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rath
Öntapadó jegyzet
phi_n is the char.fn. of X_n

rath
Öntapadó jegyzet
and the char.fn.'s converge pointwise to some function phi

rath
Öntapadó jegyzet
this theorem implies that D on page 91 implies C on page 91. 

rath
Öntapadó jegyzet
But the the thm on this page is stronger than the "D implies C" statement on page 91, because now we do not assume a priori that phi is the char.fn. of a r.v., this statement will come out of the proof

rath
Öntapadó jegyzet
this stronger formulation of the thm will allow us to define new famous probability distributions (that arise as limits in limit theorems) via their characteristic function.

rath
Öntapadó jegyzet
we will prove this theorem today

rath
Öntapadó jegyzet
phi_n is the char.fn. of X_n
(see page 86 for the char.fn. of normal distribution)

rath
Öntapadó jegyzet
so the above theorem is not applicable

rath
Öntapadó jegyzet
if F_n is the c.d.f. of X_n, then F_n(x) converges to 1/2 for every x. 
So weak convergence fails. 
Half of the mass escapes to minus infinity, half of it escapes to plus infinity

rath
Öntapadó jegyzet
recall def of tightness (page 77) and Helly's them (page 78)

rath
Öntapadó jegyzet
how to guarantee tightness using characteristic functions?

rath
Öntapadó jegyzet
Think about K as a big number.
In words: if phi(t) is close to 1 when t is close to zero, then the tail of the distribution of X is thin

rath
Öntapadó jegyzet
 "Lévy's continuity theorem"

rath
Öntapadó jegyzet
so our enemy is mass escaping to infinity and we want to find a way to fight it
(tightness = no mass escapes to infinity)

rath
Öntapadó jegyzet
BTW we will see that number on the r.h.s. of E is a real number
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rath
Öntapadó jegyzet
bounded interval, bounded integrand, so Fubini is applicable
(see page 101 for Fubini)

rath
Öntapadó jegyzet
we interchange integral and expectation
we also used linearity of expectation

rath
Öntapadó jegyzet
area of rectangle with horizontal sidelength 4/K and vertical sidelength K/2 is equal to 2

rath
Öntapadó jegyzet
fundamental theorem of Calculus

rath
Öntapadó jegyzet
Definition of the exponential of a pure imaginary number:
e^{i*y}=cos(y)+i*sin(y)
(if y is a real number)
cosine is an even function, sine is an odd function

rath
Öntapadó jegyzet
we are taking the expectation of a non-negative random variable on the l.h.s. of G.
So the r.v. inside the expectation on the r.h.s. of G is smaller than the r.v. that is inside the expectation on the l.h.s

rath
Öntapadó jegyzet
the r.v. inside the expectation on the l.h.s. of H is greater than or equal to the r.v. inside the expectation on the r.h.s. of H

rath
Öntapadó jegyzet
here we just use that either the indicator is zero or we have |X| >=K, hence K/2X <=1/2

rath
Kiemelés

rath
Öntapadó jegyzet
typo: we have to take the absolute value of X
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rath
Öntapadó jegyzet
we will derive tightness using that phi is continuous at t=0

rath
Öntapadó jegyzet
this is the def of tightness (c.f. page 77)

rath
Öntapadó jegyzet
since phi is the pointwise limit of phi_n as n goes to infinity, and
phi_n(0)=1 for all n, since phi_n is a char.fn.

rath
Öntapadó jegyzet
pointwise convergence! 
(we did not assume uniform convergence)

rath
Öntapadó jegyzet
this is a rather trivial case of dominated convergence theorem: bounded interval, uniformly bounded integrands

rath
Öntapadó jegyzet
by Lévy's lemma from page 108
(together with F and G above)

rath
Öntapadó jegyzet
with \tilde{K} in place of K.
(Taking \tilde{K} big enough takes care of n=1,2,...n_0 )

rath
Öntapadó jegyzet
we proved inequality A above

rath
Öntapadó jegyzet
note that the l.h.s. of D is a real number:
-- phi_n(-t) is the complex conjugate of phi_n(t) (see eq D from page 87)
--thus the same holds for phi
--we integrate on a symmetric interval, thus the imaginary part cancels out
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rath
Öntapadó jegyzet
which states that a tight sequence of random variables has a weakly convergent subsequence

rath
Öntapadó jegyzet
X is called "a subsequential limit"

rath
Öntapadó jegyzet
we denote the char.fn. of X by psi because at this point we do not know whether psi and phi are the same

rath
Öntapadó jegyzet
is a sequence of r.v.'s converge weakly to X then their char.fn.'s converge pointwise to the char.fn. of X

rath
Öntapadó jegyzet
in the statement of the thm on page 108 we assumed that the whole sequence phi_n converges pointwise to phi, so any subsequence also converges to phi

rath
Öntapadó jegyzet
namely, the r.v. X above

rath
Öntapadó jegyzet
it remains to show that the whole sequence converges weakly to X

rath
Öntapadó jegyzet
We will use the equivalent definition of weak convergence from page 81. We will assume that E(g(X_n)) does not converge to E(g(X)) for all bounded continuous g, and we will arrive at a contradiction

rath
Öntapadó jegyzet
using that g is bounded, so E(g(X_n)) is a bounded sequence, so we can choose a subsequence which converges to a limit c which is different from E(g(X_n))
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rath
Öntapadó jegyzet
the characteritic function of both X and \tilde{X} has to be phi (i.e., the pointwise limit of phi_n)

rath
Öntapadó jegyzet
X and \tilde{X} has the same distribution since the characteristic function characterizes the distribution

rath
Öntapadó jegyzet
by the equivalent characterization of weak convergence on page 81

rath
Öntapadó jegyzet
which contradicts our earlier finding that the same sub-sub-sequence converges to a value c which is not equal to E(g(X))

rath
Öntapadó jegyzet
we arrived at a contradiction which shows that indeed the whole sequence X_n converges weakly t X.
End of proof of Lévy's continuity theorem

rath
Öntapadó jegyzet
this is a weird-looking char.fn.
This example also demonstrates that it is not enough to know phi(t) for all t in [a,b] in order to recover phi(t) for all t

rath
Öntapadó jegyzet
g is "the rooftop function"

rath
Öntapadó jegyzet
in HW6.2(b) we looked at g(x)/2 (which is a p.d.f.) and calculated its char.fn., which turned out to be f(t)/2 (where f is defined above). 
Note: f(t)=psi(t)/2, where psi is defined below in eq H

rath
Öntapadó jegyzet
g is a continuous function

rath
Öntapadó jegyzet
so psi is in L_1

rath
Öntapadó jegyzet
again "a rabbit out of a magician's hat": we will verify our claims using inversion formulas, similarly to Cauchy on page 105
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rath
Öntapadó jegyzet
we can apply the inversion formula there, since 
g(x)/2 is a continuous p.d.f., psi(t)/2 is a char.fn. which is in L_1

rath
Öntapadó jegyzet
by switching the roles of t and x

rath
Öntapadó jegyzet
a 1/2 and a 2 from the definition of psi cancel each other
(see eq H from page 112)

rath
Öntapadó jegyzet
thus f (defined by eq E from page 112) is indeed a p.d.f. and its char.fn. is indeed  g

rath
Öntapadó jegyzet
compare this to the much simpler formula
E(X)=i*phi'(0) (see page 90)
(but for that formula you need E(|X|) to be finite)

rath
Öntapadó jegyzet
in words: if phi(t) is close enough to 1 when t is close to zero to make the r.h.s. finite then the tail of the distribution of X is thin enough to make E(|X|) finite

rath
Öntapadó jegyzet
the factor 2 disappeared because now the integral goes from minus infinity to infinity.
We also used that the cosine function is an even function 

rath
Öntapadó jegyzet
by the definition of the exponential of a pure imaginary number

rath
Öntapadó jegyzet
the equality also holds if E(|X|) is infinite.
If one side of the equation is infinite then
 the other side is also infinite

rath
Öntapadó jegyzet
notice that we are taking the absolute value of X

rath
Öntapadó jegyzet
eq C is eq B with minus t plugged in place of t
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rath
Öntapadó jegyzet
 we explain below why Fubini can be applied
(i.e., why can we interchange expectation and integral)

rath
Öntapadó jegyzet
we rewrite the integral using substitution

rath
Öntapadó jegyzet
see equation D from previous page

rath
Öntapadó jegyzet
and indeed in equation A above the integrand is non-negative

rath
Öntapadó jegyzet
so this Fubini is a different Fubini than the one stated on page 101




