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Abstract

We prove that the Birkhoff sums for “almost every” relevant observable in the stadium billiard
obey a non-standard limit law. More precisely, the usual central limit theorem holds for an
observable if and only if its integral along a one-codimensional invariant set vanishes, otherwise
a v/nlogn normalization is needed. As one of the two key steps in the argument, we obtain a
limit theorem that holds in Young towers with exponential return time statistics in general, an
abstract result that seems to be applicable to many other situations.

Introduction

The subject of this article, the stadium billiard, belongs to the class of dynamical systems that are
sometimes referred to as intermittent ones. This name is related to the weakly chaotic nature of
the time evolution that accounts for a modified, relaxed appearance of the behavior characteristic
to systems with uniform hyperbolicity. In particular, the mathematically rigorous investigation of
the stadium started with [Bun79] where Bunimovich showed (with respect to the natural invariant
measure) that the Lyapunov exponents are almost everywhere non-zero, and that the system is
ergodic. Thus in that respect the stadium billiard resembles dispersing billiards, however, when
finer statistical properties are discussed, deviations start to show up. Recent works by Markarian
([Mar04]) and Chernov—Zhang ([CZ05]) have obtained an upper bound on the rate of mixing: given
two sufficiently smooth (Holder or Lipschitz continuous) observables, their correlations decay as
O((logn)?/n). Although this upper bound is most likely not sharp, it is definitely not far from
the optimal either (see Corollary 1.3). In this paper we investigate the issue of probabilistic limit
laws and provide further evidence of the intermittent nature of the dynamics. Namely we show
that the limit behavior of a sufficiently smooth observable with zero mean, to be denoted by fy,
is characterized by a quantity I (cf. (1)), its average along the one dimensional set of trajectories
bouncing forever along the straight segments. In the typical case I # 0, the Birkhoff sums of f satisfy
a non-standard limit theorem — convergence in distribution to the Gaussian law can be obtained with
a v/cnlog n normalization, where the constant c is a multiple of I, see Theorem 1.1. On the other
hand the central limit theorem in its usual form applies if I = 0, see Theorem 1.4. These results
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have some almost immediate corollaries: we obtain the analogous limit theorems for the billiard flow
(Corollary 1.6) and, though in a very weak form, some lower bounds on the rate of correlation decay
(Corollary 1.3).

The issue of probabilistic limit laws in dynamical systems has a long history. In the chaotic set-
ting the possibly most frequently applied method is Gordin’s martingale argument (see |Gor69|, or
[You98| and references therein) that roughly states that under quite general conditions, whenever the
correlations decay at a summable rate, the usual central limit theorem holds. This technique, how-
ever, cannot treat non-standard limit behavior or non-summable decay rates. Recently Aaronson and
Denker have proposed an approach to the issue of non-standard limit theorems, see e.g. [AD01]|. The
dynamical systems they study, the so called Gibbs-Markov maps, possess some important features
characteristic to uniformly expanding Markov maps of the interval, in particular, they are strongly
chaotic. However, the functions f for which limit theorems are proved are unbounded, and do not
even belong to L?. This setting allows for the use of Perron-Frobenius techniques: there is a one
parameter family of transfer operators the spectra of which give precise information on the limit
behavior of the observable. In particular, the Birkhoff sums satisfy exactly the same limit theorem
that an i.i.d. sequence of random variables with the distribution of f would have. For details see
[ADO1] and Section 3.1 of the present paper.

The above ideas can be implemented to treat limit laws for bounded functions in weakly chaotic
systems Ty : Xo — X in case the following scenario applies. Let us assume that the source of
non-uniformity in hyperbolicity is a well-distinguishable geometric effect. Then one may consider a
subset X C X, such that the first return map onto X is uniformly hyperbolic, however, our observable
induces an unbounded function on X. Thus we arrive at a setting close to that of [ADO1]. This line
of approach has been successfully applied to systems for which the induced map is Gibbs-Markov
(see e.g. [Gou04]), which, however, is not exactly the case of the stadium billiard.

What replaces Gibbs-Markov property in billiards is the presence of a Young tower, an object that
has turned out to be very effective when estimating the rate of the decay of correlations. There
are two versions of Young towers: those with exponential return time statistics ensure rapid mixing
— exponential decay of correlations — via Perron-Frobenius techniques ([You98|), while those with
polynomial return time statistics give polynomial bounds on the rate of correlation decay — slow
mixing rates — via coupling techniques ([You99]). As to the case of the stadium billiard, the Young
towers constructed in [Mar04| and [CZ05] have polynomial return time statistics with respect to
the original map, and exponential return time statistics with respect to the induced map. The aim
of the present paper is, in addition to present our results on the stadium billiard, to demonstrate
that Young towers, originally designed to estimate mixing rates, are almost equally powerful when
the issue of various limit laws is investigated. Note that this fact has already been observed and
emphasized by Szasz and Varju in the papers [SV04a| and [SV04b).

The proof of Theorem 1.1 consists of two clearly distinguishable ingredients. On the one hand, via
Perron-Frobenius techniques, we prove Theorem 3.4, a general result in Young towers with expo-
nential return time statistics. This concerns the limit behavior of the Birkhoff sums of observables
belonging to the non-standard domain of attraction of the Gaussian law. It is important to note that,
as the Gibbs-Markov property is replaced by a Young tower, a new effect shows up that typically
rescales the normalizing sequence with a constant multiplicator. We would also like to emphasize
that this first ingredient of the proof is completely general and could be applied to many other sit-
uations. On the other hand, the second ingredient is directly related to the stadium billiard. We
rely on [Mar04] and [CZ05] when considering a suitable induced map that allows for a Young tower
with exponential return time statistics. However, in order to “pull back” the limit theorem from the



Young tower to the phase space of the billiard, and in order to give a transparent interpretation in
terms of quantities easy to calculate, we need to perform a finer and more detailed geometric analysis
of the stadium than the one presented in the above two papers.

We strongly do believe that our line of approach could be applied to obtain non-standard limit
theorems in many other hyperbolic dynamical systems, in particular, in certain billiards with slow
mixing rates. One of the most interesting candidates, the infinite horizon Lorentz process, for which
the significance of the limit behavior is further emphasized as it may give an effective tool to discuss
recurrence properties, is investigated by Szasz and Varju ([SV05]). Among others, it is also worth
mentioning skewed stadia (see [CZ05]) and dispersing billiards with cusps ([Mac83]). We plan to
turn back to these systems in separate papers.

The article has five sections. In the first one we state our main results and fix some basic notation.
The second section is devoted to general results on the stadium billiard. We essentially recall the
existence of Young towers for an induced map, proved by Markarian in [Mar04]. In the third part,
we study abstract Young towers and establish a spectral perturbation estimate. In particular, to get
a limit theorem, it is sufficient to study an integral with sufficient precision. In Section 4, we come
back to the stadium billiard map, and describe geometrically this integral. With a careful study of
the singularities of the stadium map, this gives an accurate description of this integral. Finally, in
Section 5, we use together the abstract results of Section 3 and the explicit estimate of Section 4, to
prove Theorem 1.1.

1 Results

Let ¢ > 0. We consider a region in the plane delimited by two semicircles of radius 1, joined by
two horizontal segments of length ¢, tangent to the semicircles. To a point on the boundary of this
set and a vector pointing inwards, we associate an image by the usual billiard reflection law. This
defines the stadium billiard map 7y : Xg — X,. This map admits a unique absolutely continuous
invariant probability measure .

A point in the phase space X is given by (r,0), where r € R/(2w + 2¢)Z is the position on the
boundary, and 6 € (—x/2,7/2) is the angle with respect to the normal to this boundary at r. The
invariant measure i is given by

cos @ drdf

dpg = ———.
Ho = 50r +20)

We will assume that » = 0 corresponds to the lower endpoint of the right semi-circle, and that

the boundary is oriented counterclockwise. Hence, the semicircles correspond to 0 < r» < 7 and

T+l <r < 2r+ L.

Let fy : Xo — R be a Holder function. We will be interested in the asymptotic behavior of the
Birkhoff sums of f;. The map Tj is slowly mixing, by [Mar04] and [CZ05|: its correlations decay
(at least) like O((logn)?/n). This estimate is not summable, whence the usual Gordin martingale
argument to get a central limit theorem does not apply. We will indeed prove that the usual central
limit theorem does not hold.

Let
1
I =— [/ fo(r,0) dr+/ fo(r,0)dr| . (1)
20 re[m,m+4) re[2m+£,27+2/)
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This is the average of f; along the trajectories bouncing perpendicularly to the segments of the
stadium.

In this article, we prove the following theorem:

Theorem 1.1. Let f,: Xo — R be Holder continuous, satisfying [ foduo =0 and I # 0. Then

Z OOTk;
— N(0,1),
\/cnlogn (0.1)
where
_ 4+3log3  £°I?
~ 4—3log3 4(m+0)

Remark 1.2. Note that here, and throughout the paper, log means logarithm with respect to the
natural base e. This is related to the fact that, at the level of concrete calculations, ¢ is obtained as
a sum that approximates the Riemann integral of the function %, see Section 4.

Corollary 1.3. Under the assumptions of Theorem 1.1, the quantity n [ fo - fo o Ty does not tend
to zero.

Proof. We have
n—1 2 n—1 A
/[ZfooTé“ :n/f()2+22(n—z’)/f0.fooT1.
k=0 i=1

If [ fo- fooT?=0(1/i), we obtain [ [>°77 foo T"“f = o(nlogn). In particular, the variance of the

random variable Z’“&i\/%no tends to zero. This implies that this random variable tends to zero in
probability, which is in contradiction with Theorem 1.1. O

This corollary indicates that the upper bound O((logn)?/n) on the decay of correlations, proved by
Markarian and Chernov-Zhang, is close to optimal (it may probably be replaced by O(1/n), since
the (logn)? seems to be due to the technique of proof).

We also obtain the following (easier) result:

Theorem 1.4. Let fo : Xo — R be Hélder continuous, satisfying [ fodpo = 0 and I = 0. Then
there exists o2 > 0 such that

n—1

k=0 fO © T(gﬁ

NG

Moreover, 0® = 0 if and only if there exists a measurable function xo : Xo — R such that fy =
Xo — Xo © Ty almost everywhere.

— N(0,0%). (2)

Hence, when I = 0, the Birkhoff sums of f; satisfy a usual central limit theorem.

Before going into the details of the proof we consider one particularly interesting observable: the free
path. Given x = (r,0), we denote Tox = (r1,6;) and define 7y(z) as the planar distance of r and

. In other words, 7(z) is the length of the trajectory segment the point particle follows until the
next c0111s10n To investigate the limit behavior of the free path 75 : Xq — R, we have to subtract its
mean F(79) = [ 7o duo, thus we define 75 (z) = 19(x) — E(7p). There is a remarkably simple formula
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for E(1y) that can be obtained by comparing the invariant measures for the billiard map and the

billiard flow (see [Che97]):

(7w~ 20)

o (3)
20+ 2m

On the other hand, we may easily calculate (1) as we have 74(r,0) = 2 whenever r € [r, 7 + (] or

r € [2m + (, 27 + 2{], thus [, =2 and [ =2 — “2(;:225). This means there is a “best” stadium with

(=10 = 4”’7212 ~ 1.18 for which I~ = 0 and consequently, by Theorem 1.4 the (centralized) free

27—
path satisfies the usual central limit theorem. However, whenever ¢ # (*, we have I.» # 0 and, by

Theorem 1.1 a stronger normalization is needed.

E(r) =

It is interesting to know when the central limit theorem of Theorem 1.4 is degenerate, i.e., when
o = 0. The coboundary condition fy = xo — X0 © Tp is not easy to manipulate, since it is valid only
almost everywhere, but it is nevertheless quite restrictive, by Livsic-like arguments. For example, we
can prove the following:

Proposition 1.5. In the stadium with { = (*, the free path satisfies a non-degenerate central limit
theorem, i.e., o # 0.

This proposition will be proved in Subsection 5.3.

Our interest in 7y is also related to the fact that the billiard low may be considered as a suspension
above the billiard map with the roof function 7y(z). By [MT04] suspension flows do inherit some
statistical properties from the base transformation, in particular limit theorems, under quite general
conditions. Let us denote the billiard flow by

Leb

X, ={(z,u) |z € X0,0 <u<m9(x)}/ ~, (z,70(x)) ~ (Toz,0), Si(x,u) = (x,u+t), p, = ,uoxm

where the action of the flow is understood modulo identifications. Consider a Holder observable
® : X, — R satisfying [ ®du, = 0, and define

T
1
Or(z) = / O(S'x) dt; Jo = — [/ / O(r,0,t)dtdr| .
0 20 relmm+Lu2n+£,2m+2¢] J t€[0,2]

Corollary 1.6. 1. If Jo # 0, then
o7

/55T log T

Here c is the constant from Theorem 1.1, with I replaced by Jg.

— N(0,1).

2. If Jo =0, then
— N(0,03)

5%

for some o3 > 0.

Proof. Define fy : Xo — R as fo(z) = [°“) ®(S,(x,0))dt. The function f, is Holder, [ fodu =
E(7y) [ ®du, = 0 and I;, = Jo. Hence, depending on the value of .J3, one of our two main theorems
applies. To show that ® inherits the limit behavior from f;, we apply the flow version of [Gou03,
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Theorem Al] recalled as Theorem 5.1 in this paper (see also Remark 5.2). We only need to check
that the three conditions of this theorem are satisfied. In case Jp # 0 (and even if Jy = 0 and
¢ = (*) conditions 1 and 3 are satisfied with b = 1. Then condition 2 is merely the Birkhoff ergodic
theorem, thus the first statement is established. If J; = 0, the appropriate normalization for 7, may
be y/nlogn as opposed to \/n needed for fy. Thus conditions 1 and 3 of Theorem 5.1 are satisfied
for any 0 < b < 1, but not for b = 1. This means condition 2 has to be established for some b < 1,
but this is merely our Remark 5.6. This completes the proof of the second statement. O

We will say that a Holder continuous function f, : Xy — R with vanishing integral satisfies (P1)
if I # 0 and f, vanishes on the set of points 2 such that z, Ty(x) and T, *(z) belong to the same
semicircle, and that f, satisfies (P2) if I = 0. We will in fact prove Theorem 1.1 for functions
satisfying (P1), and Theorem 1.4 for functions satisfying (P2). This will imply Theorem 1.1 in full
generality. Namely, if f, is Holder continuous and satisfies I # 0, then we may write it as fo = f1 + fo
where f; satisfies (P1) and f, satisfies (P2). By Theorem 1.4, \/%f;n — 0. Hence, it is equivalent to
have Theorem 1.1 for fy or f;. We will comment on the technical reason for introducing the classes
(P1) and (P2) in Remark 2.4 below.

In this paper, C' will denote a generic constant, that can change from one occurrence to the next.
Some constants, which will be used at different places in the paper, will be denoted by C;, (s, ...
and will have a fixed value.

2 Background material on the stadium billiard

2.1 Geometric description of the initial map and of an induced map

The map T, has almost everywhere two nonzero Lyapunov exponents. However, the expansion in
the unstable cone (and the contraction in the stable cone) are not uniform: points bouncing many
times between the segments, or sliding along the circles, have an expansion arbitrarily close to 1.

To get uniform expansion, we follow [Mar04]| and |[CZ05]. First let us note that the phase space X,
defined by two variables, the periodic position coordinate r, and the angular velocity coordinate 6
with values in the interval (—7/2,7/2), has the shape of a cylinder. Let X be the set of points = in
Xy such that z belongs to a semicircle and 7~!(z) does not belong to this semicircle. It is not hard
to check geometrically that

X= | {ryx(=r/2m/2=r/2)u | {r+m+0 x(—r/2,7/2—7/2).
re(0,m) re(0,m)

In particular,
T 272 cos 6 dr d 2
fo(X) =2 / = . (4)
r=0J0=—r/2 47'[' + 4€ T+ é

Define a new probability measure on X by

_cos 6drdé
Ea—

For x € X, let v, (z) = inf{n > 1,7j(z) € X}. This is the return time of . Let T': X — X be

the first return map, induced by Ty on X, i.e., T(z) = Ty +)(2). This map preserves the probability
measure 4 on X. Moreover, it is uniformly hyperbolic in the following sense:

dp
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Proposition 2.1. There exists a continuous family of closed cones C*(x) for x € X, such that
DT (z)(C*(x)) C C*(Tx). Moreover, there exist constants A > 1 and C' > 0 such that, for all x € X,
for all v € C¥(x), for all n € N such that T™ is defined and differentiable at x,

DT (z)v]| = CA™ [|o| .

Moreover, these cones are uniformly bounded away from the horizontal and vertical directions (i.e.,
{d0 = 0} and {dr = 0}).

In the same way, there exist stable cones C*(x), which satisfy the same properties for T, except
that they are not bounded away from the horizontal direction.

This proposition can be found in [Mar04] and [CZ05|. For future reference we recall some ideas
from its proof. In billiard theory there are two different ways of measuring the length of a stable
or an unstable vector v = (ér,060). The euclidean metric is defined as ||v|| = +/|07|?> + |60|?> while
the p-metric as [[v[|, = |dr|cosf. Geometrically, the p-metric measures distances orthogonally to
the flow direction along the wavefront that starts out of the one parameter family of phase points
corresponding to the tangent vector v. Furthermore, despite of being degenerate on the full tangent
space, it is well-defined on both the stable and the unstable cone and it satisfies |v]|, < |[|v]|.
Actually, the uniform expansion of Proposition 2.1 is proved for the p-metric in [Mar04] and [CZ05].
However, it is easy to check that there exists C' > 0 such that, for all z € X, for all v € C¥%(x),
|DT'(z)v||, = C |lv]|. Hence, the uniform expansion in the p-metric implies the same statement for
the euclidean metric, up to a constant C.

Convention 2.2. Unless otherwise stated, in billiard related calculations we use the euclidean metric
throughout the paper.

There are two different types of points for which ¢, (z) can be large: they correspond to points
bouncing many times between the segments, or sliding many times along the circles. We will need to
describe rather precisely the hyperbolic behavior of T" in bouncing regions. The Proposition below
can be checked by direct calculation, see also [CZ05| and references therein.

Proposition 2.3. If x is a bouncing point satisfying ¢, (z) = n, then T contracts the p-metric of
vectors in the stable cone at least by a factor %, while T~ contracts the p-metric of vectors in the
unstable cone at least by a factor % Moreover, Tx and T~ x are bouncing points with o (Tz) > n/4,
o (T7'z) = n/4 if n is large enough. This implies, in turn, that the above contraction estimates are
valid in the euclidean metric as well.

Remark 2.4. Note that if = is a sliding point satisfying ¢ (xz) = n, then we can only guarantee
that Tx and T~ 'z are sliding points with ¢, (Tx) > Cv/n and ¢, (T 'z) > C+/n. This has an
unfortunate consequence: we can only apply the coboundary arguments of Section 2.3 to functions
vanishing along sliding trajectories. Essentially this is the technical reason for introducing the classes
(P1) and (P2). The proof of Theorem 1.1 relies heavily on Perron-Frobenius techniques, and thus
requires an expanding setting, which implies that collapsing along stable manifolds — coboundary
arguments — are essential. Now for the class (P2) it is enough to prove the usual central limit
theorem (Theorem 1.4) which can be carried out in a roundabout way in the hyperbolic setting, see
Section 5.2.



2.2  Young tower of T

A compact subset R C X is a rectangle if there exist € R with a local stable manifold W (z) and
a local unstable manifold W (z), and two Cantor sets C° C W} (z) and C* C W} .(z), such that,
for any y, € C*® and y, € C*, then y, has a local unstable manifold W}"_(y,) and y, has a local stable
manifold W} (y,). Moreover, these two local manifolds intersect at exactly one point, and this point
belongs to R.

An s-subrectangle of R is a set <Uyec Wlsoc(y)> N R, where C is a compact subset of C,. A u-
subrectangle is defined in the same way.

[Mar04] and [CZ05] have proved that 7' : X — X satisfies Chernov’s axioms of [Che99]. This implies
that it admits a hyperbolic Young tower in the following sense: there exist a rectangle R of positive
measure, a partition R = | J R; (modulo 0) by s-subrectangles, and return times r; € N such that 7"
is a homeomorphism on R;, and T"(R;) is a u-subrectangle of R. Moreover, the tails of the tower
are exponentially small: there exist p < 1 and C' > 0 such that

‘v’nGN,,u(U Ri> < Cp™.

>N

We can then define an abstract space A as the disjoint union of the sets Tf(RZ-_) for i € N and
k < r;. It is endowed with a natural projection 7x : A — X and a dynamics U : A — A such that
nxolU=Tomy.

Young has proved in [You98] that it is possible to construct on A a probability measure px which
is invariant under U and such that (7x),(;x) = p. Note however that 7y is in general strongly not
injective, so that ux can not be defined as the pullback of x. Rather, one constructs an invariant
measure for U, and one proves that its projection, being absolutely continuous with respect to x and
T-invariant, is necessarily pu.

It is then useful to go from this abstract hyperbolic dynamics to an abstract expanding dynamics.
To do so, one identifies the points of A which are on the same stable leaf in some rectangle. This
defines a space A, together with a projection 7o : A — A. Since the map U sends stable leaves to
stable leaves, it gives rise to a dynamics U : A — A on the quotient. The measure pa = (7a)«(1a)
is invariant under U. Then (A, U, ua) is an ezpanding Young tower, in the sense of Section 3.2.

2.3 Coboundary results

Let fo : Xo — R be a Holder function satisfying (P1), for which we want to prove a limit theorem.
Since it is easier to work in an expanding and well understood setting, we will first prove results in
A, and then go back from A to Xj.

For x € X, let first f(x) = fléx)fl fo(Tz). This function is not bounded any more. However, if
two points x and y are on a local stable manifold which is not cut by a discontinuity of 7, during
the next n iterates of Ty, and with ¢, (z) = ¢ (y) = n, then

[f (@) = f(y)] < Cnd(z,y)* ()

for some o > 0. In the same way, if x and y are on a local unstable manifold which is not cut during
the next n iterates of Ty, and ¢4 (2) = ¢.(y) = n, then |f(z) — f(y)| < Cnd(Tz,Ty)*. Moreover,
the property (P1) implies that f is bounded on the set of points sliding along the semicircles.
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Let X,, C X be the set of points bouncing exactly n times between the segments. Note that
w(Xp) ~ %. On X,,, the function f can be interpreted by means of a Riemann sum approximating
the integral of f over the set of points bouncing perpendicularly to the segments of the stadium, with
better and better precision as n increases. Thus the function f is equivalent to n/ on X,, (where [
is defined in (1)). Since I # 0 by assumption, we obtain

= (2 1202
M{$||f($)|>n}’\“2@~@- (6)
n/|I|

Hence, the distribution of f is in the nonstandard domain of attraction of the Gaussian law (see
Paragraph 3.1).

Define a function f on A by f = fomx. It would be easy to go finally from A to A if f were
constant along the local stable leaves in A (which would mean that f would induce a function on
the quotient A). This is in general not the case, but we will prove that f is cohomologous to such a
function, using the usual cohomology trick.

For every rectangle in A, choose a definite unstable leaf. Define a projection 7 : A — A by
sliding along stable manifolds to this specific unstable manifold. We define a function u(z) =
S olf(UFz) — f(U*nz)]. Note that, despite of the fact that T contracts stable manifolds uni-
formly, the function u(x) may not seem well-defined at first sight, as f and its Holder constant are

unbounded. Nevertheless, whenever f is large, T contracts stable manifolds strongly, and the Holder
constant can be regained by going down the tower. This is the essence of the following lemma.

Lemma 2.5. The function @ is well defined and bounded on A.

Proof. In this proof the positive constants C' do depend on the Holder exponent «, but this has no
significance. Let K € I}I be such that 0£K > 1. Consider first z which is at height > K in the tower.
Let y = mx. Let 2/ = U Xz and 3y = U~%y. We will prove that

Vk € N, |f(UFz) — f(U*y)| < Cd(mxUra’, mx U*y')". (7)

Namely, if o (mxU*z) = n, then
|f(UFz) — f(U*y)| < Cnd(rxUrz, mxUFy)* = Cnd(mx UF R 2! mx U)o (8)
by (5). If n = ¢, (nxU¥z) is bounded, the conclusion is trivial. If n is large and mxU*z is a sliding

point, the conclusion is also trivial by (P1).

Hence, assume that n is large and that nxU"x is a bouncing point. Proposition 2.3 implies that, for
0<i<K, o (rxUrtia’) > n/45=" > n /4%, Once again by Proposition 2.3, we get

o o C o o
d(WXUk+Z+1.I/, 7TxUk+Z+1yl) < gd(ﬂ_XUkJrle’ 7TxUk+Zy/).
Hence,
_ ~ C ~ ~
d(mx UFE !y UMy < n—Kd(wXka’, mxU"y).
Together with (8) and the inequality K« > 1, this implies (7).

Since mx2' and mxy' are on a local stable manifold, d(mxU*2’, mxU*y') goes exponentially fast to
zero. Hence, the series >_ | f(U*x) — f(U"y)| is summable, and (z) is well defined.

9



Suppose now that z is at height < K. Let y = mx. Applying the previous argument to ' = x and
y' =y, we get that >~ . | f(U"z) — f(U"y)| is bounded. Moreover, during the first K iterates, = and
y Temain at a bounded height in the tower, which implies that f(U*z) and f(U*y) remain uniformly
bounded. This concludes the proof. O

Let g(z) = f(z) — u(z) + @(Uz). Then
g(z) = f(rx) +Z[ — f(U (71'(771’1‘))].

Hence, g(x) depends only on 7z, i.e., g is constant along the stable manifolds in the rectangles.
Consequently, there exists a function g : A — R such that g = g o ma.

It will be important that ¢ is regular enough on A, to use functional analytic techniques. For
x1, Ty € A, let s(xy, z5) be their separation time, i.e., the number of returns to the basis before
and x5 get into different elements of the partition. To obtain the following lemma, we will use several
times the same argument as in Lemma 2.5, but sometimes along unstable manifolds instead of stable
ones.

Lemma 2.6. There exist C' > 0 and 7 < 1 such that, for every x1, x5 in the same element of partition
of A,
1) = glaa)| < Creer).

Proof. Let us first prove that, if 21, x5 belong to the same unstable leaf in a rectangle of A, then
g(z1) — g(z2) is uniformly bounded. (9)

The same argument as in the proof of Lemma 2.5 shows that > ;= [f(U*(Unz)) — f(U*(xUrz))]
is bounded. Hence, it is sufficient to prove that f(mz;) — f(72;) is bounded. Let K be as in the
proof of Lemma 2.5. If z; (and 2) return to the basis of A before time K, then ¢ (z1) = ¢ (x2)
is bounded, which implies that f(7z;) and f(72,) are bounded. If x; (and x9) are sliding points,
then the conclusion is also a consequence of (P1). Otherwise, 1 and xs are bouncing points. We
show as in the proof of Lemma 2.5 (but along the unstable leaf containing mz; and 7zy) that
\f(mzy) — f(ras)| < Cd(rxUBnzy, mxUBmry)®. Since this quantity is uniformly bounded, this
concludes the proof of (9).

Take 1,75 € A on the same unstable leaf, and let s = s(ma(z1), Ta(22)). We will prove that
(1) = gwz)| < OA*/? (10)

for some C' > 0, where A < 1 is larger than the contraction coefficient of 7" along stable manifolds,
and the contraction coefficient of 7-! along unstable manifolds.

By (9), this is trivial if s < 2K. Hence, we can assume s > 2K. Let N = |£| > K, then

g(z1) = g(x2) = f(rz1) — f(722)

+N1[f(U (Urxy)) — f(Uk(UﬂxQ))] +N—1[f(Uk(7rU7r:c2)) — f(Uk@rUﬁxl))} a1

+ 3 A0 Oran) = F(O (xOma))| + i F(0*(xUrz2)) = J(O*(Ura))]

g

i
=
i
=
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Since N + K < s, we have for any k < N

’f(Uk(Uﬂ'l‘l)) - f(Uk(UW$2))’ d(nx UMK (Uray), nx U (Unay))®

<C
< O\ k+K+1))d(7TXU mry, TxUSTas)® < < O\M=F)
Summing over k, we obtain

N-1

[ F(Uraxy)) f(Uk(Umcg))}

k=0

< C/\a(s—N) < C/\as/Q'

The other term on the second line of (11) can be estimated in the same way, as well as the term on
the first line of (11).

Since N > K, we also have for any k > N

’]E(Uk(Uﬂ'l’l)) —f(Uk(WUW:L’l))’ d(nx UK (Urxy), ix U5 (nUna,))"

<C
< CXNF By (Urzy), mx (mUmx,))* < CXF,

Summing over k, we obtain

3 [f(Uk(Umcl)) - f(Uk(WUle))} < OXN < ON/2,
k=N
The other term on the third line of (11) is handled in the same way. O

3 Limit theorems in Young towers

3.1 A result by Aaronson and Denker

A function f: R — R is slowly varying if, for all A > 0, f(A\z)/f(x) tends to 1 when x — oo.

By classical probabilistic results, a real random variable Z is in the nonstandard domain of attraction
of the Gaussian distribution A/ (0, 1) if and only if it satisfies one of the following equivalent conditions:

e The function L(z) := E(Z?1z)<,) is unbounded and slowly varying.

o P(|Z| > z) ~ z72(z) for some function [ such that L(z) := 2f - 1) 4y is unbounded and
slowly varying.

Remark 3.1. In this case, L(z) ~ L(z) when 2 — oo, and I(z) = o(L(x)). It is possible, however,
that [ is not slowly varying and that these conditions hold anyway.

Such a random variable belongs to LP for all 1 < p < 2, but not to L?. We will say that [ and
L are the tail functions of Z. They are defined up to asymptotic equivalence. Choose a sequence
B, — oo such that £z L(B,) — 1. Then, if Zy, Z;, ... is a sequence of independent random variables
distributed as Z, then
Z0+"'+Zn_1 —nE(Z)
Bn

— N(0,1).
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More generally, if 2+ L(B,) — C' > 0, then the previous sequence converges to N(0,C).

In [ADO1], Aaronson and Denker have proved the same kind of limit theorem when the sequence
Zo, Z1, ... is not independent. More precisely, consider U a mixing Gibbs-Markov map (as defined
in [Aar97]) on a space A, preserving a probability measure pa, and let g : A — R be a function
which is locally Holder and whose distribution with respect to pa is in the nonstandard domain of
attraction of N'(0, 1) as above. Then they prove that

nggOUnL---+gOU"*1—nfg_>

5 N(0,1)

as above.

The proof goes as follows: let U be the transfer operator associated to U, and (/]\t its perturbation
given by Uyu = U(e"™u). These operators satisfy a Lasota-Yorke inequality on the space of Hélder
functions, and Hﬁt — ﬁH = O(t). Hence, the eigenvalue \; of U, close to 1 satisfies IAe — 1| = O(1),
and the corresponding eigenfunction w; (normalized so that [w, = 1) is such that [Jw; — 1| = O(¢).

Then they prove the abstract lemma below, which has nothing to do with dynamics and could be
stated on any probability space whenever g has the appropriate distribution.

Lemma 3.2. For any bounded measurable function w on A,

. , t?
e =1=itgyo =~ [ 1cgu + ful o L(1/1).
Here, the o(t*L(1/|t|)) is uniform in w.

Applying this lemma to w;, one gets

. ; . t?
A —1— Zt/gwt = /(eltg — 1 —itg)w, = ) / 1\9\<1/|t|92wt +o(tL(1/[t]))

(where we have used the fact that w, is bounded). Since ||w; — 1| = o(1),

t2 t2
5 / Lgi<1/g”we = 5 LOL/[E) (1 + o(1)).

Hence, ,
N=1+4 it/gwt _ %L(1/|t|)(1 +o(1)), (12)

Finally, [ gw; = [ g+ O(t) since |jw; — 1|, = O(t). So we get

N—1 —i—it/g - §L<1/m>(1 +o(1)).

This expansion is sufficient to get the required limit theorem.

3.2 The result in Young towers

Let (A, ua) be a probability space and U : A — A a probability preserving map. We say that
(A,U) is an ezpanding Young tower ([You99]) if there exist integers r, € N* and a partition

.....
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1. For all p and k < r, — 1, U is a measurable isomorphism between A, and Ay, ,, preserving
HA-

2. For all p, U is a measurable isomorphism between A, _;, and Aq := J,, Aom-

3. Let Uy be the first return map induced by U on A,. For z,y € A, define their separation time
s(z,y) = inf{n € N | Uj(x) and UJ'(y) are not in the same A ,}. We extend this separation
time to the whole tower in the following way: if z,y are not in the same element of partition,
set s(z,y) = 0. Otherwise, =,y € A,. Let 2/,y' € Ag, be such that x = U*2’ and y = U*y/,
and set s(x,y) = s(2/,y).

For z € A, let J(x) be the inverse of the jacobian of U at x. We assume that there exist 5 < 1
and C' > 0 such that, for all z,y in the same element of partition,

' _J=)
J(y)

Remark 3.3. Note that the definition of separation time in [You98] is in terms of the number of
all iterations of U, while we follow the convention of [You99] when we define separation in terms of
returns to the basis. Hence, our setting is more general than that of [You98|, but it will make the
proof of the spectral gap more complicated.

< Cﬁs(Um,Uy) (13)

Let A, = |JA,,. This is the set of points at height n in the tower. We will say that (U, A) is an
expanding Young tower with exponentially small tail if there exists p < 1 such that ua(A,) = O(p").

Let J™ be the inverse of the jacobian of U™. It is standard that (13) implies that the distortion of
the iterates of U is uniformly bounded, in the following sense: there exists C' > 0 such that, for all
points z,y such that U*z and U*y remain in the same elements of the partition for 0 < k < n,

JM ()

. < C s(U"J:,U"y). 14
7G| < ()

A function g : A — Ris locally Hélder if there exist C' > 0 and 7 < 1 such that |g(z)—g(y)| < C75@¥)
for all =,y in the same element of the partition. This is exactly the type of functions that arise from
the stadium billiard, cf. Lemma 2.6. Note that g can very well be unbounded. Without loss of
generality, we can assume 7 > (3.

Let w(z) be the height of the point z, i.e., w(x) =n if x € A,,. Let mp : A — Aq be the projection
to the basis, and define a function G on A by G(z) = Z:(:mo)*l g(U*mex). In this setting, we get the
following extension of the theorem proved by Aaronson and Denker:

Theorem 3.4. Let U : A — A be an expanding Young tower with exponentially small tail, and let
g : A — R be locally Hélder continuous. Assume that the distribution of g is in the nonstandard
domain of attraction of N(0,1), with tail functions | and L. Assume moreover that | and L are
slowly varying, and l(zlnz)/l(z) — 1, L(zlnz)/L(x) — 1 when x — oco. Finally, assume that there
exists a real number a # —1/2 such that

/g(e”G —1)=(a+o0(1))itL(1/]t])) whent — 0. (15)

Write Li(z) = (2a + 1)L(z), and choose a sequence B, — oo such that £z Li(B,) — 1. Then

Sng_nfg
IS S (0.
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The additional assumption on [ and L is satisfied in most natural cases (for example when [ = 1 and
L = In, which will be the case for the stadium billiard).

When a = 0, we get the same asymptotics as in Aaronson-Denker’s Theorem. However, when a # 0,
then there is an additional effect due to the presence of the tower. Theorem 3.4 discusses the case
when the two effects are of the same order of magnitude. The constant a reflects the proportion
of the two effects: its value is intrinsic and does not change, for example, when the function ¢ is
multiplied by a constant factor. In principle one could imagine a = —1/2 which could result in the
two effects cancelling out, however, a negative a is not very likely to be realizable in a dynamical
situation — this would mean that the value of g high up in the tower and its sum for the levels below
the level considered are negatively correlated.

The proof will follow the same lines as Aaronson-Denker’s proof: it is possible to construct a good
space on which the transfer operator U has a spectral gap. The perturbed operator U; also has
a spectral gap, which gives an eigenvalue )\; and an eigenfunction w;. The main problem is that

Hﬁt — UH can not be O(t) in general: it is easy to construct examples where ¢ = o(H(Ut — ﬁ)lHLQ),

whence ¢t = 0<Hﬁt — (7”) as soon as the good space has a norm stronger than the L? norm, and
contains the function 1.

Using abstract arguments by Keller and Liverani, we can nevertheless prove that |\, — 1| = O(|t|'/'%)
and |Jw; — 1|, = O(|t|*/1°). This is (essentially) sufficient to apply Aaronson and Denker’s argument
and get N, = 1+t [ gw; — & [ 1y<1/pq9%we + o(t>L(1/]t])) as in (12). The main difficulty is then to
make the function w, disappear in this expression, to get something more tractable. We will namely
show that [ 1,4<1/149%w: ~ L(1/]t]) and [ gw, = [ ge'“+o0(tL(1/|t])), which will conclude the proof.

To do this, we need to know that w; — 1 = O(t) in some sense. To prove such an estimate, we use a
roundabout technical argument relying on the fact that the induced map on the basis of the tower is
uniformly expanding, to prove that ||1,(w; — 1)||, = O(t), and then we propagate this information
up in the tower, using the information we have already proved on \;. This propagation requires
the Birkhoff sums of g to be small enough. To ensure this on a set of large measure, we use the
information on the tails of g. This is the only point where the additional information on [ and L is
used.

3.3 Proof of Theorem 3.4

We will first prove Theorem 3.4 assuming that [ ¢ = 0. In Paragraph 3.3.5, we will show that this
implies the theorem in full generality. Hence, until the end of Paragraph 3.3.4, we will assume that

[g=0.
3.3.1 Construction of the functional spaces and the transfer operators

Since the tails of the tower are exponentially small by assumption, there exists p < 1 such that
pa(A,) < Cp™. Denote the return time to the basis from itself by . Take € > 0 such that ¢%p < 1.

For u : A — C, write

|lul|,, = inf{C | Vn € N, for almost every x € A,, |u(z)| < Ce*"}
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and

|ul], = inf{C' | for almost every z,y in the same element of the partition at height n,
[u(z) = uly)| < Cemr*0)},

Denote by H the space of measurable functions v on A for which [ju|| := [ju||,, + ||u]|, < +oo. It is
a Banach space included in L' (and even in L% because of the condition ¢%p < 1). This inclusion is
compact.

The following proposition is similar to a result of Young:

Proposition 3.5. There exist C' > 0 and 0 < 1 such that, for any v € 'H, for any n € N,

[T ul| < CO™ flull + C llul

Note that our definition of separation time is not the same as in [You98|, and that Young uses the
fact that the return to the basis only occur after a large time /N. This gives her a strong expansion,
sufficient to get rid of constants easily. This is not true in our setting. Hence, the proof of the
proposition will be more involved than Young’s.

Proof. Take © € Ag. Then Uru(z) = 3 J™(z,)u(z,), where the set {z,} ey is the set of all
preimages of x under U". Let A, containing z, be such that U" : A, — /A, is an isomorphism. Then
J™(z,) < Cua(A,) since the distortion is bounded, by (14). Let w, be the height of the set A, and
rp the number of returns of A, to the basis before time n.

For y € A,, s(x,,y) > r,, whence
u(zp) —uly)| < 77 [|uf],.-

Hence,

1
()] < 77 lul, + — / . 16
P : pa(Ap) Ay (16)

We get
07u(@)| < O palAy)res |lul, + C / . (17)

Let w : A — N be the function “height”, and let ¥, (z) be the number of returns of = to the basis
between time 1 and n. Then (17) implies that

U"u(z)] < C HUHl/ T e + O lull - (18)

U—"Ag

We will use the following technical lemma, which will be proved in the appendix.

Lemma 3.6. There exist C' > 0 and 6 < 1 such that, for any n € N,
/ e < OO, (19)
U—"Ag
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Increasing 6 if necessary, we can assume that e < 4.

This lemma, together with (18), implies that, for any = € A,

U u()| < CO™ [lull, + C llull .- (20)

Consider now x € A such that w(z) = k < n. Let 2’ be its projection in the basis. Then ﬁ"u(x) =
Un*u(z'), whence

e MU u()| = e U Fu(a')| < e *CO"F Jul, + Ce ™ |Jul| , < CO™ Jul, + Cllull, - (21)
Assume finally that w(z) = k > n. Let 2’ = U~"(x), it satisfies w(z’) = k —n. Then

e |0 u(@)| = e ="M u@)] < e ull,, (22)

These equations prove that
[T u)|,,, < CO™ |lull + C [l -

We still have to handle the Holder norm. Consider two points x,y in the same element of partition
of the basis Ay. Let x, and y, be their preimages, in sets A, as above. Then

U u(w) = U uly) < Y 1T (@p)uley) = T (y,)uly,)
(n)
<Zqummwmm+Zqu¢—Lﬁg

In the first sum, |J™ (z,)| < Cua(4,) and |u(z,) — u(y,)| < 75@W+reser ||y, Hence,

|u(yp)]-

D1 @p)lluley) = uly,)] < O ||u||l/ e < COMT D fu

U—"Ag
by Lemma 3.6.
In the second sum, |J™ (z,)| < Cua(A4,) and |1 — J(:)(y”) < Cr5@Y) by (14). Moreover, |u is
P P T () Yp

bounded by (16). Using these inequalities, we get
Z PARIES] '1 — 7 (up) lu(y,)| < ZCMA )T @Y 7T ||y, 4 #/ lul
J) () na(Ap) Ja,

< OPED [y / VeSO / ]
U—"Ag

<P 7 ful + O

by Lemma 3.6.

To sum up, we have proved that, when = and y belong to the same partition element of the basis,

U () — Uu(y)|

(@)

< OO [lull + Clull -
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Let now z and y belong to the same element of the partition, with £ = w(z) < n. Let 2’ and ¢ be
their projections in the basis. Then

el UMu(@) = U)o 0" () = O )] _ o e
e = e < e [0 F lull, + C flull 1]

< OO [Jull, + Clull -

Assume finally that £ > n. Let 2’ = U "z and vy = U "y. Then

Uru(z) — O™ ) —uly
€k| (= )S _ u(y)| _ efsnefs(k*n)w < 0" ||ul], .
T ( y) T ( 7y)

Summing up these equations, we get Hﬁ”u”l < CO™ ||lul|, + C |Ju|| ;.- This concludes the proof of the
proposition. O

Let g be the locally Holder function for which we want to prove a limit theorem. It is possible that
g & H, since ||g||,, is not necessarily finite.

Define a perturbed transfer operator, a la Nagaev, by ﬁt(u) =U (e9u).

Proposition 3.7. There exist constants C > 0 and 6 < 1 such that, for allt € [—1,1], for allu € H,

for alln € N,
HU”uH CO™ ||lul| + C||ul| 1 -

This proposition contains Proposition 3.5 as a special case, for ¢t = 0.

Proof. Let z € A. Then Ufu(x) = Y ym,_, €790 J0 (y)u(y), whence |Uj'u(x)| < U"|u|(z). The
bound on H(?"\u\ Hm thus implies the required bound on H(?t"uHm

For the Holder norm, take x and y two points in the same element of partition. Then, with the
notations of the proof of Proposition 3.5,

U" ‘_ )Z itSn9(@) 1) (12 Vu(z,) — *5900) 7O (y Yu(y,)
<Y TP (@ )ula,) = T (g ulyy)] + e tSnoten) — el | 70 (g ().

The first sum has already been estimated in the proof of Proposition 3.5. For the second one,
|eitSna(@p)  eitSna(up)| < nC75=¥), Hence, Proposition 3.5 implies that

|07 u|| < C(n+1)0" |Ju]] + C(n+ 1) |Jul 1 -

Choose N > 0 such that 6 := C(N + 1)0~ < 1. Tterating the equation HUNUH 0 jull + C ||lul .
(and using the fact that HUtNuHL1 < |l 1), we get

C
1T ul| < 8" Jull + +— lull,.

This implies the conclusion of the proposition, for the constant /N < 1. O

Lemma 3.8. Whent — 0, ||(7t - (7||H—>L3 = O(|t|1/6)-
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Proof. For u € H, (U, — U)u = U((¢" — 1)u). The transfer operator U is a contraction in every L?
space, and in particular in L3. Hence,

(= Oyl < 1€ = Ve < [l = 1] o o

Note that ||ul|;s < C |lu||. Hence, |0, = Ul|prs = O(||€™ — 1||;6)- To estimate this quantity, choose
C' > 0 such that, for all z € R, |¢® — 1| < C|z|"/S. Then [ e — 1[5 < C [ |tg] = O(|t|). Hence,
e — 1]l o = O([t]/°). 0

3.3.2 Definition of )\;, first estimates

By Proposition 3.5 and Hennion’s Theorem [Hen93|, the operator U:H — His quasicompact:
outside of the disk {|z| < 0}, its spectrum is composed of discrete eigenvalues of finite multiplicity.
In particular, by ergodicity, 1 is a simple isolated eigenvalue of U , with multiplicity one (and the
corresponding eigenfunction is the constant function 1).

Lemma 3.8 is not a continuity statement in H. However, the operators U and Ut satisfy a uniform
Lasota-Yorke inequality between H and L*, by Proposition 3.7 (and the fact that |jul|;, < |Julls)-
Hence, we can apply the abstract results of [KL99, Corollary 1| (following ideas of [BY93]). We get
the following:

For small enough ¢, U, has a unique eigenvalue A, close to 1, and it satisfies |\, — 1| = O(]¢|*/19).
Let P, be the corresponding eigenprojection. Then ||P||,,_,, is bounded when ¢ — 0. Moreover,
1P = Polls gz = O([t]/10).

Remark 3.9. Here, 1/10 could be replaced by any exponent < 1/6, but any positive exponent would
be sufficient for our purposes.

Let w; := P;1, and write w; = ﬂ%t. Then w; is bounded in ‘H and

lwe =1l 2 = O(I]"™°). (23)

Lemma 3.10. When t — 0,

2

t .
)\t =1- 5 / 1|g|<1/|t|g2wt + Zt/gwt + O(t2L(1/|tD) (24)
Proof. By definition, ﬁt(wt) = \wy. Integrating, we get

)\t = /eit‘gwt. (25)

We want to use Lemma 3.2 to estimate this integral. However, this lemma applies only to bounded
functions. Hence, we will have to modify w;.

Take # € A with w(z) > 0, and let 2 = U~'(z). The equation Uyw, = A, implies that
@, (z") = M\awy(z). Hence, |w,(z)| = |\ '|wi(2")|. Since w, is uniformly bounded on the
basis of the tower (since it is bounded in H), we get

Jwi(@)] < ClA| . (26)

18



Define a function w) by wi(z) = wy(z) if w(x) < [t|7/* and w|(x) = 0 otherwise. It belongs to H,
with [Jw}]| < ||wy]|. Since A, = 1+ O([t|/1?), (26) implies that

lwille < CL+ClM <
Lemma 3.2 applied to w; gives

Jeer =1 itgui = =5 [ Lyayugtui + oL/, (27)

Let us show that this equation is also satisfied by w} := w; — wj. First,

[

When ¢ is small enough, p(1+C|t[/1°) < \/p < 1. Hence, | [(e"9—1)w}| < Cpll™"""12 = o(t2L(1/[t])).
In the same way, | [ gw;| < ||g|l 3 [|w]]|;s and [Jw]| ;s decays stretched exponentially, whence it is
o(t*L(1/|t])). Finally,

‘ / Ligi<1/ingwy

Hence, (27) holds also for w;. We get

<2 qul<zf o aecpop<co S (Lt oy
w|t|-1/10 w|t|-1/10

‘tl 1/10

< i [ w1 = OG " 1#) = of L1/ ).

t2
/mgl_@> 5/%@Mﬁmmwumm>

Since [ €"w, =\, and [ w; = 1, this gives the conclusion of the lemma. O

Corollary 3.11. We have \; = 1+ O(|t|''/10),

Proof. In the proof of the previous lemma, we have proved that fw>\t|*1/10 1\g\<1/|t|92wt = O(1).
Moreover, on {w < [t|~*/1°}, the function w, is uniformly bounded. Hence, fw<\t|—1/10 Ligi<i/p 9wy <
C [ Lig<iying® ~ CL(1/[t]). Hence,

/1g<1/|t|92wt = O(L(1/t]))-

Moreover, by (23) and our assumption [ g =0,

’/Q’wt

This proves that, in (24), the right side is 1 + O(|t|'/17). O

= ’/g(wt - 1)’ < ”g”La/z |w; — 1||L3 — O(‘t|1/10).
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3.3.3 Estimates on the basis

To proceed, we will need to know that w; is constant on the basis up to O(t). We already know that
|w: — 1|5 = O(|t|1°), but this is not sufficient to estimate precisely the terms in (24). To get such
an estimate, we will need real continuity, and not only the weak continuity given by Keller-Liverani’s
theorem. This will be achieved by working directly on the basis. The goal of this paragraph is to
prove Lemma 3.15.

Let Uy be the map induced by U on the basis A of the tower. Denote by ¢ the first return time to
the basis, so that Uy(z) = U?@(z).

Let us consider the space H, of Hélder functions u : Ag — C on the basis, and define an operator
R, : Ho — Ho by Rou(x) =Y. J™(y)u(y), where the sum is restricted to those y € Ay with return
time o(y) = n, and U"(y) = z. Set also R, (t)(u) = R, (e""9u).

Lemma 3.12. There exist C > 0 and 0 < 1 such that, for alln € N and all t € [-1,1], |R, (1) <
Co™ and ||R,(t) — R,| < CO"|t|.

Proof. The map U, is Gibbs-Markov on A,;. Hence, [Gou04, Lemma 3.2] proves that [|R,| <
Cpua(p = n) and [Gou0d, Lemma 3.5] yields [|R,,(t) — Ru| < Cltlnpa(e =n)+C [ _,, |eitSng — 1.

Since pa(p =n) = O(p™), we get 1n particular ||R,| < Cp", which decays exponentially. Moreover,
on {¢ = n}, |Sugl? < nV2 YTk |g 0 UHP2, whence [ [S.g¥2 < ni/2 [ g% = O(n'?).
Consequently,

[ Rn(t) — Rull < Cltnp™ + C/ o= nltl[Sngl < Cltnp™ + C|t| ||1<p n ng||L3/2 Hlso n||L3>
which decays also exponentially. O

For |z| < 671, it is possible to define R(z,t) := _ 2" R, (t). The operator R(1,0) is the transfer oper-
ator associated to Uy. It has a simple isolated eigenvalue at 1, and the corresponding eigenfunction

is the constant function 1. Hence, for (z,t) close enough to (1,0), R(z,t) has a unique eigenvalue
A(z,t) close to 1.

Lemma 3.13. There ezists C > 0 such that, for all z € C with |z| < 07Y2 and all t € [-1,1], we
have ||R(z,t) — R(1,0)|| < C(|t| + |z — 1]).

Proof. We have R(z,t) — R(1,t) = Y (2" — 1)R,(t). Moreover, if |z| < 672 2" — 1| < |z —
132720 |2)F < €|z — 1]67™/2. Hence,

S n - —-n n C
|RG.1) — <Y =R < Clz =1 D078 < gz = 1.
n=0 n=0
Moreover,
o0 o0 . C
IR(L, 1) = RLO)| < Y [ Ralt) = Rull < Y- CltlE" < 711l =
n=0 n=0

Lemma 3.14. For small enough t, RO\, 1) (1a,we) = 1a,wy.
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Proof. Let x € Ay, let {z,} be the set of its preimages under U, at respective heights w,, and let
a2/ be the projection of x,, in the basis. Since Upwy = Ay, we have \wy(z) = 32 e96) J(z,)wy(x,).

Moreover, for any y € A with w(y) > 0, we have \aw,(y) = 90 D, (U~ 'y). Hence, A wy(x,) =
e!Serdh)yy (). We get

= DA e S 19 (o)) (28)

p

The points z;, are exactly the preimages of x under Uy, and the corresponding return time for U is
wp + 1. Hence, (28) gives the conclusion of the lemma. O

We have all the necessary tools to prove the main result of this paragraph:

Lemma 3.15. Fort € [—1,1], there ezists c(t) € C such that ||1a,(w; — c(t))||, = O(t). Moreover,
c(t) = 1 when t — 0.

Proof. Lemma 3.14 proves that, for small enough ¢, )\()\; ' 1) = 1, and the corresponding eigen-
function is 15,w;. Let @Q; be the eigenprojection of R()\ ' 1) corresponding to the eigenvalue 1. It
satisfies

1Q: — Qoll = O([[R(\, 8) = R(L,0)|) = O = 1] + [t]) = O(t])
by Lemma 3.13 and Corollary 3.11. Let by = Q:1a,. As by = 1a,, b; satisfies ||b; — 1a,|| = O(t). In
particular, by — 1, in L.

The function b; is proportional to w; on the basis Aj. Hence, there exists a scalar ¢(¢) such that
Ta,w = c(t)b;. Since w; goes to 1 in L' when t — 0, we get

f lewt MA(AO)

J b J bo

=1.

o(t) =

Finally,
Mg (wr = ¢(t))ll 5 = [e(@®)] Ibr = boll o = O(F). O

3.3.4 Proof of Theorem 3.4 when [g=0

Let the function G be given by G(z) = S g(Ukmyz), as in Theorem 3.4.

Lemma 3.16. Whent — 0,

2

t o i
A=1-(1+0(1)5 / Lyerg®e™ + it(1 + o(1)) /ge G 4 o(2L(1/[H])). (29)
Proof. We will start from (24) and show that we can replace w, by e**¢

We have w;(x) = \, )itGla ), (mox). Hence, by Corollary 3.11 and Lemma 3.15

[wil) = e(t)e" )| = AP wy(mox) — (t>! <IN = 1 wy(mox)| + fwi(moz) — e(t)]
< [(1+ O10)=@) 1] C + Oft] < w(z)C M1+ Cf/10)=@ 4 .

Fix b > 0 large enough. For w(z) < blog(1/|t|), we obtain |w;(x) — c(t)e™“®| < C|t|. For w(x) >
blog(1/|t|) and small enough ¢, we also get |w;(z) — c(t)e?@| < p=w@)/4,
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Hence,

i 1 —w(T ]' = n_—n
/ Ligi<i/19°|we — c(t)e”™| g/ (R s IR 2 =l
w>blog(1/[t]) w>=blog(1/|t]) n=bloa(1/|])

if b is large enough. Moreover,
/ 1‘g‘<1/|t|gz|wt — C(t)eitG| < C|t| / 1|g|<1/|t|92 = C|t|L(1/|t|)
w<blog(1/t[)
Hence,
/ Ligi<t/ng*we = (1) / Lgi<y/g*e™ + o(1) = (1 +o(1)) / Lgi<a/gg®e™ +o(1).  (30)
In the same way,
/ 9wy — c(t)e™| < l19l3/2 | s 1081/ [we — ()| 5 = O(t)
w>blog(1/t])

if b is large enough. Moreover,

/ |mm—mwﬂ</hwm=mw
w<blog(1/]t))
We get
(/mwzdﬂ/ﬁ¥G+OG%=O+OOD/QWG+O@) (31)
Equations (30) and (31) together with (24) imply (29). O

Remark 3.17. The proof of the lemma also shows that, in (29), it is sufficient to integrate on
{w(x) < blog(1/]t|)} if b is large enough, since the remaining part is in o(t2L(1/[t])).

The following lemma will use the additional assumptions that [ is slowly varying and [(x Inz) ~ [(x),
L(zInz) ~ L(x).

Lemma 3.18. We have
[ tcaeg?e® = L1 + o). (52

Proof. Tt is sufficient to prove (32) on {w < blog(1/|t|)}, since the remaining part can be ignored.

Take some ¢ > 0, we will prove that

[ egle® -1 < 2001 )
w<blog(1/]t])

when ¢ is small enough. This will be sufficient to conclude the proof.

Let Ay :={z | w(x) < blog(1/]t]),|G(x)| = ¢/|t|}. If x € A, there exists y below z in the tower such
that [g(y)| > m- Let B = {z | |g(z)| > m}a we get pua(Ar) < blog(1/[t))pa(B).
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Let Z be a random variable on R with the distribution of g. Then

P (st <121 < /M) = e 00 gt ) ~ i
= [t/ log(1/[¢))*(1/[t)) (1 + o(1))

and
5 A7 g1 ( 5 )
blog(1/[t©hWP(|Z| =2 ———— | = blog(1/|¢ l
s(1/1t) <' | |t|blog<1/|t|>> s(1/1t) bTog(1/[t)
t120% log(1/]t
_ PR8I 1oy 1 4 o1)).
Hence, if ¢ is small enough, ua(A4;) < P (m |Z] < 1/|t|>

We would like to estimate [, 1j<1/9°. Now

Ligi<a/9” = 11 qo<aypd’ + Lyge 1 g°
/At g1/l 4, etz <I9S/ 4, IS TTestim?

On the one hand
1/1t]

1 2« 22 dP(z
/At mﬂglél/mg < 1 (z),

[¢] log(1/1¢])2

and on the other hand, by applying the above bounds we get

1
1 g — A
/At ol < gt \t|2log(1/\t])4[m( 2

1 1
< P <17l < 1/|t|)
TP Tog (L)1)’ (\t|log<1/rt|>2

1/]t|
< v?dP(z).
1
[¢l1og(1/]¢)2
Thus we need to deal with the integral
1/]t|
*dP(z),
1
[t 1og(1/]¢)2

which is equal to

L(A/Jt]) = L (m) = L(A/[t]) = LA/ (A + o(1)) = o(L(1/]t])).

Hence, for small enough ¢, we get
[ tcmg®le =11 < e21/1).
On B, := {z | w(z) < blog(1/|t]), & A,}, we have |e?¢@ — 1| < |t||G(x)| < e. Hence,

/B Lgicaing?le’™ — 1] < 6/1|g|<1/|t|92 = eL(1/|t]).
t

These two equations imply (33). This concludes the proof.
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Since [ g =0, Lemma 3.16 gives

it geitG’

/
z’t/g(e“G —1)

Ae=1= SLO/)(1 +0(1) + (1 +0(1))
= 1= SLA/)+o(1)) + (1+o(1)

~ 1= LL /) + o),

since [ g(e"® —1) =i(a+ o(1))tL(1/]t|) by assumption.
This asymptotic expansion readily implies the conclusion of Theorem 3.4, for g such that [ g = 0.
3.3.5 Proof of Theorem 3.4 in the general case

Let g : A — R belong to LP(A) for any p < 2 (this is in particular the case if ¢ satisfies the
assumptions of Theorem 3.4). Set G(z) = S5 g(Ukmy).

Lemma 3.19. For any p < 2, the function G belongs to LP(A).

Proof. For x € A, let ¢(z) be its return time to the basis. Set also ¥(z) = p(mx), where 7 is the
projection on the basis of the tower.

We have
w(z)—1 P w(xz)—1
G@)lP =] D g(Urmez)| <w(@P™ Y |g(UFmex)lP.
k=0 k=0

Changing variables, we get

ply)—-1
[16@r< [P Y vty < [lswrowr.

Since the tower has an exponentially small tail, the function 1) belongs to L? for any ¢ < co. Using
the Holder inequality with a sufficiently large ¢, we obtain [ |G(z)P < cc. O

Let ¢’ be another function on A. Define also G'(z) = :(jo)_l g (Ukmox).

Lemma 3.20. if g — ¢’ is bounded, then

[oee -1 = [ge -1+ o0

when t — 0.

Proof. We have
/g(eitG . 1) o /g/<€z‘tG’ . 1) — /<g —gl)(eitG/ . 1) + /g(eitG . eitGl).
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Since g — ¢’ is bounded, the first integral satisfies

o= =) <t [ 16

which is O(t) since G is integrable by Lemma 3.19. For the second integral, |G(x) — G'(z)| < Cw(x).

Hence,
'/g(eitG _ eitG’)

Proof of Theorem 3.4. Let g satisfy the assumptions of Theorem 3.4. Write ¢ = g — [ g. Then ¢’
is still in the nonstandard domain of attraction of the normal law, and its tail functions /" and L'
satisfy I’ ~ [ and L' ~ L. Moreover,

/ ¢ — 1) = (a+ o(1))itL(L/[t])),

since ¢ satisfies the same estimate and Lemma 3.20 applies.

< / 91Ctlw < Cltl gl /2 |wll s = O1). m

We have already proved Theorem 3.4 for functions of zero integral. This applies to ¢/, and gives
Sg—f — N(0,1). Since S, g’ = S,g —n [ g, this concludes the proof. O

Remark 3.21. Lemmas 3.19 and 3.20 do not involve the dynamics of the returns to the basis. Hence,
they also hold in hyperbolic Young towers.

4 Estimate of the integral in the stadium billiard

Let us turn back to the study of the stadium. We will use the notations of the first two sections. In
particular, starting from a fixed function fy : Xy — R satisfying (P1), we have obtained a function
g : A — R. According to Theorem 3.4, if we want to obtain a limit theorem for g, the quantity to
be estimated is [ g(e“ — 1). The main result of this section is the following proposition.

Proposition 4.1. Let y = 1_3711%3, and recall the definition of I from (1). We have
4

/ g(e"? = 1) dps =i
A

Our proof approximates the left hand side with an integral explicitly given in the phase space of the
stadium. This later integral can be estimated with sufficient precision due to the geometric properties
of the billiard map.

I*(y — 1)£2tlog(1/|t|> + o(tlog(1/[t])).

4.1 Preliminary estimates

First we show that the relevant expression can be pulled back to the hyperbolic Young tower. Let
w(r) be the height of the point z in A, and let 7y : A — Ay be the projection on the basis. We

define two functions F and G on A by F(z) = Y5 f(U*7z) and G(z) = S9! 5(0F7gz).

Lemma 4.2. We have
/ ZtG /f th (t)
A
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Proof. As (7a).(a) = pa, [, 9(e™@ —1) = [ g(e"® — 1) automatically. As g — f is bounded by
Lemma 2.5, Lemma 3.20 implies the statement. O

Note that F is essentially a Birkhoff sum of f for the inverse map T~'. Thus, if we switch from T
to T~!, we may investigate our integral by dynamical tools.

For all z E X let h(z) = f(T~'x). Introduce h = honyx. For x € A with w(z) > 0, let
H(z) = ¥ h(U*2), or equivalently, H(x) = F(U~z). We fix H(z) =0 on A,.

Lemma 4.3. We have

/f(e”F —1) = /h(e“H — 1)+ O(t).

Proof. We have hoU = f, and, apart from U~'(A,), H o U = F. Thus,

/ Gith _ /f th :/}_LoU(e“HOU—1)—/JE(€itF_1)

_ / [}_l o U(eitHoU o 1) . JF(eitF o 1)]
U=1(Ao)

As 4 is bounded on the rectangle R that defines the basis of the tower, the functions hoU and f are
bounded on U~1(A;). By Lemma 3.19 F and H are both integrable. This completes the proof. [

We will consider 7! as the first return map of 7, ' to the subspace X. The return time is ¢_ =
ppoT™ L

4.2 Geometric properties of 7! in the vicinity of its singularities

The behavior of [ h(e — 1) is governed by the dynamical properties of 7' at those parts of the
phase space where it is equivalent to a long series of bounces between the parallel segments of the
boundary. These sets have the following structure: the points for which 7! acts as n consecutive
bounces on the segments form two stripes of slope approximately —1. 7! maps these two cells onto
two stripes of positive slope.

The figure below describes this geometrical situation. On this figure the relevant part of the cylinder-
shaped phase space X, is magnified: the horizontal coordinate is the position r, and the vertical is
the angle 6. Recall that X is the union of two parallelograms in X,. The origin on the figure
corresponds to a corner of one of these parallelograms: a phase point with position on the junction of
the segment and the semi-circle, and with velocity perpendicular to the wall (§ = 0). The negatively
sloped stripes terminating on the two sides of the parallelogram that meet at the origin are the
regions where one application of T~ consists of n applications of To_l. Each of these is mapped by
T~ onto two positively sloped stripes. Both structures accumulate with increasing n at the origin,
as this is the phase point in X that corresponds to infinitely long bouncing between the segments.
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Actually, this figure appears four times in X (twice in both of the parallelograms that define X'). The
transformation 7! jumps from one such region to another, however, they play the same dynamical
role. Thus, to simplify matters, we pretend as if we had only one of them.

Convention 4.4. Given this geometry, we will refer to these regions as “corners of parallelograms”.

Besides the above described four, there are four further corners of the two parallelograms. These
further corners are the accumulation points for the other type of singularities, corresponding to
trajectories sliding along the semi-circles. We shall see later on that they do not play any role in the
leading term behavior of [ A(e —1).

Remark 4.5. We need to study the map 7! and not 7. These two are not isomorphic, as X is
the set of points on a semi-circle for which the previous collision is not on that semi-circle. This
definition introduces an asymmetry of past and future. The map 7"~! is, however, isomorphic to the
map induced on the set of points on a semi-circle for which the nezt collision is on another semi-circle.
This later induced map has been studied by Markarian in [Mar04], where he, in particular, has shown
that it satisfies Chernov’s axioms from [Che99].

We fix some further conventions, to be used throughout Subsection 4.2.

Convention 4.6. Recall that ¢ = ¢, oT~! is the return time of T, ' to X. As a further notational
simplification we ignore that there are two stripes on which {¢_ = n}. Let M, stand for the stripe
{¢- = n}, which will be also referred to as the set of points of return time n. Unless otherwise
stated, throughout subsection 4.2 return time is understood in this sense.

Convention 4.7. Fix p < 1 such that the tails of the original Young tower are bounded by cp", and
K > 0 such that Klog(p™') > 4.

In what follows we essentially consider curves with tangent vectors in the unstable cone of T (u-
curves of T~! for short). The two components of the boundary of the stripe M, that separate it
from M,_; and M, ., will be referred to as the long sides of M,. The slopes of the long sides are
approximately —1, with better and better precision as n increases.

Definition 4.8. Consider the stripe M,, and its two long sides. A good curve C of return time n is
a C' curve that connects these two sides. We put further requirements on the slope of C: it should
belong to the interval [1/4,4] for all points and it should be constant up to 1/\/n precision (i.e., for
all points x and y in C, the slopes of C at x and y, s(x) and s(y), should satisfy |s(x) — s(y)| < %)

Remark 4.9. Note that our requirement on the slope is weaker than a bound on the curvature of
the good curve. Stated in this form, it is not hard to see that good curves tend to have more and
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more constant slopes when iterated by 7-!. To see this consider a good curve with large return time
n and iterate it backwards by the billiard flow. Just before collision it corresponds to a dispersing
wavefront. To calculate the curvature of this wavefront we may use a well-known formula from

billiard theory (see e.g. [Che99)):
RN
" cosf \dr
do

where g~ is the slope of the curve on the phase space, B_ is the curvature of the corresponding
wavefront just before collision and K is the curvature of the wall at the collision point. In our case
IC = —1 as we have a semicircular focusing wall of radius 1, while the slope % is bounded from below,
see Definition 4.8. Thus B_ is uniformly bounded from below and thus the dispersing wavefront, when
iterated backwards by the flow, defocuses within finite time. The resulting convergent wavefront,
when iterated further backwards, while experiencing many bounces with the straight walls, loses
most of its curvature. As the length of this neutral flight is of order n, at the time moment just after
the previous collision on the other semi-circle, this wavefront is flat up to 1/n. Thus, any subcurve
C' C T~!C is automatically a good curve if it connects the two long sides of a stripe.

Definition 4.10. A standard curve is defined as a good curve of constant slope 1. In particular, it
18 a segment.

The choice of 1 as the slope for standard curves is arbitrary. More important is the fact that the
standard curves of return time n give a fixed foliation for (most of) the stripe M,,.

If C is a good curve of return time n, any point of 77!(C) has return time at least n/3 — C; and at
most 3n + C for some constant C;. Furthermore, there exists a constant C5 € N such that for any
i € [n/3+ Cy,3n— Cy), the set T~H(C)N{p_ =i} is a good curve of return time i (see Remark 4.9).
Let us denote C; = {z € C | p_(T~'x) = i}. We also have

Leb (C\ Uie[n/3+0273n*02} Ci) <
Leb(C) h

S1Q

(34)

for a universal constant C'. We will say that the set C\ U,c(,./310, 30y Ci 18 thrown away at the first
iterate of C. Formula (34) shows that the points which are thrown away have negligible measure.

Remark 4.11. In addition to the above observations, it is possible to estimate the transition prob-

abilities from one stripe to the other in the following sense. There exists a sequence ¢,, that tends to

0 as n — oo, such that for any good curve C of return time n, and for any i € [n/3 + Cy, 3n — Cs],
3n _ Leb{z €C| o (T (z)) =i} _3n

(1— 5n)§ < Leb(C) < @@ +en). (35)

This can be verified by direct calculation. In other words, we go from n to ¢ asymptotically with
probability &% (note that zfg;gi@ n—1).

Applying the above process several times, we may iterate the good curves by 7! and obtain finer
and finer partitions of C. A sequence of integers ng, ny,...,ny is referred to as admissible if, for all
i <k, nip1 € [n;/3+ Cq,3n; — Cy]. Given a good curve of return time ngy, C, and an admissible
sequence nyg, . .., Ny, let

Cno,.mp, = {2 €C | Vi <k, gp_(T_ix) =n;}.

This is a subcurve of C mapped by T—* onto a good curve of return time 7.
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Lemma 4.12. There exists a constant C' > 0 such that, for any pair of good curves of the same
return time ng, C and C', and for any fized admissible sequence ny, ..., ng, we have

Cfl < Leb(ctlo,---mk) < C

Leb(Ch,...n0)
Proof. This follows from the uniform expansion and the bounded distortion properties of 7! along
its u-curves. 0

In what follows, when we talk about iterating a good curve, we will always mean the above process
of refinement, along with throwing away some part at each step. However, the number of iterations
may depend on the point of C we are considering. This is formulated in the following definition.

Definition 4.13. Let C be a good curve of return time n. Let furthermore A be a subset of C and
7:C\A — N. Then (A, ) is a stopping time on C if

o There exists p € N such that 3T < ng, with the following property: all the connected compo-
nents of C\A are of the form Cy, . ., where ng =n, the sequence ny, . ..,ny is admissible, and
ny € [3P, 3P — 1]. Furthermore, T is uniformly equal to k on such a component.

e We have Leb(A)/ Leb(C) < 1/2.

Here typically 37 < n, thus we stop at the first occasion when the return time decreases below a
certain level.

Remark 4.14. If (A, 7) is a stopping time on C, then

1 < Leb(C\A) <l
2 Leb(C)

Thus in our estimates Leb(C\ A) and Leb(C) may be replaced with each other. We will often use this
without giving further details.

Let us define, in particular, the standard stopping time for a good curve C of return time n. Let p be
the integer for which 37 < n'/* < 37+, We partition C, iterate 7' and throw away the negligible
parts according to the process described above. We go on iterating until either the return time of
the image belongs to the interval [37, 377! — 1], or the number of iterates exceeds K logn (here K is
the constant from Convention 4.7). Thus we put into A, on the one hand, the points thrown away
during this process, and, on the other hand, the intervals for which the return time does not reach
(3P, 371 — 1] before K logn iterations. On all other intervals we define 7 as the first occasion when
the return time belongs to [37, 371 — 1].

Proposition 4.15. The standard stopping time (A, T) defined this way is indeed a stopping time if
n is large enough. Furthermore, Leb(A)/ Leb(C) < n~'/5.

Proof. The only non-trivial condition to be verified is Leb(A)/ Leb(C) < n~'/°.

Let us first estimate the measure of points thrown away during the refinement process. We will
denote this set by Ay(C A C C).
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No matter which phase of the iteration we consider, the return time is > n!/4, thus, according to (34),
the points thrown away occupy at most a Cn~'/* proportion of the considered interval. Hence, by
bounded distortion, the proportion of A in C is at most Cn~/*K logn < n~'/% for n large enough.

It remains to be shown that the overall measure of the intervals that do not reach [37, 3**! — 1] before
K logn iterations is small. We have C = Ay U |JC;, where each C; is of the form C,, . ,, for some
admissible sequence no, ..., ny, with & < Klogn, and n, < 3°™! whenever k < | K logn]. Thus it
is enough to estimate the measure of C;-s with 7, = k = | K'logn|. Let C’ be one of our standard
curves of return time n. We apply the same construction to C’, and get a similar decomposition

C' = AL UJC!. Furthermore, by Lemma 4.12, Iﬂgggt < C.

Recall that the standard curves of return time n foliate the major part M of the stripe M,, (where
w(M))/ (M) =1+ O(1/n)). For a fixed i = (ng,...,ng) consider B; the subset of the stripe M,
that corresponds to the union of such C/-s for all the standard curves of return time n. As the density
Iiiz(fg)) < C':f((]\l;i)). Fix B as the union of all B;-s with
7; = | Klogn|. When pulled back to the Young tower, the npreimages of the points of B are all at
height at least K logn. As 7% (ua) = i, we get u(B) < Cplee™ = O(1/n*) by our choice of K (see
Convention 4.7). As pu(M!) ~ C/n?, we may put all these estimates together to conclude that

ZT,': | K logn| Leb(cl)
Leb(C)

of ;4 on M, is bounded away from 0, we get

=0(1/n).
This completes the proof of the proposition. O

In the next proposition we consider standard curves C and use the notation (Ac, 7¢) for their standard
stopping times. We define a subset of the phase space, a suitable union of subcurves of standard
curves, as Y = |J,(C\A¢). We also consider the Birkhoff sum of 4 with respect to 7! up to standard
stopping time, i.e., we fix H(z) = 1% ' h(T*z) for z € Y.

Remark 4.16. At first sight the measurability of the set Y may seem questionable. Let us show
that, for n fixed, the set Y N M, is measurable. Consider the standard curves in M, all having the
same return time n. Whether a point of such a curve falls into the thrown away set depends only
on its past history up to the first K logn backward iterations. The singularity manifolds for the
first K logn applications of T—! give a finite measurable partition of M,. By the above observation,
Y N M, is a union of full elements of this partition, intersected with M. Hence, it is measurable.

Proposition 4.17. We have
/hwm—n:/hwm—n+mw
A y

This proposition plays a central role as it allows us to investigate, instead of | A B(e“ﬁ —1) (a quantity
that depends a priori on the choice of the Young tower), an expression which is much easier to handle,
as it is completely explicitly given in terms of the phase space geometry.

Proof. Let us show first that

t/MﬁH—D=/ mﬁ@m—D+O®~ (36)

A
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Consider A = X\Y. The set A consists of two parts. It contains, on the one hand, the points that
are not covered by standard curves and, on the other hand, those contained in A for some standard
curve C. These two sets will be referred to as A; and A,, respectively.

We cover the set A; N {@_ = n} by two further sets. The first one contains points that slide along a
semi-circle, with return time n. This set is of measure O(1/n?) as cos 6, the density of the invariant
measure, is O(1/n) on it. The other component in this cover is the part of M,, not covered by standard
curves, which has measure O(1/n*) as well. Altogether we have u(A; N {y_ =n}) = O(1/n%).

According to Proposition 4.15, we have Leb(A¢)/ Leb(C) < n~'/° whenever n, the return time for C, is
large enough. Integrating on the relevant standard curves we obtain p(A;N{p_ = n}) = O(1/n3T1/7%).

Altogether we have
wAN{p- =n}) = 0(1/n*17?). (37)

For any 1/p+ 1/q = 1 we have

1 1
R — D) < [ 1 o BIEHE] < (] (Lot |B)? ’ || :
~104) = x (A) = 5 (4) :
Tx

Recall from Lemma 3.19 that the function H belongs to L9 for any ¢ < 2, while (37) implies that
f(lw)—(l(A)‘h‘)p, being equal to [, 14|h[, is finite for p < 2+ 1/5. We can thus take p = 2+ 1/10 and
q=(1-1/p)~', to obtain (36).

Now, to complete the proof, we need to show that

/ R 1) = / |, e 1) 40, (38)

x ()

Consider C;, a connected component of C\ A¢, where C is a standard curve of return time n. Then
the stopping time on C; is an integer 7; < K logn such that D; = T~ 7((C;) is a good curve, with
return time in the interval [n'/#/3, 3n/4]. In the next Lemma, as throughout the subsection, we use
the expression “return time” in the sense of Convention 4.6.

Lemma 4.18. There exists a constant C' such that, for any large enough integer n, given any good
curve D of return time € [n'/*/3,3n'4], the points for which the return time increases above n'/?
within K logn iterations of T~ occupy relative measure less than Cn="/* in D.

Proof. The map T satisfies Chernov’s axioms, by [Mar04]. Consequently, we can use [Che99, The-
orem 3.1], with 6 = Z[D, D,0]7/7 /n'/?. This theorem is in fact stated for local unstable manifolds,
but its proof can be straightforwardly adapted to deal with manifolds close to the unstable direction.

We obtain a decreasing sequence W) D W} D --- D WLIK log ] of subsets of D such that, if we denote
by Sing the set of singularities of 771,

Ve > 0,Y0 < p < Klogn, Leb{z € W, | dist(T "z, Sing) < cn~'} < Cen™! (39)
(by Equation (3.3) in [Che99]), and

V0 < p < Klogn, Leb(W\W, ) < %Leb(D) (40)
(By (iv), (3.5) in [Che99| and our choice of ¢).
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Note that the results of [Che99| imply that (39) holds for the distance measured in the p-metric.
However, we are in a region of X where cos is bounded away from 0, and the stable and unstable
cones are bounded away from the vertical direction by Proposition 2.1. Hence, it is equivalent to
have (39) for the p-distance or for the usual distance.

If T77(z) has a return time > n'/?, then T Px is at a distance at most Cn~' of Sing. Hence, the

point = belongs to one of the sets whose measure is bounded in (39) and (40). This gives a measure
at most C'lognn~!. Since Leb(D) > Cn~'/2, this proves the lemma. O

This lemma applies to D;. Let us write C; = C! UC?, where C? corresponds to points which go to D;,
and then reach a return time > n'/2 in a time shorter than K logn. It satisfies Leb(C?)/ Leb(C;) <
Cn~Y* by Lemma 4.18.

Let Yy = [JC} and Yz = |JC? (see Remark 4.16 on the measurability of these sets). Since u(YaN{p_ =
n}) = O(1/n3+Y/4), the proof of (36) applies and gives

/ h(e™ — 1) = O(b): / h(etfomx — 1) = O(t).
' (Y2) T (Y2)

Remark 4.19. Note that H o mx belongs to L? for any ¢ < 2 as it is smaller than a function to
which Lemma 3.19 applies.

Hence, it is sufficient to prove (38) on 73! (Y1). Let us write 7' (Y1) = Z, U Z, where
Zy ={z e my' (V1) | w(z) < Klog(p_(mxx))}
and Z, = 75 (Y1)\Z1. For n > 0,
paln € 2 | o (mxa) = n} < pafe € A w(z) > Klogn} = O(1/n)
Hence, we get once again [, h(e™ —1) = O(t) and [z, (o™ — 1) = O(1).

On Z,N{p_omx = n}, the functions H and Horx differ by at most || fy ||, K logn n'/? (corresponding
to at most K logn iterations with a return time < n'/2). Hence,

/ B(eitﬁ o 1) N E(eitHowX _ 1)'
Z
<t [ I - Homx < Ol plo. = npnlognn’? < Cl
Z -

since u{p_ =n} = O(1/n3). This proves (38), and concludes the proof of Proposition 4.17. O

4.3 An upper bound on H

The aim of this subsection is to estimate the average of the function H on a good curve C of return
time n. We obtain the following upper bound:

Proposition 4.20. Let s € [1,2). Consider a good curve C of return time ng, and a stopping time
(A,7) on C. Then

fC\A ;gil |W(TF2)]?
Leb(C\A)

where the constant C(s) depends only on s.

< C(s)ng,
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Let us fix some notation first. There is an integer py such that the return time ny for our good
curve C belongs to [3r0, 37T — 1]. By the definition of stopping times, there exists another integer
p1 < po such that, for any z € C\A, o_(T"®)(x)) € [371,371F! — 1]. Now consider an intermediate
P, p1 < p < po. In the course of the proof first we investigate, in a series of lemmas, what happens
while the return time descends from [37, 37! — 1] to [37~!, 3? — 1]. Then we sum up for p; < p < p.
In the first part of the proof the value of p is fixed and n ~ 3P, while in the second part p varies from
p1 to po. The value of s € [1,2) is fixed throughout the subsection.

According to this plan, let us fix p € N large enough. Given x E X, we define 7,(x) as the first time
k > 1 for which ¢_(T*z) < 37, and ®,(z) = S0 |o_(T*z)|*. Since |h| < Co_, it is sufficient
to prove Proposition 4.20 for h = ¢_ to conclude

Define R C X as the union of all standard curves with return time from the interval [37/2, 37 — 1].

Lemma 4.21. There exists a constant C' such that
/ o, < Cu(R)3P°.
R

Proof. Let Ry = {r € R | ¢_(T"'z) <3’} and Ry = {x € R | p_(T"'x) > 3?}. On R; we have
2,(x) = I ()], thus

[ v <ot
Ry

Let us define ¢/(x) = ¢_(z) for z with ¢_(x) > 377! and ¢'(z) = 0 otherwise. Note that ®,(z) =
(T 2)|* for x € Ro.

Consider Z C X, Z := {37"! — C; < p_ < 37}, and define 77 : Z — N as the first return time to Z.
By Kac’s formula,

[

Now Ry C Z and for # € Ry we have 74(x) = 7,(x). Thus
TZ(iB

Tz(x)—1
3, = / J (T )| < / (T )
/Rz R ke Z kZ:O

= O(u(R2)). This completes the proof. O

pS

T:L’|—/|g0| <C > w k)|k|® CZ—ks 32p.

k=0 k>3p—1 k>3p—1

0

By Remark 4.11

Y 32p

If C is a good curve of return time n € (37,3772 — 1], 7,, defines a stopping time on C, with the
corresponding thrown-away set that we denote by A,. To see that it is indeed a stopping time we
only need to show that Leb(A4,) < Leb(C)/2. Now consider the standard stopping time 7 with its
thrown away set Ac. Then A, C Ac while Leb(A¢) < n~/° Leb(C) by Proposition 4.15, which gives
the claim.

The first step in the proof of Proposition 4.20 is the estimate

Jowa, B

Leb(C\A y S8 (41)
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for a good curve C with return time n € [37, 377! — 1]. To show this, we will relate the average of @,
on C to its average on R.

Consider B = |J(C\A,), where the union is taken over all standard curves of return time from the
interval [37, 3P%2 — 1].

Lemma 4.22. There is a constant C' such that, for any good curve C of return time n € [3P, 3771 —1],

fC\A @, [, ®
? < CLE_L 4 o3, 42
Leb(C\4,) < Cu(B) (42)

Proof. Let U = {z € C | ¢_(T7'z) > 37}. On C, we have ®,(x) = |o_(z)|* + 1y(z)®,(T'z). To
prove (42), it is enough to show

)
®0T4<C&IE%CA.
/Un(C\Ap) ? (B) (C\4,)

By bounded distortion, this can be further reduced to

fT_l(C\AP)m{‘P— 231)} ¢p < CfB (bp (43)
(T (C\A) N {p >3 < u(B)

Let ¢ be the maximal possible return time the points of 77'(C\A,) have. It satisfies 3" > ¢ >
3P+t — C,. By Lemma 4.12

fol(C\Ap)m{cp, >3r} (I)P an{gp <p-<q} q)p
Leb(T—1(C\A,) N {p- > 37}) ~ m(BN{3» < p_<q})’

As q > 3P — 5, by Remark 4.11 u(B) < Cu(BN{3? < ¢_ < ¢}). This implies (43) and completes
the proof. 0

Now B is not exactly R, we need to “widen up” the estimate of Lemma 4.21 from R to B to obtain
(41).

Let By = BN{3? < ¢_ <3P /2}, By = BN{3"™ /2 < p_ < 3P} By = BN{3r*t < p_ < 37™2/2}
and By = BN {3P™2/2 < p_ < 3P}

Lemma 4.23. There exists a constant C such that, for any good curve C of return time n €
37,3°+1/2),

fBl q)p < fC\AP (I)p

u(Br) S “Leb(C\A,)

Proof. The curve T!(C) crosses all stripes of return time between 37 and 37*!/2. This allows us to
apply the argument of Lemma 4.22 with reversed inequalities. O

Lemma 4.24. There exists a constant C' such that

fBl o,

< O3P8,
p(B1)
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Proof. Let C be a standard curve of return time n € [37/2,3? — 1]. For i € [37,3P"1/2), put C; =
{z € C,o_ (T 'x) =i} and let D; be its image by T'. This is a good curve of return time i and,

by bounded distortion,
fDi o, <C fci D,

Leb(D;) ~  Leb(C)
Furthermore, applying Lemma 4.23 to D;,we get

Leb(C:) fBl C/

As by Remark 4.11 the good curves C; occupy a fixed proportion of C, we may sum up

fBl
Leb(C) (By) <C’/C(I>p.

Integrating over all standard curves of return time € [37/2, 3" — 1], we obtain

bt <o [,

We may conclude by Lemma 4.21. O

Lemma 4.25. There is a constant C such that for any | = 2, 3,4,

fBl o,

w(B)

Proof. As the three cases are essentially identical we give the argument only for one of them, for
[ = 3, say. The proof is analogous to that of the previous lemma, we only need to apply a bit more
iterations. Let C be a standard curve with return time from [37/2,37 — 1]. Given i € [37,3P*1/2), let
C; be the set of points in C the images of which have return time 7. For j € [3PT!/2 3PT1) et C;; be
the set of points in C; the T—2-images of which have return time j. Finally, for k € [37!, 3772 /2), we
define C;;;, analogously.

< O3,

By Remark 4.11, at each step we keep a fixed proportion of the previous set. Thus, there exists a
constant C' such that
Leb(C) < C'>_ Leb(Ciji).
0.4,k
Following the lines of the proof of Lemma 4.23 we may show that given any good curve D of return
time from the interval [3PT! 3P%2/2) we have %(3 < CLfe% - This applies, in particular, to
D =T73(Cyji) and gives

o _ o drse, P den®

M(Bg) = Leb( 3Cij) = Leb(Cljk)
by bounded distortion. We may apply Lemma 4.21, just as we did in the proof of Lemma 4.24, to
get the desired conclusion. O

Lemmas 4.24, 4.25 and 4.22 altogether imply the bound (41) for any good curve of return time n €
(3P, 3PT1 —1]. We apply this bound in the second (much easier) step of the proof of Proposition 4.20.
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Proof of Proposition 4.20. Recall the notations from the beginning of the subsection: C is a good
curve of return time ny € [370, 37! — 1], for some large py, and the stopping time 7 is related to
another integer p; (po > p1): ¢ (T7"@) () € [371, 37+ — 1] for all x € C\A.

To simplify notation in this proof we define 7,,.;(z) = 0 for x € C\ A. For x € C\ A we have

7(z)—-1 Po
Sl (TEa)f = 3 o1y,
k=0 p=p1+1

Let p1 +1 < p < po and x € C\A. Then there is a subcurve C; C C that contains = and for which
T+ @) (C; ), to be denoted by D;, is a good curve of return time from [37, 3! — 1]. By bounded
distortion
Joaa ©p(T740y < Jrmoricon @ P o Jpoa, ®
Leb(Cl-) h Leb(D;) Leb(DZ)
Now according to (41) this final quantity is bounded from above by C3P*. Summing up for all
intervals C; we obtain

/ O, (T~ Wy) < C3P° Leb(C).
c\A

Summation on p from p; 4+ 1 to py implies the statement. O

Corollary 4.26. We have
/ h(e™ —1) = it/ hly <iypH + o(tlog(1/[t])).
y Y
Proof. We have
'/ hlp capp(e™ =1 - itH)' < C/ PlLgcopplt*2 [ H P2,
y Y
We may estimate |H (x)|*/? as

3/2 (2)-1

7(z)—1
H@)P? < | Y |W(T )| <7(@)? Y T )P
1 0

Now put ®(z) = S0 7" |W(T~%2)[/%. Then for z € Y of return time n we get |H(z)]’? <
(K logn)'/2®(z), as the standard stopping time satisfies 7(z) < K logn.
By Proposition 4.20 the average of the function ® on Y N{p_ = n} is less than Cn3/2. Putting these
estimates together,
1/[¢]
/ WL, <ayltP/21H)P? < Ot Zu = n)n \/lognn®?
n=1
< Ot log(1/[t])[¢] 72 = o([t] Log(1/|t])),
while
'/ hlg_ sy (e = 1)' < C/ Lo_si <C Y p =0(1)
Y n>1/|t|
as (- =n) = 0(1/n?). O
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4.4 Exact asymptotics for H

Recall the value of I from (1), and the fact that on Y N {p_ = n} the function h is equivalent to nl.

Lemma 4.27. Let y = 1—§7110g,3' For any € > 0 there exists Ny € N such that, for all n > Ny, for all
good curve C with return time n,
Joua
\Ac
— —1I| <en.
Leb(C\Ag) "W~ DI sen

Proof. Recall the asymptotic expressions for the transition probabilities from Remark 4.11. These
allow us to regard the map 7! as a Markov chain. Then the statement of the lemma can be guessed
by the expectation value with respect to the invariant distribution of this chain.

The rigorous proof is inductive. Note that first we fix ¢ > 0, that will correspond to the required
precision in the asymptotics, and then we may choose n arbitrarily large. Let L € N be an integer
for which (9/10) < e. This integer L is the number of inductive steps needed to obtain e-precision.
More precisely, if ng, . . ., ny, is an admissible sequence (here ng = n), then n, is typically much smaller
than ng. The Birkhoff sum of h for the times between n; and the stopping time can be estimated
by the upper bound coming from Lemma 4.20, which roughly means that we only need to take care
of the sum for the first L steps. This estimate will be the starting point of our induction. Then we
place our standard curve “high enough” (i.e., choose n large enough) to ensure that the transition
probabilities of Remark 4.11 are accurate with very good precision. These transition probabilities are
responsible for the appearance of y as we decrease the length of the admissible sequence ny, ..., n;
from 7 = L to ¢ = 0 in the induction.

Let C be a standard curve of return time n with the standard stopping time (A¢, 7¢) on it. If ng,..., n;
is admissible with ng = n and i < L, the set C,, ., is not empty, and we may consider C,, . =

Cro...n; N(C\A¢). For D =T7(Cy,...;), define A = D\T‘i(C,’@O,___,ni) and 7(T~'z) = 7¢(x) —i. Then,
for large enough n, (A, 7) is a stopping time on D. To see this we note that Leb(A) < Leb(D)/2 as
the number of iterations is bounded from above by L while Leb(A¢)/ Leb(C) — 0 as n — +oc.

By increasing n if necessary, we may assume that for any p > n /3%, and for any = with ¢_(z) = p
we have |h(z) — pI| < p/(L3%).

Thus for x € C;, _, we have

-1 Tc(z)—1
[H(x) = (ny+ -+ np )T W ) —ned |+ > (T ()| (44)
k=1 k=L
where the first term satisfies
L-1 L-1
\W(T7*z) —niI| < ne/(L3%) < ny,
k=1 k=1

as np < 3Yny. On the other hand if we integrate the second term in (44), we may use the upper
bound of Lemma 4.20. We get, for some constant Cj:

fc;LO H—(n+-+npa)l

,,,,, ny, < ) 4
Leb(C G (4)

.,nL)
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Choose n large enough to ensure that (i) all the ¢, from Remark 4.11 are less than ¢ whenever

As y3log3 — y + 1 =0 we have, for n large enough,

3p—Ca
N 1| < 46
vy, govtl<e (46)
p/3+C>
whenever p > n/3%.
To simplify notation we introduce o = 1% and another positive number 5 > 2log 3 which is, however,

not too big so that % 0 < «a. By further increasing n, if necessary, we may also assume that 25’53 % <0
whenever p > n /3%

Now, by induction on decreasing ¢ we show the following bound:

Joo  H—(ni+-+nia)l . =
o —yI| < P (Cy + ylI]) + C - 47
TehC, ) W] <Gyl € ) o )

where Cjy is some constant. Note that for ¢ = 0, when the sum n;, + - - - 4+ n;_; is to be interpreted as
—nyg, this bound implies the statement of Lemma 4.27. On the other hand, the case i = L is already
established in (45). So let us assume (47) holds for i, and show it for i — 1. We have

fC’ . H — (n1++n,_2)l

T seees n;_1 _ [
nea Leb(Chy ) !
o H— (it tnin)l
_ Q) yeees ng_1 _ y[ + I
n’i—l Leb(céo,...,nifl)

3ni—1—C2 fC/ H — (711 + -+ 7%;1)[

— Q) sy ng _ [ I
Z Nn;—1 Leb(C,’m,___,niil) v

n;=ni—1/3+C>

_ 3"1202 Je, At dn)l pLebc, )3 ;
niLeb(Ch ) ni_1 Leb(C! ) 8n”

nj=n;_1/3+Cs N0,y —1

3n;_1—Co2

3
+ |y E 3 -—y+1 I.
n;=ni_1/3+C2 !

Note that as ny, ..., ny, is admissible, C, . has positive length for any i < L, thus the denominators
are never zero in these expressions. The choice of a large enough n ensures that even n, is large enough
so that (46) applies:
3n;_1—Co2 3
Y Z Sn, y+1| <e.
nj=n;_1/3+Cs

Now we will use the transition probabilities (35) on the curve T-C=V(C,, .. ,). We will also use
that the distortions of 7-¢~1, when restricted to this curve, are bounded from above by ¢. Note

furthermore that C, .  occupies at least (1 — ¢)-proportion of Cy,, . n,_, if n is large enough (we
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may apply Proposition 4.15). The same holds for C;,_
obtain (note n;_/n; < 3):

.....

Leb(cno ..... nl) . Leb(céo ..... nl>
Leb(Cry...n; )  Leb(C! 71)

0,y Mg

One more reference to Remark 4.11 and to the fact that the distortions can be made smaller than ¢
if n is large enough implies

n; Leb(C,’m n) 3 055

----- i o < .

n;_1 Leb(C;m ..... ni_l) STLZ n;

By the triangular inequality,
fc;m AAAAA n H—(ni+-+ni1)I n; Leb(C), .. 3 I
n; Leb(cém ..... m) Ti—1 Leb(crlm ..... ni—l) 8n1y
fC’ H — (TL1++TLZ_1)I 3
< NQ ey n; _ y[
n; Leb(Cl,  ..) 8n;
Jey, . H = () g Leb(ey, ) 3

n; Leb(C, .. n;—1 Leb(C;, .. ) 8ng|

Let B; be the bound at step ¢ of the induction. Then the first term is bounded from above by ‘Zf?,
(BitylI])Cse

Uz

Recall the definitions of o and 3, we have 25’53% < [ and, if £ is small enough, (% + Cse)f < a.

and the second term is bounded from above by

Putting our estimates together we get

8712‘ n;
n;—1/3+C2

< (M1 + Csyll|B)e + aB;.

3n;—Co
Biy=celll+ Y [ L Bt yl)Gs } <s|1|+( : +(Bi+y|l|)05s)ﬁ

Now if (47) holds for i with Cy = |I| + Csy|I|3, it holds for ¢ — 1 with the same constants.
Taking i = 0 we get
1
n

big
Jovie - n(y —1)I| < Ca® + Ce < Ce

Leb (C\AC

by the choice of L. Note that the constant C' depends only on I, thus it can be “swallowed” by e.
This completes the proof of the lemma. O

Proposition 4.28. We have
[ et = (S o) st
Proof. First let us show that
[ = o114y = olog(1 /1) (18)
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Fix ¢ > 0. If N is large enough we have |h —¢_I| < ep_ for ¢ > N. Thus we get (note that H is
integrable, cf. Remark 4.19)
en /
Yﬂ{wfn}

We may apply Proposition 4.20 with s =1 to show [, _ . [H| < Cnu(p- =n) = O(1/n?). Thus
we get

/(h - 90[)1¢<1/|t|H’ <O(1
Y

N<n<1/|t|

JiEra. <1/|t|Hl 1)+ Celog(1/]t]) < C'e log(1/]1]).
Y

As the above inequality is true for any fixed £ > 0, we get (48).

Now we estimate
/1|

/QD ]Lp <1/|t|H ZTLI/

Since the estimate of Lemma 4.27 is uniform in the curve C, it can be integrated and we have
_H~y—1DInulp_-=n y—1 Inﬁ Actually, the measure of the set {¢y_ = n} can
Yfe-=n} v

ﬂ{so——n}

o
relevant zones of X which are “corners of parallelograms (see Convent1on 4.4). As there are 4 such

relevant zones we obtain the above formula.

Finally we get

1/1¢]
2 Py — 1)
/ o I, <aypH ~ Zn[ 1)“@ ~ fbg(l/ltl)?

n=1

which completes the proof. O

Proposition 4.1 follows from the combination of Proposition 4.28, Corollary 4.26, Proposition 4.17
and Lemmas 4.3, 4.2.

5 Proof of the main theorems

In this section, we prove Theorems 1.1 and 1.4. The main tool will be an abstract theorem showing
that, if an induced map satisfies a limit theorem, then the original map satisfies the same limit
theorem. Such a result has been proved in the case of flows by [MT04], and extended to the discrete
time case (and to non-polynomial normalizations) in [Gou03]. For the convenience of the reader, we
state here the result we will use.

If Y is a subset of a probability space (X,m), T : X — X, and Ty is the induced map on Y, we
will write SY'g = >",— h "go TE: this is the Birkhoff sum of g, for the transformation Ty. We will also

write By (g) = e Finally, for ¢ € R, [¢| denotes the integer part of .

[Yl

Theorem 5.1. Let T : X — X be an ergodic endomorphism of a probability space (X, m), and
f X — R an integrable function with vanishing integral. Let Y C X have positive measure. For
y €Y, write o(y) = inf{n >0 | T"(y) € Y} and fy(y) = S0~ f(T*y).

We assume the following properties:
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1. There exists a sequence B, — +oo, with inf,>, ]%TL > 0, such that fy satisfies a limit theorem
for the normalization B, : there exists a random variable Z such that, for every t € R,

itisf"mW)J Ty it
Ey e Br — E (7). (49)

2. There exists b > 0 such that, in the natural extension of Ty, ﬁ Zév_l fy (TEy) tends almost
everywhere to 0 when N — 4o0.

3. There exists Bl, = O(B,i/ *Y such that w converges in distribution.

Then the function [ satisfies also a limit theorem:
FE (eit%> — E(eitz),
i.e., SBLJ tends in distribution to Z.

The first assumption is apparently different from the first assumption in [Gou03, Theorem A.1].
However, they are equivalent by [Eag76| (see also [MT04]).

Remark 5.2. An analogous theorem holds in the case of flows, when Y is a Poincaré section of the
flow and ¢ is the return time to this Poincaré section, with the same proof. Since a Poincaré section
has usually zero measure, it has to be formulated slightly differently: Fy will be the expectation
with respect to the probability measure induced by m on Y, and in (49) m(Y") should be replaced
with 1/FEy (). Finally, the sums (in the definition of fy, and in the definition of the Birkhoff sums of
f) should be replaced with integrals, and correspondingly, the normalizing sequences B,, (B,,) with
appropriate functions B(T) (B'(T)), B: R, — R,.

5.1 Proof of Theorem 1.1 for functions satisfying (P1)

Let fo : Xo — R be Holder continuous and satisfy (P1). In particular, I # 0. Define as in Section 2
functions f, f, g and g. Since f satisfies (6) and g — f is bounded, we obtain ua(|g| > ) ~ z72I(x),

where Y
l = —.
(0) = =

By Paragraph 3.1, the function g is in the nonstandard domain of attraction of the normal law. More

precisely, set
[2 2 T
L(z) = Tglog(m) ~ 2/1 @

The functions [ and L are the tail functions of g, as defined in Paragraph 3.1.
Proposition 4.1 gives

/ 9(%% — 1) = (y — 1)itL(1/[t]) + o(tL(1/]t])).

1
17% log3”
assumptions of Theorem 3.4 are satisfied, for a =y — 1 > 0. Let

2y — 1)1%¢?
B, = \/nlogn%,

where y = Moreover, the function ¢ is locally Holder on A, by (10). Hence, all the
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n—1 k
it satisfies ﬁ(2a + 1)L(B,) — 1. Hence, by Theorem 3.4, we obtain that Z’“g%glj N(0,1) in
distribution with respect to pa- This is equivalent to the same convergence for g, with respect to ux,
since § = goma and pua = (7a).(pa). Since f is cohomologous to g, we get the same convergence

for f. Finally, since f = fomy and pu = (7x).(1a), we get that

Z oTk
Lol v

on X, with respect to p.

n—l oTk— . . . .
The same argument applies to o, — [ ¢, and we get that Lizo £+ Bi I+ converges in distribution.

Hence, Theorem 5.1 applies, with b = 1.

Set B, = Blny(x))- Since p(X) = 225 by (4), we get
2y — 1)12¢2
B, ~ \ [nlogn %~ DI
" \/n cen 4(r + 1)

Theorem 5.1 yields
Doheo foo Iy o foo T¥
0 L220  N (0, 1),
This concludes the proof of Theorem 1.1.

5.2 Proof of Theorem 1.4

Let fo : Xo — R be Holder continuous with f fo=0and I = 0. In this case, we can not use the
cohomology trick any more, since the proofs of Lemmas 2.5 and 2.6 relied heavily on the property
(P1). The argument will be to induce on the basis of the tower A, prove a central limit theorem here
(using Gordin’s martingale argument), and then get back to the original space by using Theorem 5.1
twice. The main difference in the inducing process with the previous paragraph is that we can no
more apply Theorem 5.1 with b = 1. Hence, we will need to prove that ﬁ ZZ;& o T* converges
almost everywhere to 0, for some b < 1. Many arguments of this paragraph are strongly inspired by
[You98|, with additional technical complications due to the fact that our functions are not bounded.

Let A be the basis of the tower A, and let U, be the induced map on A, (with a return time ¢).
Define a new function fo on Ag, by fo(z) = 320971 f(U*z).

Lemma 5.3. There exists 08 > 0 such that

o UF
Lk \)];% 0 — N(0,09).

Proof. Since I = 0, it is not hard to check that there exists a; < 1 such that |f| < n® on the set of
points bouncing n times between the segments of the stadium. This implies that there exists ¢; > 0
such that f € L?**1(X). Hence, f € L***1(A). Since the return time ¢ belongs to L? for all p < oo,
we get fo € L***2(Ag) for some &5 > 0.

Let Ay be obtained by identifying the points on the same stable leaf. It is the basis of the expanding
Young tower A. Let m : Ay — A be the canonical projection, and U, the dynamics induced by U,
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on Ag. Let By be the o-algebra on A, obtained by pulling by 7, the o-algebra on Ay. A measurable
subset B of A is By-measurable if, for almost all = € B, the stable leaf through z is contained in B.

We will prove

Z HE(JFO | U Bo) — f_OHL2 < o0 (50)
and i -
S NEGo | Ug"By)|| 2 < oo (51)

By Gordin’s Theorem |[Gor69|, this will imply the conclusion of the lemma.
The basis Ay corresponds to a rectangle R for the dynamics 7', which is naturally partitioned as
R = |JR;, where R; is an s-subrectangle of R. Let A, be the corresponding subset of Ag, so that

{Ag;} gives a partition of Ag. Define a function A : Ay — R by A(z) = Y89 o (rxUkz). It
is constant on each set A, and corresponds to the number of times the original map Tj is to be
applied to R; so that this s-subrectangle makes a full (Markov) return to the base R. Since ¢ belongs
to every LP(Ag) for p > 1 and ¢, € LP(X) for 1 < p < 2, the function A belongs to LP(4) for
1 < p< 2. If z,y are on the same unstable leaf in a rectangle Ay, we have

[fol@) = foly)] < CA(x)r*¥) (52)

for some constant C' > 0 and some constant 7 < 1. Here, s(z,y) is the separation time of x and y.
Moreover, if x,y are on the same stable leaf in a rectangle A,

| fo(z) = foly)| < CA(z)d(mxz, mxy)®. (53)
for some a > 0.

Since the stable leaves are contracted at each iteration by at least A < 1, the atoms of the o-algebra
U§By have a diameter at most CA\". By (53), we get

|folw) = E(fo | UgBo)(w)] < CA()A™". (54)

Unfortunately, A does not belong to L?, so a further argument is required to get (50). Let p > 0 be

such that §+ 2+1€2 = 1. By (54),

Lagnzw | fo(a) = E(fo | UgBo)(w)| < Cn® A,
Hence, this series is summable in L2. Moreover,
(/A" I
n2

swze foll 2 < aswzel o | Foll 2 < [follpoves -

The function E(fy | U§Bo) is bounded in L***2 by || fo]|,»..,- Hence, we obtain

H1A>n2p }fO — E(fo | Uy Bo) ’HLQ = O(1/n?),

which is summable. This proves (50).

Let h = E(fo | By). This function is constant along the stable leaves, and has zero integral (since f;
also has zero integral). Hence, it induces a function % on the quotient A,. Since f, € L?, it satisfies
h € L*(Ag). The following lemma is an easy consequence of the Holder properties of the invariant
measure and (52), see [You98, Sublemma page 612] for details.
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Lemma 5.4. There exist constants C' > 0 and 7 < 1 such that, for all x,y in the same unstable leaf
of a set Ao,

[A(2) = h(y)| < CA(z)r*).

The function A is integrable. Hence, by [Gou04, Lemma 3.4], this implies that the function Uph is
Hoélder continuous on Aj. By |[Gou04, Corollary 3.3|, we get:

(/J\gh tends exponentially fast to 0 in the space of Holder continuous functions on A,. (55)

A computation gives
r r7r—n 2 In n I n n
HE(fO | Us BO)HLz = /h' (Ugh) o Uy < IR 12 H(Uo h) o Us HLz = ||Al L2 HUO hHLz-
Hence, this term is exponentially small. This proves (51) and concludes the proof of Lemma 5.3. [

The return time ¢ also satisfies a central limit theorem, by the same argument. Hence, by Theo-
rem 5.1 (applied with b = 1), there exists o7 > 0 such that

i [oU*

NG (0,07).

Going from A to X, it implies that

n—1 k
Zki/]%OT —>N
Moreover, the return time ¢, : X — N satisfies a limit theorem with normalization \/n logn. Since

vn = o(v/nlogn), we can unfortunately not apply Theorem 5.1 with b = 1. However, if we can
prove the following lemma, then this theorem applies with b < 1.

(0,07). (56)

Lemma 5.5. For allb > 1/2,
n—1
1
k=0
almost everywhere in X when n — +o0.

Proof. We first estimate the decay of correlations of f, for U;. We will use the notations of the proof
of Lemma 5.3. We have

/fo-fooU(?”:/fo-E(fooUSL|Bo)oU5+/f0'(fooU(?"—E(fooUSLIBo)OUS)- (58)

The contraction properties of Uy along stable manifolds and (53) give | fooUg' (z)—E( foo U | Bo)(2)| <
CA(UJz)A*". Hence, the second integral in (58) is at most

/ ol - A0 T2 < [[Foll vy 1140 AT,

where p < 2 is chosen so that -~ 4+ 1 = 1. Hence, this term decays exponentially fast.

1
242 D
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In the first integral of (58), the function E(fy o U | By) o UY is By-measurable (i.e., constant along
stable leaves). Hence, this integral is equal to

/ h E(foo U3 | Bo) o T7. (59)

Let h, = E(fyo U} | By), it is By-measurable and defines a function h,, on the quotient Ay. The

integral (59) is then equal to
/ h.hnong/Ugh.hn. (60)
Ao

The LZ-_nor{n of h,, is bounded independently of n. By (55), (60) is exponentially small. This proves
that [ fo- fo o U™ decays exponentially. In the same way, [ fo- foo Us"™" decays exponentially.

Since the correlations of f, decay exponentially fast and f, € L?, [Kac96, Theorem 16] implies that

nlb k 0 fo o U"“ tends to zero almost everywhere when n — +o0, for all b > 1/2.

Now to see that - >/~ ! foUP" tends to zero almost everywhere in A when n — 400, for all b > 1/2,
we use [MT04, Lemma 2.1 (a)| which gives this convergence on Ay. However, by the ergodicity of
U, the set on which this convergence holds must have either full or zero measure. As A has positive
measure, we get this convergence almost everywhere on A. Finally, this implies the same for f in X.
We have proved (57) for any b > 1/2 when n — +oc.

To deal with n — —o0, we go to the natural extension. It is sufficient to prove the result for f; in
Ay, since the previous reasoning still applies (using the fact that the natural extension is functorial,
i.e., the natural extension commutes with induction and projections). In the natural extension A{ of
Ao, we have [ fi- fooUy™ = [ foo Uy - fo, which is exponentially small. Hence, [Kac96, Theorem
16] still applies and gives the desired result. O

Remark 5.6. As 1o(X) > 0, we may apply [MT04, Lemma 2.1 (a)] just as we did in the proof above
to see that Lemma 5.5 implies

n—1
1
W Z fO (@] Tég — O
k=0
almost everywhere when n — 400, for any b > 1/2.

Proof of Theorem 1.4. The convergence (56), together with Lemma 5.5 and Theorem 5.1, implies (2).

We still have to prove the zero variance statement. If f = x — y o Ty for some measurable function y;,
then S, fo/v/n = (x —xoT§)/+/n tends in probability to 0, which implies 0 = 0. Conversely, assume
that ¢ = 0. The function f; on the basis A, of the Young tower satisfies a central limit theorem with
zero variance. The proof of Gordin’s theorem then ensures the existence of a measurable function y,
such that fo = Yo — Yo o Uy, i.e., fo is a coboundary on A. This implies that f is a coboundary on
A, as follows: let Ty : A — A be the projection on the basis of the tower. Defining ¥ : A — R by

w(z)—1

X(7) = Xo(Tow) f(UF o (61)
=0

we have f =y — yoU.
Since the function f = f o 7x is a coboundary, general results on coboundaries (see e.g. [Gou0ba,

Theorem 1.4]) ensure that f also is a coboundary on X for 7. Finally, this implies that f; is a
coboundary on X for 7j, using a formula similar to (61). O
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5.3 Proof of Proposition 1.5

We work in the stadium billiard with ¢ = ¢*, for which the free flight 7, satisfies a usual central limit
theorem. Define a function 7: X — R by 7(z) = f;(f)_l 75 (T¥z). Since the function 77 does not
satisfy (P1), Lemma 2.5 does a priori not apply. Nevertheless, due to the geometric properties of
the free flight, the function 7 satisfies the following inequality: if x,y € X are two points sliding n
times along the semicircles, then |7(z) — 7(y)| < C(d(z,y) + d(Tx,Ty)). This estimate is sufficient
to carry out the proofs of Lemmas 2.5 and 2.6. Hence, there exist two functions @ : A — R and
g: A — Rsuch that Tomy = goma +u—uoU on A, @ is bounded on A and g is Holder continuous
on A. Let Ay be the basis of the tower A, and let gy be the function induced by g on A, (given by

go(z) = fi(om)*l g(U*x), where ¢, is the return time from A, to itself).

Assume that 0 = 0. By Theorem 1.4, this implies that 7] is a coboundary. In turn, arguments
similar to the end of the proof of Theorem 1.4 show that gq itself is a coboundary. Since g is Holder
continuous, gy satisfies the assumptions of [Gou05b, Theorem 1.1]. This theorem implies that the
function gy is essentially bounded.

Let us show that this is not the case. The function 7 is bounded from above: since E(7y) = 2, the
function 7 is O(1) on the set of points bouncing n times between the segments. Moreover, on the set
of points sliding n times along the circles, the function 7 is equal to —2n+ O(1). Since 4 is bounded,
this implies that there exists a constant C such that g < €1, and that g = —2n + O(1) on a set of
measure at least C'/n.

Let A, C A be the set of points in the tower where po(moz) < n/(2C)) (where mp : A — Ay is the
projection on the basis) and g < —n. Since pa{po(moz) > n/(2C1)} is exponentially small in n,
while pa{g < —n} > C/n?, the set A, has nonzero measure for n large enough.

If y € m(A,), then go(y) < —n + Zﬁ%)fl Cy1 < —n/2. Since my(A,) has positive measure, this
shows that the function g, is not bounded from below. This contradiction concludes the proof. [
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A  Proof of Lemma 3.6

Let Uy be the map induced by U on the basis A, of the tower. Denote by ¢ the first return time on
the basis, so that Uy(z) = U¥® (z). Note that ¢(z) can also be defined for z € A\ A as the first
hitting time of the basis.

Let F be a finite subset of N. Let (n;);cr be positive integers. Let

K(F,n;) = {x € Ay | Vi € F,p(Ulz) = n,}.
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Lemma A.1. There exists a constant C' such that, for all F' and n; as above,

pa(K(F,n;)) < H(Cpn)

ieF

Proof. The proof is by induction on max F, and the result is trivial when F' = (). Write I’ =
{i—1|i€F,i>1}and, fori e F’, set n, = n;41.
if 0 ¢ F, K(F,n;) = Uy (K(F',n})). Since Uy preserves p and max F’ < max F, we get the result.
Otherwise, 0 € F. Then K(F,n;) = Uy ' (K(F',n})) N {z € Ay, p(z) = no}. By bounded distortion,
we get

(K (F,n)) < Cpa(K(F, ) ualz € Ao, o(x) = no} < Cua(K(F',nl))p™. 0

Lemma A.2. There exist C' > 0 and 0 < 1 such that, for alln € N,

/ ¥ L oo,
U—"Ag

Proof. Let x> 0 be very small (how small will be specified later in the proof). Then
U"AyC{z e AV, () Zrn}U{zeAlplx)=2n/2U{reA]|px)<n/2,V,(x) < kn}.

On the first of these sets, 7% < 7°", whence the integral of 7%~ is exponentially small. The second of
these sets has exponentially small measure. Finally, the last of these sets is contained in U’::/ ?] U='T,,
where
Tn={zxel| > U >n/2}.

0<i<kn
To conclude the proof of the lemma, it is sufficient to prove that the measure of I',, is exponentially
small.
Take L € N such that Vn > L, (Cp)" < p™/?, where C is the constant given by Lemma A.1. For
rel,, let F(x) :={0<i<kn|pUir) > L} Then

Z p(Upr) > g — Z L > (1/2 - Lk)n.

i€F(x) iZF(z)
This implies that
T, C U K(F,n,).
FClo,|kn]] n; 2L

Siepniz(1/2-Lr)n

By Lemma A.1, we get

L]
)< 3 S e < (L“,;”) S (O (O

FClo,|kn]] n; 2L el k=0 ng,...,ng—1=2L
Ziani>(1/2_L’{)n ZTLZ'Z(I/Q*LR)TL

0<k<kn  no,...,nip_1>L 0<k<kn  ng,...,nk_1EN

> n;=(1/2—Lk)n > n;=(1/2—Lk)n
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For r € N,

| r+k r+ k)"
Z pZmﬂ :pr/Q Card{no, ..., mx_1 | an =7} :pr/2( ¥ ) gprﬂ%,

no+-+ng_1=r

Hence,

k
LA < 2 Z Z pr/2(T Z'k) .

0<k<kn r>(1/2—Lk)n

The sequence u, = ,or/2 (Hk) satisfies “==2 < p/ = p'/%e 72°1x for all 7 > (1/2 — Lr)n and k < kn
if k is small enough, p’ < 1 and we get

k
Kn K)n ((1/2 LK)TL + ,{n) 1 2 —Lk)n nk
pa(ly) <2 }: p(1/2=Lr)n/2 o < p(1/2=Lr)n/2 }: g

1—p " 1—-p
0<k<kn P P 0<k<kn

n

The sequence 7

is increasing for £ < n. Hence, we finally get

kN nLlinJ
Fn < (1/2—Lk)n/2 1 )
pal) < o (4 DT

1—p
Using Stirling’s Formula, it is easy to check that this expression is exponentially small if x is small
enough. This concludes the proof. 0J

Proof of Lemma 3.6. Let 6 be given by Lemma A.2. Choose a > 0 so that e**f < 1. Then

U™No C {z € A|w(z)>an}U [{x €A | w(x) <an}yNU A

/ eewT\Iln g/ esw_'_eecm/ T\Ij".
U—"Ag w=an U—"Ag

The first term is exponentially small since e*p < 1. Lemma A.2 and the definition of o also imply
that the second term is exponentially small. O

Hence,
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