even. 
(ii) thus in particular, the even moments of tilde(V) are finite
(iii) case of odd k: dominating random variable: tilde(V)^{k+1}+1 
(the dominating variable has finite expectation, since k+1 is even) 


rath
Öntapadó jegyzet
using the equivalent def of weak conv. from page 81

rath
Öntapadó jegyzet
the limit of the difference of two sequences is equal to the difference of their limits

rath
Öntapadó jegyzet
by equation B from page 137

rath
Öntapadó jegyzet
by the definition of function phi_K above
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rath
Öntapadó jegyzet
see the inequalities D and E from page 137

rath
Öntapadó jegyzet
(i) both M_{n,2k} and M_{n,2} converge as n goes to infinity 
(see eq B on page 137)
(ii) a convergent sequence has a finite supremum

rath
Öntapadó jegyzet
since we assumed that M_k is the k'th moment of V and that V is the only distribution with this property

rath
Öntapadó jegyzet
thus the subsequence that we picked in eq H on page 137 weakly converges to V

rath
Öntapadó jegyzet
The proof of the theorem stated on top of page 137 is complete.
The proof of Erdős-Kac theorem is complete.





