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rath
Öntapadó jegyzet
we will now prove this theorem

rath
Öntapadó jegyzet
if the characteristic functions of X and Y agree, then their distributions also agree

rath
Öntapadó jegyzet
in words: expectation and integration can be interchanged

rath
Öntapadó jegyzet
see equation A on page 86

rath
Öntapadó jegyzet
today we will denote characteristic functions with the letter psi,
because we will use phi to denote the density function of normal distribution

rath
Öntapadó jegyzet
this is the characteristic function of normal distribution

rath
Öntapadó jegyzet
note that the char.fn. of normal distribution looks quite similar to the p.d.f. of normal distribution
this will play a role in the proof of the above thm




rath
Öntapadó jegyzet
We just switched the role of x and t in equation H of page 101

rath
Öntapadó jegyzet
definition of the density function of normal distribution with mean zero and standard deviation 1/sigma

rath
Öntapadó jegyzet
by equation A above:
just plug y-x in place of x and plug 1/sigma in place of a

rath
Öntapadó jegyzet
on the right-hand side of equation C you see the p.d.f. of normal distribution with mean y and variance sigma^2

rath
Öntapadó jegyzet
we are still setting up the notation for the proof of the theorem stated on page 101. 
We want to recover the distribution of X from the char.fn. of X

rath
Öntapadó jegyzet
the distribution of X_sigma is a "smoothed" version of the distribution of X

rath
Öntapadó jegyzet
by the above definitions

rath
Öntapadó jegyzet
= E ( 1[ Y <= (x-X)/sigma ] )=
E( E ( 1[ Y <= (x-X)/sigma ] | X ) ) =

rath
Öntapadó jegyzet
where capital Phi denotes the c.d.f. of Y 
(i.e., c.d.f. of standard normal distribution)

rath
Öntapadó jegyzet
in words: we used that (i) the probability of an event is equal to the expectation of its indicator, (ii) the tower rule of conditional expectation, (iii) the fact that Y is independent of X and Y ~ N(0,1)

rath
Öntapadó jegyzet
chain rule

rath
Öntapadó jegyzet
using the notation form equation G of page 101

rath
Öntapadó jegyzet
Compare this to the right-hand side of equation C above.
The conditional distribution of X_sigma given the value of X is normal with mean X variance sigma^2

rath
Öntapadó jegyzet
here we just define the char.fn. of X_sigma

rath
Öntapadó jegyzet
since X and Y are independent and Y ~ N(0,1)

rath
Öntapadó jegyzet
psi(t) is the char.fn. of X

rath
Öntapadó jegyzet
limit and expectation can be interchanged here.
Prove it using the dominated conv.thm.!

rath
Öntapadó jegyzet
def of X_sigma

rath
Öntapadó jegyzet
the p.d.f. of X_sigma

rath
Öntapadó jegyzet
we will now give useful formulas for the c.d.f., p.d.f. and char.fn. of X_sigma

rath
Öntapadó jegyzet
c.d.f. of X_sigma
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rath
Öntapadó jegyzet
"inversion formula" = "formula that recovers the distribution from the characteristic function"

rath
Öntapadó jegyzet
so we can recover the p.d.f. of X_sigma from the characteristic function of X_sigma

rath
Öntapadó jegyzet
mind the minus sign here

rath
Öntapadó jegyzet
by L,M,N on page 102

rath
Öntapadó jegyzet
linearity of expectation

rath
Öntapadó jegyzet
using notation from page 101

rath
Öntapadó jegyzet
we want to check that the inequality E from page 101 holds

rath
Öntapadó jegyzet
(i) the absolute value of the product of complex numbers is equal to the product of their absolute values
(ii) |e^{i*t*(X-x)}| = 1

rath
Öntapadó jegyzet
so it is OK to interchange expectation and integration

rath
Öntapadó jegyzet
here we choose y=X

rath
Öntapadó jegyzet
see H,I,J,K from page 120

rath
Öntapadó jegyzet
the next few results that we prove also fall in the broad category of "Fourier inversion" formulas
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rath
Öntapadó jegyzet
here is another inversion formula. 
In words: the p.d.f. of X can be recovered from the char.fn. of X

rath
Öntapadó jegyzet
psi is the char.fn. of X

rath
Öntapadó jegyzet
by the lemma from page 103

rath
Öntapadó jegyzet
this is what you will prove in HW8.1

rath
Öntapadó jegyzet
yet another inversion formula, which is simpler than the FACT above, but we have to assume more than above.

rath
Öntapadó jegyzet
f(x) is equal to this limit by the FACT above

rath
Öntapadó jegyzet
in we interchange the limit with the integral and then let sigma go to zero

rath
Öntapadó jegyzet
we are allowed to interchange the limit and the integral by the dominated convergence theorem

rath
Öntapadó jegyzet
(i) the absolute value of the product of complex numbers is equal to the product of their absolute values
(ii) |e^{-i*t*x}|=1
(iii) the middle term on the l.h.s. is in (0,1)

rath
Öntapadó jegyzet
this is a good dominating function by the assumption of the claim

rath
Öntapadó jegyzet
psi is the characteristic function of X

rath
Öntapadó jegyzet
the c.d.f. of X_sigma

rath
Öntapadó jegyzet
(i) X_sigma = X + sigma * Y (see equation D on page 102)
(ii) sigma * Y weakly converges to zero if sigma goes to zero
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rath
Öntapadó jegyzet
in words: X has Cauchy distribution with parameter one
(standard Cauchy distribution)

rath
Öntapadó jegyzet
c.d.f. of Cauchy distribution

rath
Öntapadó jegyzet
p.d.f. of Cauchy distribution

rath
Öntapadó jegyzet
in words: X has Cauchy distribution with parameter a if X/a has standard Cauchy distribution

rath
Öntapadó jegyzet
the first absolute moment of Cauchy is infinite

rath
Öntapadó jegyzet
E( |X| ) is equal to this by the law of the unconscious statistician

rath
Öntapadó jegyzet
a similar calculation as the one above shows this

rath
Öntapadó jegyzet
so the moment generating function of the standard Cauchy distribution is quite boring. 
(see the discussion at the bottom of page 85)

rath
Öntapadó jegyzet
this characteristic function is not an analytic function. In fact it is not even differentiable at t=0
(but this does not contradict our thm on page 90, since E( |X| ) is infinite )

rath
Öntapadó jegyzet
we will not calculate the characteristic function of the Cauchy directly. We will simply verify that equation K holds.

rath
Öntapadó jegyzet
It helps our calculation that we have already found the characteristic function of a r.v. whose p.d.f. looks like the char.fn. of Cauchy distribution.

rath
Öntapadó jegyzet
(1/2)*e^{-|x|} is the p.d.f. of the "symmetrized EXP(1) distribution"

rath
Öntapadó jegyzet
the rest of this lecture is about the Cauchy distribution and some of its strange properties

rath
Öntapadó jegyzet
since (2*x)/(1+x^2) >= 1/x if x >=1
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rath
Öntapadó jegyzet
switching the roles of x and t in the equation above, and plugging -x in place of x

rath
Öntapadó jegyzet
If this proof looks like a "rabbit out of a magician's hat", let me reassure you that there is another, more direct way of calculating the char.fn. of Cauchy distribution...

rath
Öntapadó jegyzet
...but the other method involves complex contour integrals and the Residue Theorem.

rath
Öntapadó jegyzet
using equation A from page 89
also using the fact that characteristic function characterizes the distribution

rath
Öntapadó jegyzet
thus Cauchy distribution is stable
(we will learn the definition of stability later)

rath
Öntapadó jegyzet
the characteristic function of the sum of independent random variables is the product of their characteristic functions

rath
Öntapadó jegyzet
the char.fn. of X+Y is the same as the char.fn. of CAU(a+b), thus X+Y has CAU(a+b) distribution
(since char.fn. characterizes the distribution)

rath
Öntapadó jegyzet
here comes the physical interpretation of the above claim

rath
Öntapadó jegyzet
Distance of lightbulb from the floor is a.


rath
Öntapadó jegyzet
thus the convolution of the p.d.f. of CAU(a) and the p.d.f. of CAU(b) is the p.d.f. of CAU(a+b). 
(proving this directly would involve complex contour integrals and residue thm)

rath
Öntapadó jegyzet
the angle of a randomly chosen photon is uniformly distributed on the bottom half of the circle around the lightbulb
(ceiling is a mirror)
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rath
Öntapadó jegyzet
see wikipedia

rath
Öntapadó jegyzet
every photon that hits the red line is replaced by a tiny lightbulb which has the same brightness as the photon

rath
Öntapadó jegyzet
because the light distribution on the blue line on the left picture is the convolution of CAU(a) and CAU(b)

rath
Öntapadó jegyzet
but this does not contradict the weak law of large numbers, because E( |X| ) is infinite if X ~ CAU(1)
(see thm on page 92)




rath
Öntapadó jegyzet
we just have to add up the parameters by the claim on page 106

rath
Öntapadó jegyzet
see equations D and E on page 105

rath
Öntapadó jegyzet
S_n/n does not converge weakly to a distribution concentrated on a deterministic number




