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rath
Öntapadó jegyzet
Let us recall some facts that were proved in ea_9.pdf

rath
Öntapadó jegyzet
X_n is the position of the walker after n steps.
Y_k is called the k'th increment of the walk.

rath
Öntapadó jegyzet
distance of walker from the origin after n steps is roughly sqrt(n)

rath
Öntapadó jegyzet
M_n is the highest location visited by the walker in the first n steps

rath
Öntapadó jegyzet
the order of magnitude of M_n is also roughly sqrt(n)

rath
Öntapadó jegyzet
T_k is the hitting time of k.
T_k is the first time when the walker reaches location k

rath
Öntapadó jegyzet
the order of magnitude of T_k is roughly k^2.   
It takes roughly k^2 steps for the walker to reach location k

rath
Öntapadó jegyzet
here $\Phi$ denotes the cumulative distribution function of standard normal distribution

rath
Öntapadó jegyzet
$\varphi$ denotes the probability density function of the standard normal distribution. 

rath
Öntapadó jegyzet
if Y_k=1 then the walker moves up by one step, if Y_k=-1 then it moves down by one step

rath
Öntapadó jegyzet
Remember: we used E to prove G
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rath
Öntapadó jegyzet
thus f(t) decays polinomially as t goes to infinity

rath
Öntapadó jegyzet
thus 1/|X|^2 is an almost surely finite random variable with infinite expectation

rath
Öntapadó jegyzet
where T_1 is the time it takes for a random walker starting from the origin to reach level 1

rath
Öntapadó jegyzet
T_k has the same distribution as the sum of k independent copies of T_1

rath
Öntapadó jegyzet
Markov property = you forget where you came from, only your current location matters when you make your next move

rath
Öntapadó jegyzet
Strong Markov property : if Markov property also holds at stopping times. See Wikipedia 

rath
Öntapadó jegyzet
$\eta_2$ is the time it takes to reach level 2, once you have already reached level 1
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rath
Öntapadó jegyzet
they are independent because the walker forgets its past upon hitting level 1,2,...,k

rath
Öntapadó jegyzet
they are identically distributed because the increments of the walk are i.i.d.

rath
Öntapadó jegyzet
this follows from the Fact indexed by G on page 61

rath
Öntapadó jegyzet
see page 41 of the scanned lecture notes for the weak law of large numbers

rath
Öntapadó jegyzet
so S_n/n goes weakly to infinity, but S_n/n^2 converges weakly to Lévy distribution

rath
Öntapadó jegyzet
the tail probability of T_1 decays polynomially 

rath
Öntapadó jegyzet
 S_n/n^2 converges weakly. 
Thus the order of magnitude of the sum S_n is n^2

rath
Öntapadó jegyzet
this will be an exercise in Extreme Value Theory, since we are looking at the maximum of i.i.d. random variables

rath
Öntapadó jegyzet
the largest term of a sum is less then or equal to the sum itself

rath
Öntapadó jegyzet
the maximum of $\eta_1, ..., \eta_n$ is smaller than $n^2 x$ iff $\eta_1, ..., \eta_n$ are all smaller than $n^2 x$

rath
Öntapadó jegyzet
T_1 has the same distribution as \eta_1

rath
Öntapadó jegyzet
we raise to the n'th power because $\eta_1, ..., \eta_n$ are i.i.d.

rath
Öntapadó jegyzet
here we used the fact that you will prove in HW5.1

rath
Öntapadó jegyzet
the ratio of the the l.h.s. and the r.h.s. converges to 1 as n goes to infinity
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rath
Öntapadó jegyzet
the maximum of $\eta_1, ..., \eta_n$, normalized by n^2, converges in distribution to Fréchet, as n goes to infinity

rath
Öntapadó jegyzet
in particular, the order of the maximum of $\eta_1, ..., \eta_n$ is n^2

rath
Öntapadó jegyzet
this is because X_1+X_2 has normal distribution with mean zero and variance 2. 

rath
Öntapadó jegyzet
Moral of the story: both the Normal and the Lévy distribution have this property that we will call "stability". 

rath
Öntapadó jegyzet
by the convergence result marked by B on page 63

rath
Öntapadó jegyzet
by the convergence result marked by B on page 63


rath
Öntapadó jegyzet
by the convergence result marked by B on page 63


rath
Öntapadó jegyzet
$\eta_1,...,\eta_2n$ are i.i.d., thus the first half of the sum is independent of the second half of the sum

rath
Öntapadó jegyzet
It would be quite tedious to prove this identity using the p.d.f. of the Lévy distribution (see bottom of page 61) and convolution!
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rath
Öntapadó jegyzet
R_{k+1} is the first time n after R_k when the walker is at location 0

rath
Öntapadó jegyzet
the time of the k'th return to the origin, normalized by k^2, converges weakly to Lévy distribution

rath
Öntapadó jegyzet
by strong Markov property of the random walk

rath
Öntapadó jegyzet
the gap between the k-1'th and k'th return to the origin has the same law as the first return to the origin

rath
Öntapadó jegyzet
first return to the origin has the same distribution as the hitting time of level 1 plus one

rath
Öntapadó jegyzet
it does not matter whether the the target is above you or below you, because the law of the increments of the walk are symmetric

rath
Öntapadó jegyzet
here we used the Claim from page 62

rath
Öntapadó jegyzet
by the Fact indexed by G on page 61

rath
Öntapadó jegyzet
see page 51

rath
Öntapadó jegyzet
we define a new observable related to random walks, and we will prove a limit theorem about it

rath
Öntapadó jegyzet
the proof will use the limit thm about T_k

rath
Öntapadó jegyzet
xi_k is the length of the gap between the k-1'st return and the k'th return to the origin
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rath
Öntapadó jegyzet
L_n is the number of time instants j up to time n such that the location X_j of the walker at time j is the origin

rath
Öntapadó jegyzet
the largest number k such that R_k is less than or equal to n

rath
Öntapadó jegyzet
the number of returns up to time n is of order sqrt(n)

rath
Öntapadó jegyzet
this is a general trick of Renewal Theory. We have already used it on page 29 to relate Binomial to Geometric and in HW4.2(c) to relate Poisson to Exponential

rath
Öntapadó jegyzet
here we used the identity indexed by D above

rath
Öntapadó jegyzet
we used the Theorem from page 65 here

rath
Öntapadó jegyzet
we define yet another observable related to random walks.
We will prove yet another limit thm about it.

rath
Öntapadó jegyzet
the proof will use the limit thm about R_n
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rath
Öntapadó jegyzet
this is a corollary of the C.L.T. for random walk, see top of page 57

rath
Öntapadó jegyzet
see bottom of page 57

rath
Öntapadó jegyzet
see Theorem on page 66

rath
Öntapadó jegyzet
see bottom of page 57

rath
Öntapadó jegyzet
$\pi_n$ is the number of time intervals  between consecutive integers j-1 and j such that either X_{j-1}>0 or X_j>0

rath
Öntapadó jegyzet
the purple time intervals [j-1,j] satisfy X_{j-1}+X_j>0. These are the time intervals when the walker is on the positive side

rath
Öntapadó jegyzet
$\pi_9=5$ because we see five purple intervals out of the nine possible intervals up to time 9

rath
Öntapadó jegyzet
$\pi_n$ is the time that the walker spends on the positive side up to time n

rath
Öntapadó jegyzet
in a ping pong match between two equally strong players, what is the fraction of time when the first player leads? Note: the difference of the points of the two players performs a simple random walk

rath
Öntapadó jegyzet
\pi_{2n}/2n converges weakly as n goes to infinity, and the c.d.f. of the limiting distribution is on the r.h.s.

rath
Öntapadó jegyzet
we define an obervable related to random walks.
We will prove a limit theorem about it, but this proof will be longer!

rath
Öntapadó jegyzet
Note that pi_{2n}/2n is a random number between zero and one
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rath
Öntapadó jegyzet
arcsin is the inverse function of the sin function, see wikipedia

rath
Öntapadó jegyzet
chain rule

rath
Öntapadó jegyzet
this is the density function of the limiting distribution that appears in Paul Lévy's arcsine thm

rath
Öntapadó jegyzet
since f is a p.d.f.

rath
Öntapadó jegyzet
f(x) goes to infinity as x goes to 0.
f(x) goes to infinity as x goes to 1.



rath
Öntapadó jegyzet
the distribution is symmetric around x=1/2 : the law of the time spent on the negative side is the same as the law of the time spent on the positive side

rath
Öntapadó jegyzet
since the walker can only return to the origin at even time instants 

rath
Öntapadó jegyzet
the probability that the time spent on the positive side up to time 2n is equal to two times the lower integer part of n*x

rath
Öntapadó jegyzet
the proof will be very similar to the one that starts at the bottom of page 55 and ends on page 56

rath
Öntapadó jegyzet
Z_n is a "smoothed" version of $\pi_{2n}$. 
$\pi_{2n}$ is integer-valued, but Z_n has a nice density function, because Y "fills the gaps" between the possible values of $\pi_{2n}$

rath
Kiemelés

rath
Öntapadó jegyzet
typo: Y is independent of pi_{2n}
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rath
Öntapadó jegyzet
so $\tilde{y}$ is a real number between 0 and 2

rath
Öntapadó jegyzet
infinitesimal notation related to density functions: the probability that Z_n falls in a "tiny" interval around y with length dy is f_n(y)*dy, where f_n is the p.d.f. of Z_n

rath
Öntapadó jegyzet
because Z_n uniquely determines the value of its "even integer part" $\pi_{2n}$ and "even fractional part" Y

rath
Öntapadó jegyzet
the p.d.f. of Y on [0,2] is 1/2, since Y is uniformly distributed on an interval of length 2

rath
Öntapadó jegyzet
f_n is the p.d.f. of Z_n

rath
Öntapadó jegyzet
side remark about the p.d.f. of a transformed random variable
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rath
Öntapadó jegyzet
we used the formula from the bottom of page 69 with a=0 and b=2n

rath
Öntapadó jegyzet
f_n is the p.d.f. of Z_n

rath
Öntapadó jegyzet
used formula indexed by H on page 69

rath
Öntapadó jegyzet
i.e., the Lemma indexed by E on page 68

rath
Öntapadó jegyzet
we obtain that the p.d.f. of Z_n/2n converges pointwise to the p.d.f. of the random variable whose c.d.f. is on the r.h.s. of Paul Lévy's arcsine thm, see bottom of page 67

rath
Öntapadó jegyzet
and this integral is equal to (2/pi)*arcsin(sqrt(x)) if 0<x<1
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rath
Öntapadó jegyzet
the ratio of the two sides of the doubly wiggly equality converge to 1 as k goes to infinity

rath
Öntapadó jegyzet
the probability that the time spent on the positive side up to time 2n is equal to 2k

rath
Öntapadó jegyzet
the probability that the random walker is at location 0 at time k

rath
Öntapadó jegyzet
substitute 2k in place of n in HW4.3(c)
substitute 0 in place of x in HW4.3(c)


rath
Öntapadó jegyzet
this is what we obtain if we simplify the above equation

rath
Öntapadó jegyzet
thus we obtain the desired equation marked by E above

rath
Öntapadó jegyzet
the walker makes 2k stpes: 
X_{2k}=0 iff the number of upsteps is
 equal to the number of downsteps 



A

B

C
D

E

F

rath
Öntapadó jegyzet
see top of page 69

rath
Öntapadó jegyzet
using equation indexed by E on page 71, substituting the integer part of nx in place of k

rath
Öntapadó jegyzet
using equation indexed by E on page 71, substituting n minus the integer part of nx in place of k


rath
Öntapadó jegyzet
Cliffhanger!! (this proof will have to wait until the next lecture)




