


rath
Öntapadó jegyzet
this equality only holds is lambda is positive

rath
Öntapadó jegyzet
Markov's inequality: if X is a non-negative random variable then 
P[ X >= x ] <= E(X) / x

rath
Öntapadó jegyzet
since e^( lambda*X_i ) is equal to e^(lambda*1) with probability p and it is equal to e^(lambda*0) with probability 1-p

rath
Öntapadó jegyzet
Z(lambda)=E[ e^( lambda*X_i ) ] is the moment generating function of X_i


rath
Öntapadó jegyzet
one can check that the function that we want to minimize is convex

rath
Öntapadó jegyzet
this is the same rate function I(x) that we have already seen before, defined on page 2

rath
Öntapadó jegyzet
so let us solve this equation for lambda



rath
Öntapadó jegyzet
now we will develop a general theory that we will later use in the proofs of large deviation theorems

rath
Öntapadó jegyzet
you might have already heard about Legendre transforms if you have learnt
(a) Classical mechanics
(b) Operations research



rath
Öntapadó jegyzet
since any point in the plane that lies below the graph of f can be separated from the convex planar domain above the graph of f by a straight line 

rath
Öntapadó jegyzet
this is a special case of the Hahn-Banach theorem

rath
Öntapadó jegyzet
In words: Legendre transform is order reversing



rath
Öntapadó jegyzet
note: soon we will prove a stronger result, see bottom of the page

rath
Öntapadó jegyzet
so this inequality follows from the star inequality

rath
Öntapadó jegyzet
because if f is convex, then the lower convex envelope of f is f

rath
Öntapadó jegyzet
thus the Legendre transform (restricted to the space of convex continuous functions) is an involution



A

B

rath
Öntapadó jegyzet
since we have already shown the reverse inequality on 
the previous page

rath
Öntapadó jegyzet
general = not necessarily affine linear

rath
Öntapadó jegyzet
by the definition of the lower convex envelope of f, it is enough to show that ...

rath
Öntapadó jegyzet
since lambda=a is the only choice that does not give minus infinity

rath
Öntapadó jegyzet
since Legendre transform is order reversing

rath
Öntapadó jegyzet
since Legendre transform is order reversing

rath
Öntapadó jegyzet
we have already seen this on the top of the page

rath
Öntapadó jegyzet
thus f is twice contniously differentiable and strictly convex



C

D

rath
Öntapadó jegyzet
since by the assumptions of the Claim, its second derivarive is strictly negative

rath
Öntapadó jegyzet
the reason why I said "for fun" is that we have already proved this under weaker assumptions on f

rath
Öntapadó jegyzet
using the formula A from the bottom of page 12 again

rath
Öntapadó jegyzet
using formula A from the bottom of page 12

rath
Öntapadó jegyzet
the proof of equation A from the previous page is complete

rath
Öntapadó jegyzet
f is strictly convex, thus f' is strictly increasing and f' is also continuous, thus its inverse is well-defined

rath
Öntapadó jegyzet
derivative of the inverse function of f' evaluated at x is the reciprocal of derivative of f' evaluated at the point which is mapped to x by f' (i.e., lambda^*)

rath
Öntapadó jegyzet
now we prove equation B from the previous page by differentiating both sides of the equation A from previous page

rath
Öntapadó jegyzet
differentiating both sides of A, using product rule and chain rule of differentiation, using C and D

rath
Öntapadó jegyzet
using C

rath
Öntapadó jegyzet
using formula B from page 12


