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rath
Öntapadó jegyzet
this is a triangular array: it kind of looks like a pyramid

rath
Öntapadó jegyzet
N_n is the number of summands in the n'th universe

rath
Öntapadó jegyzet
xi_{n,k} is the k'th summand in the n'th universe

rath
Öntapadó jegyzet
the n'th row is in the n'th universe and we do   care about the relation of different universes.
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rath
Öntapadó jegyzet
S_n is the sum of the random variables in the n'th universe

rath
Öntapadó jegyzet
the variance of the k'th summand in the n'th universe

rath
Öntapadó jegyzet
this operation is called "centering", the resulting random variables are "centered", i.e., they have zero expectation

rath
Öntapadó jegyzet
in some sense, this condition says that 
the contribution of the individual summands 
to the total variance of the sum S_n 
is negligible if n is big

rath
Öntapadó jegyzet
if you subtract its expectation from the sum S_n and divide by its standard deviation, and then let n go to infinity then this centered and normalized sum converges weakly to standard normal

rath
Öntapadó jegyzet
we build the centering and the normalization into our assumptions

rath
Öntapadó jegyzet
just replace xi_{n,k} by 
(xi_{n,k}-E(xi_{n,k}))/sigma_n

rath
Öntapadó jegyzet
since we divided every summand in the n'th universe with the standard deviation sigma_n of S_n
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rath
Öntapadó jegyzet
so this property indexed by A follows from Lindeberg's condition, but it is not equivalent to it!!!

rath
Öntapadó jegyzet
we now prove that A follows from Lindeberg's condition

rath
Öntapadó jegyzet
by the linarity of expectation and the fact that the indicator of an event plus the indicator of its complement is equal to 1

rath
Öntapadó jegyzet
the maximum of certain quantities is less than or equal to their sum

rath
Öntapadó jegyzet
we proved that Lindeberg's condition implies the property indexed by A above
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rath
Öntapadó jegyzet
now the summands are i.i.d., so it is enough to look at xi_1

rath
Öntapadó jegyzet
|xi_1|^2 is the dominating variable, which has finite expectation by B above.
What is inside the expectation goes to zero as n goes to infinity

rath
Öntapadó jegyzet
Lindeberg's condition
(see page 116)

rath
Öntapadó jegyzet
weak convergence to standard normal
(see page 116)

rath
Öntapadó jegyzet
variance of summands is negligible
 compared to the variance of the sum
(see page 117)

rath
Öntapadó jegyzet
we will not prove Feller's theorem

rath
Öntapadó jegyzet
we will see two applications today. 
It takes two pages to explain each of them

rath
Öntapadó jegyzet
Lindeberg's condition

rath
Öntapadó jegyzet
where the summands are i.i.d.

rath
Öntapadó jegyzet
we can prepare a triangular array by putting
xi_1, ..., xi_n in the n'th row 
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rath
Öntapadó jegyzet
probabilists generally say "CLT" for any limit theorem where the limiting distribution is normal

rath
Öntapadó jegyzet
X_k is is the score achieved by the k'th contestant

rath
Öntapadó jegyzet
imagine that there is a competition with infinitely many i.i.d. contestants. 

rath
Öntapadó jegyzet
xi_k is the indicator of the event that the k'th contestant beats the record of all of the previous contestants

rath
Öntapadó jegyzet
S_n counts the number of times when the record got broken up to the n'th round

rath
Öntapadó jegyzet
this should sound counter-intuitive! If you hear that all of the contestants that came before you broke the record, wouldn't that make your job harder?

rath
Öntapadó jegyzet
this follows from the fact that 
(i) X_1, ... , X_k are i.i.d.
(ii) almost surely X_1, ..., X_k are all different.

rath
Öntapadó jegyzet
i.e., P( X_k=x )=0 for all real numbers x

rath
Öntapadó jegyzet
xi_1=1 because the first contestant almost surely beats all previous records :-)

rath
Öntapadó jegyzet
so in particular, if n is big then S_n is roughly equal to ln(n) and the order of magnitude of  |S_n-ln(n)| is sqrt(ln(n))

rath
Öntapadó jegyzet
so xi_k has Bernoulli distribution with parameter 1/k
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rath
Öntapadó jegyzet
but

rath
Öntapadó jegyzet
actually the difference converges to the Euler constant gamma

rath
Öntapadó jegyzet
since the sum of the reciprocals of the squares on positive integers is finite

rath
Öntapadó jegyzet
but epsilon is fixed, so as soon as sigma_n > 1/epsilon, we are summing all zeroes in Lindeberg's condition

rath
Öntapadó jegyzet
now equation D from page 119 follows from Lindeberg, since 
--it is OK to replace E(S_n) by ln(n) by Slutsky
--it is OK to replace sqrt(Var(S_n)) by sqrt(ln(n)) again by Slutsky

rath
Öntapadó jegyzet
the expected value of an indicator is equal to the probability of the event that it indicates

rath
Öntapadó jegyzet
linearity of expectation

rath
Öntapadó jegyzet
the variance of BER(p) is p*(1-p)

rath
Öntapadó jegyzet
summands are independent, thus the
variance of sum is the sum of the variances
1/1+1/2+...+1/k = ln(n) + O(1)
1/1+1/2^2+...+1/k^2= O(1)
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rath
Öntapadó jegyzet
this is why it is "borderline": the second moment of X_k is infinite, but it is only "barely" infinite

rath
Öntapadó jegyzet
note that we had to divide by sqrt(n*ln(n)) instead of sqrt(n), as in the usual CLT.
Also note that now we cannot divide by the standard deviation of the sum, since that is infinite 

rath
Öntapadó jegyzet
alpha_n is the truncation threshold

rath
Öntapadó jegyzet
in the n'th universe, we discard X_k if 
its absolute value is bigger than alpha_n

rath
Öntapadó jegyzet
this is a triangular array of random variables

rath
Öntapadó jegyzet
we will see that the trick is that 
(i) alpha_n is big enough so that in fact we don't discard any of the terms with high probability
(ii) alpha_n is small enough so that Lindeberg's condition holds for the truncated triangular array

rath
Öntapadó jegyzet
(i) law of unconsious statistician
(ii) symmetry

rath
Öntapadó jegyzet
an error term that goes to zero as n goes to infinity

rath
Öntapadó jegyzet
2 * 1/2 = 1

rath
Öntapadó jegyzet
Lindeberg's thm is all about pushing the
 boundaries of the classical CLT.
Now we push the boundary of the 
finite variance condition of the classical CLT

rath
Öntapadó jegyzet
so the classical CLT (see page 46) cannot be applied here
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rath
Öntapadó jegyzet
the total variance in the n terms in the n'th row of the tringular array

rath
Öntapadó jegyzet
by Lindeberg's thm

rath
Öntapadó jegyzet
the probability that we truncated anything in the n'th universe

rath
Öntapadó jegyzet
by the union bound:
the probability of the union of events is less than or equal to the sum of their probabilities

rath
Öntapadó jegyzet
the original and the truncated r.v. only differs if the size of the original r.v. is greater than alpha_n

rath
Öntapadó jegyzet
this is P( |X_1| > alpha_n )
we also used symmetry

rath
Öntapadó jegyzet
by the def of alpha_n on page 121

rath
Öntapadó jegyzet
c.f. def of alpha_n from previous page
c.f. asymptotics for sigma_n above

rath
Öntapadó jegyzet
since the r.v.'s in the n'th row are i.i.d., the sum in Lindeberg's condition is equal to n times its first term

rath
Öntapadó jegyzet
we can replace sigma_n with sqrt(n*ln(n))
 in the denominator
 using Slutsky and equation A above

rath
Öntapadó jegyzet
recall that |xi_{n,1}| is less than alpha_n
by the def of xi_{n,1} 
so the event inside the indicator
 is impossible if the inequality D holds

rath
Öntapadó jegyzet
If you think this example was artificial, think twice and take a look at the paper titled "Superdiffusion in the periodic Lorentz gas" by Tóth and Marklof which is about a natural model of the phenomenon observed in this exercise.




