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rath
Öntapadó jegyzet
since phi(0)=E(e^{i*0*X})=E(e^0)=E(1)=1

rath
Öntapadó jegyzet
the absolute value of the expectation is less than or equal to the expectation of the absolute value

rath
Öntapadó jegyzet
since e^{i*t*x}=cos(t*x)+i*sin(t*x) and
sin^2(t*x)+cos^2(t*x)=1

rath
Öntapadó jegyzet
the sup-norm of the characteristic function is one

rath
Öntapadó jegyzet
phi(-t) is the complex conjugate of phi(t)

rath
Öntapadó jegyzet
-cosine is an even function
-sine is an odd function
-linearity of expecattion

rath
Öntapadó jegyzet
the limit and the expectation can be interchanged because the dominated convergence theorem can be applied here

rath
Öntapadó jegyzet
in this case, the characteristic function is 2pi-periodic

rath
Öntapadó jegyzet
exponential of a sum is equal to the product of the exponentials of the terms os the sum

rath
Öntapadó jegyzet
because if n is an integer then e^{i*2pi*n}=1
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rath
Öntapadó jegyzet
we will define an n-by-n matrix M with complex entries

rath
Öntapadó jegyzet
 1 <= k, l <= n

rath
Öntapadó jegyzet
a matrix M is Hermitian if the complex conjugate of M(k,l) is M(l,k).
This holds for our matrix M by identity D from page 87

rath
Öntapadó jegyzet
M is positive semidefinite if and only if the transpose of the vector z multiplied by M multiplied by the entry-wise complex conjugate of z is a  non-negative number for any vector z

rath
Öntapadó jegyzet
using the def of characteristic function and the fact that the exponential of a sum is equal to the product of the exponentials of the terms of the sum

rath
Öntapadó jegyzet
by the linearity of expectation and the fact that the complex conjugate of e^{i*a} is e^{-i*a} (if a is a real number)

rath
Öntapadó jegyzet
if we multiply a complex number with its complex conjugate, we obtain ins absolute value squared

rath
Öntapadó jegyzet
sometimes your homework will be to either prove or to disprove that a given function is the characteristic function of some random variable. You will never have to use Bochner.
I don't even know how to prove it...

rath
Öntapadó jegyzet
by the definition of matrix multiplication 

rath
Öntapadó jegyzet
typo: transpose of z
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rath
Öntapadó jegyzet
we have learnt a similar identity for moment generating functions, see HW1(a)

rath
Öntapadó jegyzet
so Y is an affine function of X.
we will express the characteristic function of Y using the characteristic function of X

rath
Öntapadó jegyzet
linearity of expectation

rath
Öntapadó jegyzet
the characteristic function of the sum of independent random variables is equal to the product of their characteristic functions.


rath
Öntapadó jegyzet
c.f. the analogous identity for moment generating functions, 
see page 7

rath
Öntapadó jegyzet
the expectation of the product of independent random variables is equal to the product of their expectations

rath
Öntapadó jegyzet
so it is enough to calculate it when a=1

rath
Öntapadó jegyzet
this distribution is symmetric about the origin

rath
Öntapadó jegyzet
by identity C on page 86

rath
Öntapadó jegyzet
by the law of unconsious statistician

rath
Öntapadó jegyzet
since Y=aX, using the identity A above
we obtain phi_Y(t)=phi_X(at)
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rath
Öntapadó jegyzet
this theorem relates the derivatives of the characteristic function of X at the origin to the moments of X

rath
Öntapadó jegyzet
this is quite similar to the lemma on page 16 (about the derivatives of the moment generating function of X and the moments of X)

rath
Öntapadó jegyzet
however (c.f. bottom of page 85), note that if the mom.gen.fn. is finite on an interval (-R,R) then it is analytic there, therefore it is infinitely differentiable. 
In this case, the char.fn. is also analytic


rath
Öntapadó jegyzet
but e.g. if E( |X|^k ) is infinite for some k, then the mom.gen. function Z(lambda) is infinite (except when lambda=0), in which case it might happen that the char. fn. is not differentiable

rath
Öntapadó jegyzet
in words: the thinner the tail of the distribution of X is, the higher moments of X will be finite, and the smoother the characteristic function of X becomes

rath
Öntapadó jegyzet
the k'th derivative of the chr.fn. of X at t

rath
Öntapadó jegyzet
the k'th derivative of the characteristic function phi at zero is equal to i to the power k times the k'th moment of X

rath
Öntapadó jegyzet
if E(|X|^k) is finite

rath
Öntapadó jegyzet
in the k'th absolute moment of X is finite

rath
Öntapadó jegyzet
we will only prove that if E(|X|) is finite then phi is differentiable at the origin

rath
Öntapadó jegyzet
using the def of the characteristic function phi and linearity of expectation

rath
Öntapadó jegyzet
e^{i*y} is the point on the unit circle with clockwise angle y.
y is the arclength on the circle from e^{i*0} to e^{i*y}.

rath
Öntapadó jegyzet
|e^{i*y}-e^{i*0}| is the length of the chord between 
e^{i*0} and e^{i*y}.

rath
Öntapadó jegyzet
the limit and the expectation can be interchanged by the dominated convergence theorem (see page 37), |X| is the dominating variable with finite expectation

rath
Öntapadó jegyzet
by the def of the derivative of e^{i*t*X} with respect to t, at t=0

rath
Öntapadó jegyzet
definition of derivative
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rath
Öntapadó jegyzet
in words: is the characteristic functions of two random variables coincide (for all real numbers t) then these two random variables have the same distribution

rath
Öntapadó jegyzet
in words: 
a sequence of random variables X_n weakly converge to Y if and only if the char.fn's of X_n converge pointwise to the char.fn. of Y

rath
Öntapadó jegyzet
we stated this theorem as soon as possibe, because we want to see examples of its usage as soon as possible

rath
Öntapadó jegyzet
we stated this theorem as soon as possibe, because we want to see examples of its usage as soon as possible

rath
Öntapadó jegyzet
this is a well known fact,
see page 46 and also the solution of HW2.3(d)

rath
Öntapadó jegyzet
this is the characteristic function of a Bernoulli variable with parameter lambda/n

rath
Öntapadó jegyzet
but we will now prove this well-known fact using characteristic functions
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rath
Öntapadó jegyzet
this is the characteristic function of a binomial random variable with parameters n and lambda/n

rath
Öntapadó jegyzet
the limit of (1+b/n)^n as n goes to infinity is e^b
here b=lambda*(e^{it}-1)

rath
Öntapadó jegyzet
this is the char.fn. of a 
Poisson random variable with parameter lambda

rath
Öntapadó jegyzet
the pointwise convergence of the char. functions of X_n to the char.fn. of Y implies that X_n weakly converge to Y
by the equivalance of C and D on page 91

rath
Öntapadó jegyzet
we assume that the first absolute moment of X_k is finite

rath
Öntapadó jegyzet
note that you have already seen a proof of the weak law of large numbers in Probability 1: that proof used Chebyshev's ineq. and the stronger assumption that E(X_k^2) is finite

rath
Öntapadó jegyzet
law of unconscious statistician

rath
Öntapadó jegyzet
by equation H on page 91

rath
Öntapadó jegyzet
by equation G on page 91 

rath
Öntapadó jegyzet
Taylor expansion of exponential function
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rath
Öntapadó jegyzet
phi is the char.fn. of one of the summands

rath
Öntapadó jegyzet
by the theorem on page 90 and the assumption that E(|X_k|) is finite

rath
Öntapadó jegyzet
in words: an error term which is "small order of t"

rath
Öntapadó jegyzet
the value of a char.fn. at zero is equal to 1

rath
Öntapadó jegyzet
the derivative of the char.fn. at zero is equal to i times the mean of the random variable

rath
Öntapadó jegyzet
by formula C on page 89

rath
Öntapadó jegyzet
by formula A of page 89

rath
Öntapadó jegyzet
we used equation A above, but we changed perspective: equation A is an asymptotic statement where t goes to zero, but this equation is an asymptotic statement where t is fixed and n goes to infinity
(so t/n goes to zero)

rath
Öntapadó jegyzet
(1+i*t*m/n )^n goes to e^{i*t*m} as n goes to infinity, and the annoying error term which is small order of 1/n cannot ruin this

rath
Öntapadó jegyzet
"the law of the random variable concentrated on m" = 
"the deterministic number m" =
"the Dirac delta mass concentrated on m" =
"the degenerate probability distribution concentrated on m"

rath
Öntapadó jegyzet
by the equivalance of C and D on page 91

rath
Öntapadó jegyzet
S_n/n converges weakly to the deterministic number m, thus S_n/n converges in probability to m, see page 41




