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rath
Öntapadó jegyzet
today we prove Lindeberg's theorem using characteristic functions

rath
Öntapadó jegyzet
a triangular array of random variables
in the n'th row we have N_n random variables

rath
Öntapadó jegyzet
without loss of generality we may assume that our random variables are centered

rath
Öntapadó jegyzet
S_n is the sum of the r.v.'s in the n'th row

rath
Öntapadó jegyzet
without loss of generality we may assume this by normalizing each term in the n'th row by the standard deviation of S_n

rath
Öntapadó jegyzet
Lindeberg's condition

rath
Öntapadó jegyzet
the characteristic function of the k'th summand in the n'th row

rath
Öntapadó jegyzet
the l.h.s. is the char.fn. of S_n
the r.h.s. is the char.fn. of N(0,1) distribution
pointwise conv. of the char.fn.'s implies 
weak convergence (see page 91)
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rath
Öntapadó jegyzet
this is equivalent to equation J on page 123

rath
Öntapadó jegyzet
the sum of the error terms of the second order Taylor expansion in the n'th row goes to zero

rath
Öntapadó jegyzet
(i) the indicator of an event plus the indicator of its complement is 1
(ii) linearity of expectation
(iii) in one case we bounded the minimum by the quadratic term, 
in the other case we bounded it with the cubic term

rath
Öntapadó jegyzet
if |xi_{n,k}| <= epsilon, then
 |xi_{n,k}|^3 <= epsilon * |xi_{n,k}|^2

rath
Öntapadó jegyzet
since the value of epsilon was arbitrary

rath
Öntapadó jegyzet
by Lindeberg's condition
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rath
Öntapadó jegyzet
equation A from previous page

rath
Öntapadó jegyzet
since the sum of the variances in the n'th row is 1

rath
Öntapadó jegyzet
we added and subtracted the terms 1-phi_{n,k}(t) and
 used the triangle inequality

rath
Öntapadó jegyzet
from HW6.3(e) it follows that
|phi_{n,k}(t)-1-t^2/2 * sigma^2{n,k} | <=
t^2 * sigma^2{n,k}
and then use triangle inequality


rath
Öntapadó jegyzet
by equation H from page 123
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rath
Öntapadó jegyzet
an explicit bound on the error term of the first order Taylor expansion of the natural log function

rath
Öntapadó jegyzet
since k >=2
and using |z-1|<=1/2

rath
Öntapadó jegyzet
A_n from page 125

rath
Öntapadó jegyzet
by the claim above

rath
Öntapadó jegyzet
by C on page 125

rath
Öntapadó jegyzet
thus A_n goes to zero.
end of proof of equation A from page 124.
end of proof of Lindeberg's thm.

rath
Öntapadó jegyzet
if there are n collectable coupons altogether and 
you already have n-k different coupons  then
xi_{n,k} is the number of draws 
until you collect your next new coupon

rath
Öntapadó jegyzet
z is a complex number

rath
Öntapadó jegyzet
Taylor expansion of ln(z) function about z=1
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rath
Öntapadó jegyzet
the ratio of the two sides converges to 1 as n goes to infinity

rath
Öntapadó jegyzet
by the definition of the Riemann zeta function below

rath
Öntapadó jegyzet
this follows from HW7.3 because:
-- the Euler constant gamma appears here because now we subtract E(S_n), not n*ln(n)
-- sqrt(zeta(2)) appears because we divide by sigma_n, not n 

rath
Öntapadó jegyzet
the limiting distribution is not standard normal

rath
Öntapadó jegyzet
the variance of the time xi_{n,1} that it takes to collect the very last coupon is comparable to the variance of S_n

rath
Öntapadó jegyzet
since Lindeberg's condition would imply that
 the variance of an individual summand is
 negligible compared to the variance of the sum
(see equation H on page 123)

rath
Öntapadó jegyzet
i.e., this does not contradict Lindeberg's theorem

rath
Öntapadó jegyzet
so Lindeberg's theorem is not applicable here

rath
Öntapadó jegyzet
This next calculation is something that I have learnt in Probability 1, but I think this is no longer part of the Probability 1 curriculum.
This next calculation is a warm-up for our next "big" theorem.


rath
Öntapadó jegyzet
if s <=1 then this infinite sum is divergent
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rath
Öntapadó jegyzet
indeed: 
P( X=1 ) + P( X=2 ) + ... = 1 by the definition of the zeta function

rath
Öntapadó jegyzet
E_p is the event that the prime number p divides X

rath
Öntapadó jegyzet
p divides X if and only if X = k * p for some positive integer k

rath
Öntapadó jegyzet
taking p^{-s} out of the sum, the rest of the sum is 1 by equation B above

rath
Öntapadó jegyzet
this is where the magic happens.
"magic" = "unique prime factorization"
Thus X is divisible by p_1, p_2, ..., p_n iff 
X is divisible by p_1 * p_2 * ... * p_n


rath
Öntapadó jegyzet
since the probability of the intersection of these events is equal to the probability of their product

rath
Öntapadó jegyzet
by equation B above

rath
Öntapadó jegyzet
1 is the only number which is not divisible by any prime

rath
Öntapadó jegyzet
independence

rath
Öntapadó jegyzet
by formulas D, E, F above

rath
Öntapadó jegyzet
taking resiprocals of both sides we obtain formula A above

rath
Öntapadó jegyzet
Euler product formula




