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1 Introduction, the model

The model of random walk with internal states (briefly RWwIS) was introduced by Sinai in 1981 in his
Kyoto talk [6]. His aim was to get an efficient tool for examining Lorentz process (in this context the
internal states would represent the elements of the Markov partition), but other applications can be
found, for instance, in some models of queueing systems. Let us begin with the definition of RWwIS (we
follow the notation of [3]).

Definition 1 Let E be a finite set. On the set H = Z% x E (d = 1,2,...), the Markov chain
€, = (n,,en) is a random walk with internal states (RWwIS), if for Va,,wpni1 € Z4  jn,jns1 € E

P(fn—i—l = (xn-‘rl’jn-i-l)'gn = ('ITHJH)) = Pzyi1—Tn,dn dnt1:
In fact, E could be countable as well, but we will consider only the finite case. We will denote
s =card (E).

We have some basic assumptions, which will always be supposed. These are the following:

(i) (20,€1,-..) - which is obviously a Markov chain - is irreducible and aperiodic

(ii) the arithmetics are trivial, with the notation of [3], L = Z¢

(iii) the expectation of one step is zero provided that ¢ is distributed according to its unique stationary
measure

(iv) the covariance matrix, which is exactly defined in the Appendix, exists and nonsingular.

Let Ly (n) denote the number of distinct sites visited by a RWwIS up to n steps. The expectation
of Ly (n) is Eq4(n), and the variance is Vg (n). Our goal is to prove theorems corresponding to the ones
of [2], concerning to the same quantities of simple symmetric random walks.

We have some figures showing trajectories of some random walks. Figure 1 demonstrates a random
trajectory of a two dimensional RWwIS. Black points are the sites, which have been visited during the
first 100 steps. The red point shows the place where the wandering particle is situated at step 100. In
this case Ly (100) = 50. Figure 2 shows a trajectory of the first 22 steps of a three dimensional RWwIS.
The meaning of the black and red points is the same as in the case of Figure 1. In this case we find
L3 (22) = 16.

This paper is organized as follows: in Sect. 2 we examine the high dimensional case, i.e. when d > 3.
We prove asymptotics for E4 (n), and estimate Vy (n), from which we can prove weak and strong law of
large numbers. The case d = 2 is a little bit more involved, i.e. the main theorem of [3] is not enough,
we have to prove a local limit theorem with a remainder term. This theorem is in Sect. 3. In Sect.
4 we discuss the d = 2 case. For Ej(n) we find the same asymptotics (const;z) as in [2], but with
some different constant. V3 (n) is also estimated, and weak law of large numbers is also proved. Sect. 5
contains some remarks. In the Appendix we write the theorems and proofs, which are not my results,
but which are necessary to understand our proofs and the features of the model.







2 Results for d > 3

In the high dimensional case we find that Ey(n) growths fast, i.e. linearly in n, as we could have
conjectured it from the transiency of the RWwIS. In Theorem 1 we prove this fact and compute remainder
terms, too. Our approach is based on the one of [2], but there are some main differences. First, we have
to consider the reversed random walk, which is trivial in the case of [2]. After it, we have to write the
renewal equation with matrices and vectors, which is more technical then in the case of [2]. Moreover,
there will be a technical difficulty, namely we will have to consider the case, when the distribution of
€o is arbitrary. This will be treated separately in Proposition 1. After it, we will be able to estimate
Va (n). In fact, o (nz) is enough for proving weak law of large numbers, and O (n2’5) for strong law of
large numbers (see Appendix for more details), but our estimations will be sharper. Nevertheless, these
estimations are weaker then the ones of [2] (see Appendix) because a symmetry argument, used in [2],
fails here. That is why the computation is longer and it uses Proposition 1, too. Let us see the details.

Theorem 1 Let d > 3. Assuming that g¢ is distributed according to its unique stationary measure, we
have

By(n) = g+ O(/n)
Bi(n) = ny,+0(ogn)
E;(n) = n'yd+ﬁd+0(n2_d/2) ford>5

with some constants v, B4, depending on the RWwlS.

Proof. Fix some dimension d > 3. For the simplicity of notation in the sequel we skip the index
d. Let By = (py,m, yezZt, i,j=1,.., s) be a RWwIS fulfilling our assumptions, and let p denote
the unique stationary measure of . Let us consider the reversed RWwIS, i.e. the one for which the

appropriate ¢, ; ; probabilities are
Qi = HiP—y,jyi
Y5t 1;

Let B denote this RWwIS. Obviously, the unique stationary distribution of the internal states of Bg
is also p. Let Xi, X, ... be the stochastic process consisting of the steps of By (supposed that g¢ is
distributed according to x1), and Y7, Ya, ... the same object for By. Let v(n) = P(in the n** step B; visits
a new point | g ~ u), v(0) = 1 and X¢ = 0. Then we have:

yn) = PXo+..+X;#Xo+..+X, i=0,.n—1)
= P(Xnﬂ-Xn,l—f—XZJrl?éO Z:07TL—1)
= PM+Y..+Y;#0 j=1,.n).

It is clear, that we have to examine Bs.

Let Uy be a matrix sized s x s, where (Ux); ; = P( for B> §, = (0,7) [ §, = (0,4) ). Let Ry be an s
dimensional vector, where (Ry); = P( Bz does not visit the origin for & steps | {; = (0,7) ). 1€ R?,

1=(1,1,.., 1)T. Obviously we have:
n
>Uk- Ry =1
k=0

We are interested in (R,, ) = v(n). From the definition of Ry, for n; > na we have R,,, — R,, > 0,
meaning that all the components of the vector are not negative.

We know from [3] 5.2. that (Uy), ; = cjk’% + om-(k:’%). Here we have c; = cp;, but we will not use
this. So we have

ol

(ZUk) :E@j + 0 (7117
k=0

(]



Using the monotonity of Ry

Defining ¢; the following way
((3)"(£)) =15 (uro ) =a o).

12<(61+O(n1’g),...,Es+0(n1’%)),Rn>. (1)

For all j, (R,,) ; has limit in n being a decreasing non-negative sequence. So let (Ry) = RI + al , where

we have

af, \, 0. It will be enough to estimate the order of a},, because y(n) = Y p; (R + a},).
j=1

For the estimation of the other direction let k < n. We have:

() (B) mewe () () 222

k

Since (Uk)ij > 0 for all k,4,7, we have (%l)T- (ZUZ> < (é1,...,¢5). On the other hand (%l)T.
’ i=0
( > Ui> -1=0(1), as k — o0, s0
i=k+1
((€1, ., Cs) s Rpn—i) > 1+ o(1). (2)

So if we let n — 00, k — 00, n — k — 00, (2) together with (1) yields
R+ ...+ CGR =1.

Substituting to (1) we have:

> (& +o(n=9)) (R +ap)] <1,

SO

hence

Since ¢; > 0, és al, > 0, we get that for Vj af, = O nl_g). This yields y(n) = Y p; (R +4a) =
j=1

v+ O (nl’%) Hence the statement (just like in [2]). =
Proposition 1 The assertion of Theorem 1 remains true when the distribution of €g is arbitrary.

Proof. With the notation y(n) = v + h(n) we already know that h(n) = O (nk%). Let 3% (n) =

~ej

P (at time j we visite a new site | g = j), Y (n) = v+ h’(n) j = 1,...,s. As in the previous proof, it

would be sufficient to prove h7(n) = O (nl_%) for all j.



Let K for the present be a fixed, great natural number, and
pp +VL(K)=Pex =k |eo=j) jk=1,..s

We know from the ergodic theorem of Markov chains that bi(K ) tends to zero exponentially fast in
K.

Denote by p(K,n) the probability of visiting a site that was visited during the first K steps, but was
not visited in the following (n — K — 1) steps at the n'”* step, provided that ey = j. We know from [3]

5.2. that p(K,n) = 0O (K - (n— K)fg), whence

e,

30 = 3 [ (e 0L00) 7 (= K)] 0 (K- (= K)F). 3)

Recall 7 (n) = v + h/(n) to get

S

hi(n) = 3 peh®(n — K)+ Y bL(K)hF(n — K) + O (K (- K)‘%) — [+ II+III.  (4)
k=1 k=1
Now let us set K = K(n) = |n®|, with arbitrary 0 < o < 1. Tt is clear that I is equal to h(n — K),

d
1-3

so since Theorem 1, I = O ((n —n) ) <0 (nlfg). Since bi (K) tends to zero exponentially fast in

_d
2

K, we have I <O (nl_%). Finally 111 = O (no‘ (n —n%) ) <0 (nl_%). Hence the statement. m

Now let us see the estimation of Vy (n).

Theorem 2 For d > 3 assuming that g ~ p we have
Va(n) = O (n1+%) .

Proof. Let v, (n,m) denote the probability of the event, that our RWwIS visits new points in both the

n'" and the m'" step under the condition, that ey ~ 1, and let A = {S4(i) # Sq(m), i=0,...m — 1}

(where, of course Sq(i) = »_ X;). Obviously v, (n,m) = v, (m,n), so w.l.o.g. when estimating v, (n, m)
j=1

one can assume n > m.

Yd (mvn) = P(A& Sd(]) #Sd(n)a j:07...7n—1)
< P(A&Sd(])#sd(n)a j:ma"'vnfl)
= )P (Salj) £ Saln)y G=myen—1 | A).

Here P (S4(j) # Sa(n), i=m,..,n—1 | A) is the probability of the event, that the RWwIS
visits a new point in the (n — m)!" step, assuming, that ey ~ p(n). So the condition A is involved
in p(n), and because of the Markov property, has no other contribution. This event is denoted by
:?g(") (n —m). Because of Proposition 1 we know, that ﬁs(n) (n—m) — 74, as (n —m) — oo, and it is
easy to see that this convergence is uniform in g (n). So we know, that for ¥6 > 0 3 N = N (J), such
that for Yn —m > N the following estimation holds.

T4 (0= m) = X ), 7 (0= m) < (14 0)y4(n — m).



In addition, using Proposition 1 one can estimate N (§), which will be done a little bit later. Now,
let us see the estimation of Vy (n)

Vi) = D 74(i0) =Y va @)D vali)
1,j=0 =0 3=0
< 2 ) (i d) =7 ()74 ()
0<i<j<n
< 2 Z (va (,5) = va (D) va (4)) +2 Z Va (i, 7)
0<i<itK<j<n 0<i<n—K
= :5+85;.

Let K big enough, such that for n—m > K one would have ;(n—m) < (1+6)v4(n—m). Estimating
S1 and S5 separately, we get

—K n n—Ki+K

S S Y - Y 00+ X 3 07 0)
1=0 j=i+K i=0 j=1 =0 j=1
< i’yd(i)0<?i?f’il{ > (1+68)7, G ) Zvd
1=0 - = j=i
n—K i+ K
+3 7 (@) Y74 )
i=0 j=i
n—K
< Ll ) [0Eam) + Eatn— |5 ) = Batw) + Ba(| 5 )]

+ Z Y4 (1) K
i=0
where estimating the maximum we used the monotonity of ,(n), too. On the other hand

S5 <2 Y 7,(i) < 2KEqy(n).

0<i<n—K
i<j<it+K

From Proposition 1 one can easily deduce, that 74(k) < (1 +O(k1’%)> vq(k), uniformly in v. So

replacing K to K (n) in the above argument, one can change 6 to O (K(n)l_%), thus

Va(n) < O(m)[0(K@®)'~#)0m)+0(Vn)]+KmOom
Vitn) < O(n) [o (K(n)l’%) O(n)+0 (1ogn)} + K (n)O(n)
Vi(n) < O(n) {O(K(n)l_%)O(n)—i—O(l)}+K(n)0(n) d>5.

Now K(n) =ni proves the statement. ®

Corollary 1 For RWwIS in d > 3 the weak law of large numbers holds, namely
P(|La(n) = Ea(n)| > eEa(n)) — 0

for Ve > 0.



Proof. Since Vy(n) = o (n?) Chebyshev’s inequality applies (just like in [2]). m
From Theorem 2 one can deduce even strong law of large numbers:

Theorem 3 For RWwIS in d > 3 strong law of large numbers holds, namely

P ( lim Z2(?) _ 1) =1

n— 00 Ed(n)

Proof. For d > 4 the proof is exactly the same as in [2] (see Appendix for the complete proof). For
d = 3 the difference is, that a must be a real number satisfying

8
—<a<l,
9 (6%

and [ should satisfy

— << —.
2a0—5/3 p -«

After choosing « and 8 this way, the same argument holds as in [2]. =

3 Local limit theorem with remainder term

In this section we calculate remainder term for the theorem 5.2. in [3] (for the theorem itself see
Appendix). The calculation is similar to the one of [3]. The main point is that while in [3] it is sufficient
to consider the Taylor expansion of the largest eigenvalue up to the quadratic term, now, we have to
calculate the third term as well. We have to start with some notation.

Let Ay = (pyjk)jk=1,.,s : C° — C°. With this notation, the transition matrix for the Markov
chain (eg,e1,...) is @ = Y  A,. We know that the unique stationary distribution of @ is pu. Let
yEeZ?
a(t)= Y exp(i(t,y)) Ay, te][-m, 7]%. Now we have to consider the Taylor expansion of the largest
yeZ?
eigenvalue of a(t), which is denoted by A(t), up to the third term.
Let us first assume that d = 1. From our basic assumptions it follows that M = " yA, and

YEL
x=> yQAy are convergent series. But from know, we suppose the convergence of ) y™A,, for all n,
YEZ YEL
too. Let = denote Y y3Ay. From the existence of M, X, = we have
YEL
. t2 it3 _ 3
a(t)=Q+th—52—?:+o(t ) (t—0), (5)

and by the perturbation theory (in fact, the existence of Z should be enough, but our assumption is not
an essential restriction)

At) =1+7rt+ %tQ + %3153 +o(t®) (t—0). (6)

From [3] we know that 71 = 0 and 7y = — (S1, ) + 2 (M(Q — 1) 7'M, p).
For the computation of 75 we use the same method as for 71 and r9. Let IT : C* — C* TIV = (¥, u) 1
and B = (Q — 1+ cIl)~! for some real ¢ # 0. Then

(a(t) = A(t) + D) !

t2 it3 T9 T3 -1
M — =% — ——E -1 —rt— —t2 — =43 + Il 3
(Q—H 5 : mt = 5 + Il 4 o(t”)

t2 it?’ T2 T3 -t
(1 +itBM — 5 BY — = BE —11tB - 51523 — gf:““’B + 0(t3)> B

= S7'B.



Now, elementary calculations show that
2 i3

t e
S = B-itBMB+ BEB+ < BEB+ 5#32 gt3B2

zt3 it3 iry

—t?BMBMB — —BEBMB — —BMBEB -5 —2t3BM B?

—Ht?’BMBMBMB + o(t?).
Using Bl =c¢™'1, B*p=c 'pand 1 = c((a(t) — A(t) + cII)~'1, 1) we conclude
ry =i (3(SBM1, p) + 3 (MBY1, p) — (21, 1)) .

Using the notation 02 = —r, we can now formulate our theorem:

Theorem 4 Under the assumptions of [3] 2.1. we have:
. 1 x? i3 9 o 11 1
P(&, = (2, k)| = (0,5)) *Nkmexl) <2m72) [1 - ?x (30 n—x ) prciee 0 nl
Proof. The proof is similar to the one of Theorem 2.1. in [3]. Because of (6) we have
2t2

a0 = ) (1= 55+ 2040 () (o), )

where o(1) on the right hand side is the contribution of the other eigenvalues besides A(t), thus this o(1)
converges to zero exponentially fast uniformly for small ¢. Elementary calculations show that

0252 1y s3 s " 0252 r3 1 s
1- = —— ) (1 == — ). 8
(-G fmrelr) —o () (e iimee(R) @

In order to prove the statement we use the Fourier transforms, and the usual estimations

’\Ff exp (—ixt) €ja ()dt—u*\/:?exp<_ z? ){1—”63x(302n—x2);1}
/ eja” <\jﬁ> _ﬂ*exp(—ﬁ) <1+7"65\=ji>

|s|<ne
S
*a’ll dS

0'252
[ exp-Tas e[

|s|>ne ne<|s|<yy/n

S
+ / e;a” <
)
yvn<|s|<my/n
= L+ 1+ 13+ 14,

ds

where 0 < € < 1 arbitrary. It is clear that proving I; =o (%) , j = 1,2,3,4 is enough for our

2
purposes. (7) and (8) yield that the integrand in I; is equal to (1/3 exp( "2252>, where d(n) — 0

uniformly in s. Thus we have I; = o ( f) It is clear that I = o (\}) and I, converges exponentlally

fast to zero. Now, we have to estimate I3. It is easy to see that (5) yields |a(t)|| < exp ( ) if |t



is smaller than an appropriate v > 0 constant. Thus

s
Iy = / ea” ( ds =+/n ()] dt <
NG
ne<|s|<yy/n ne—1/2<|t|<y
242 2.2
< vn / exp <—U4n> dt = / exp (—045 )ds.
ne—1/2 <t <y ns<|s|<yy/n

So we have I3=O<f> too. m

Remark 1 In Theorem 4 for the expression subtracted from the appropriate probability we have:

1 22 irs 11
—_— —— ] |1——2(3 2
e exp( 2n02) [ 5 x( o’n — z°) GnQ}
1 v y Z7"3 303253 3 11
= ,——— €X + = | = — 3yn /203> ——
H V2mno p( ) Mk\f ( 2) Y % n?
Y
2

1 y2> 11 ( ) ir3 1

= ———ex + ex — —3y) —
M= p( 5 ) Ty e oxp o (v =3y) —
L1 em<f>+u11m@)
orer: 2 Fno
where y = ﬁ, and the qi (y) is the function defined in [4], Chapter VI. (1.14.). In this sense the

local limit theorem concerning RWwIS is analogous to the one of simple symmetric random walk (see [/]
Chapter VII. Theorem 13).

The extension of Theorem 4 to the multidimensional case is straightforward. Analogously to (6) we
have:

Mﬂ:1—%wwhﬂw+qm% (It = 0),

d d d
where f(t) = > > > 73, xtit;tx is the third term of the Taylor expansion. Denote
i=1j=1k=1

nd/2 i o ’ .
Q= P&, = (z,)|& = (0,5)) = W/ﬂ.../ﬂexp(z <z,t>)ejoz (t) dt.

So the analogue of the expression subtracted from the appropriate probability in Theorem 4 (multiplied

by 25) is
7 / /exp (_30‘9_ <m\jﬁ>) f\/(;l)ds.

(2m)
Using Lebesgue’s Theorem it it easy to see that 1™ = O (n~%/2). One can estimate Iy, I>, I3, 4 the
same way, as we did it in the proof of Theorem 4 (see [3] 5.2. for more details). So we arrived at

Proposition 2 For the d dimensional RWwIS we have

P(E, = @kl = (0.4)) = de%(;)+o@4ﬂwﬂ.

where g, (x) denotes the density of a Gaussian distribution with mean 0 and covariance matrix o.



4 Results for d =2

In this section we calculate Es (n) and estimate V5 (n).

4.1 Simulations of Es (n)

Before proving Theorem 5 I made some simulations to conjecture, whether Fs (n) is of order % or

not. In fact, by that time I had no idea how to prove the theorem in a rigorous manner.

Let us consider three random walks: By, Bs, Bs. Bj is the simple symmetric random walk. Bs is a
1/2 1/2
1/2 1/2
sitions of internal states By steps with the four unit vectors, respectively, with probability 1. Assuming
that €9 ~ (1/2,1/2), it is clear that the steps of By are identically distributed to the ones of By, but
they are dependent. Define B3 with the appropriate probabilities

very simple RWwIS: the @ matrix corresponding to Bs is ( >, and for the four possible tran-

3
Po,1),1,1 = 10
7
Pa,0),1,2 = Toa
5
Po,-1),2,1 = ﬂ,
1
P,1),21 = ?
1
P(-1,0),2,2 = 5-

It is easy to see that B;, Be and Bs fulfill the essential basic assumptions, i.e. assumption (i) (iii)
and (iv).

For these three random walks I generated approximately 103 trajectories of 10* steps, 102 trajectories
of 10° steps, 10 trajectories of 105 steps and 1 trajectory of 107 step using Mathematica. For each
trajectory I computed the number of distinct sites visited by the random walk. After it, from each
sample I computed the mean, and assuming that this value is cilogn with some constant ¢; (i=1,2,3,
where ¢; corresponds to B;) I got estimations to the ¢;’s. The result of these estimations can be seen in
the following table where ¢; (n) denotes the estimation of ¢; from trajectories of length n.

n ¢ (n) <¢m) ¢ (n)
10* 2.65987 2.67432 2.71659
10° 2.73242 2.79778 2.79516
108 2.84455 2.77546 2.79338
107 2.8126 2.67285 3.00839

Since ¢; = 7 (see Theorem 1 in [2]) apparently these step sizes are not sufficient to conjecture the size
of the constant, but rather to see the order of increase. Since the behavior in the last two cases are very
similar to the one of the simple symmetric random walk, these results suggested the desired asymptotic
behavior and inspired me to make the calculations of the proofs of Theorem 4 and Theorem 5. Although
Theorem 5 does not concern the above By and Bj as they do not fulfill our basic assumption (ii), these
results are inspirational because basic assumption (ii) is not essential (see Final remark 2).

4.2 Analytical arguments

In this subsection we will see the formal proofs of the estimations of Fs (n) and V5 (n). The idea of the
proofs (assuming that g ~ ) is similar to the ones of Theorem 1 and 2, or [2] Theorem 1 and Theorem
2. The computations are longer than in [2]. We have to write the renewal equation in terms of vectors

10



and matrices, which is a new idea, and we use the above proved Proposition 2 because it is essential
that the remainder term should be summable, which was trivial in the case of [2]. We have to consider
the case of arbitrary initial distribution, separately, just like in Sect. 2. In this case we formulate the
fact that after some steps the distribution of € will be very close to p.

Theorem 5 Let d = 2. Assuming that €9 ~ p we have

2 log1
By (n) = T/ |o|n Lo (n og 0gn>

logn log®n

Proof. As in the proof of Theorem 1 we examine the reversed RWwIS, and write the renewal equation
for By

kgon "Ry =1. 9)

Proposition 2 yields
1

o]

(Uk)i,j = Njk + O ( 3/2) )

thus

n 1 B
(£00),, = seymmisteon +0 () (1)
= ij

Our purpose is to estimate (R, u) = v(n). Exactly as in the high dimensional case R,, is decreasing,

0 (9) yields
(.11>T ' (ém) “Ryp + (il)T : (l_X:;rle> 1>, (11)

Let k — oo, n — oco. The relation between k and n will be fixed later. From (10) it follows that

()" (8) -

for some ¢;. So we have for k < n

1 ~ —1/2

rﬂj log (ém) —log (&k)] + 0 (K/2) +-0 (n/2) (1)

o]

- 10g ) (k—l/Q) .

Q\f

Substituting (12) and (13) to (11) we get

Z;: [ p; log (¢jk) + O (](1/2) (Rn—k); +

——— log + O( 1/2) >1. (14)

27r\/7

. This yields logk ~ log (n — k). Using v(n — k) = > pi; (Rn—k); from (14) we easily
j=1

o]

obtain

log k ————p;log¢; + O ( 1/2> (Rn—k); + C’log% +0 (kil/Q) > 1.

(15)

1
vk lzwm zﬁr

11



Since log & — 0, and (R;,—x); — 0, as n—k — oo (recall that the RWwIS is recurrent in two dimension),
it follows that

2m+/|o| 1
—k) > . 1
v =k = o +0<logkz> (16)
Hence, by the choice of k&,
2m4/|o| 1
—k)> . 1
v(n k)_log(nk)+o<log(nk)> (17)

Now let us give an upper estimation to y(n). From (9) it follows that

k=0

Multiplying by the vector 11 we get

z:: [27r\/—,% IOg Cj ) + O (n*1/2) (RH)J S ]-,
thus
St + 52 + 53
zm )y logn + - zm W)jlogd; + 0 (n712) (Ry); < 1.
2my/Jo] /=1 \0| T i=1 !

Since (Rp); — 0, it follows that S + S5 = o(1). So we have the upper estimation

v(n) < 271rog|n0| to <10;n) ' (18)
From (17) and (18) we get \/7
21/ o]

v(n) = logn (log n) (19)

Unfortunately, the estimation (19) is not good enough for our purposes. But from (18) we see that
(Rn)j =0 (@) for all 7. Hence, with the previous notation So = O ( . Obviously S3 = O (loén)
Thus we arrived at

logn

1 s 1
R,)).logn<1+0 ( ) .
2w \G|J§1% (Bn); log logn
Hence
2m+/|o| 1
. 20
) < 50 0 () (20)

This estimation is sharp enough, as we will see later.
Now we have to improve our lower estimation. From (19) and (15) it follows that there exist C; and
C5 constants, such that

1 1
y(n—k) | —F—=logk + C, —&-C’llogE—FO(k_?)Zl.
2r k

o] log (n —k)y(n—k)

Using v (n — k) log (n — k) > 2m+/|o| + o(1), we conclude

logk+ O (1) +Clogﬁ+0(k_%) > 1,

v(n—k)[ ’

1
21/ |o]

12



thus

n _1\\ log(n—k)
- — k) > (27/|o] — \/ - o M
v(n—k)log(n—k) > (27r lo] — C2m |a|logl€ +0 (k 2)) log k + O(1)
From now the end of the proof is almost the same as is [2]. We claim that
loglog
v () logl > 2my/|o| + O ozl ) (21)

From (20) and (21) the statement would follow just like in [2]. Put I = 2. It is obvious that

loglog! loglogn

22
logl logn (22)
To prove (21), observe that
1 logn
lim 1 =0. 23
I Og<1—10;n> loglogn (23)
In the sense of (22) and (23) in order to prove (21) it is enough to verify
log (%) log log [
llg' _1+0<°1g°lg>. (24)
o
log (n (1= %5 ) ) +0(1) g
This is just an elementary computation.
logn — loglogn _ 1- loﬁ)g)in
- log(1— =1~
logn + log (1—10;1)—1—0(1) 1_%4_%
1— loglogn
o logn
- o(1)
1+ logn
_ _ loglogn 1+ o(1)
logn logn
1
_ 140 ( og logn>
logn
So we have proved (21). (20) and (21) imply
214/ |o| <loglogn>
n=——+0——|. 25
Now an elementary calculation completes the proof. Obviously it is enough to prove
- 1 loglog n—2 nloglogn
Z(.+O< 808 >> +O( g8 > (26)
e logz log 1 logn log n
n
It is trivial that > 1022. > 1’(‘);3 First we are going to prove that
i=3
1 -2 log 1
Z < n 40 n ogQOgn . (27)
“logi ~ logn log®n

13



Obviously we have

n

1 -2 1 1 —2 1 -l j
Z,:”+Z< . >:” ¢ Lyloa/i)
P loge  logn pae log: logn logn  logn P log ¢

So in order to show (27) it is enough to verify

logn  ~log(n/i)
2
nloglogn; log i <CU< (28)

nloglogn

Toe? J Now we have
ogn

for all n. Denote ig = ig (n) = [

logn  log (/i) logn En log (/1)
St S '
(n) + Sz (n) = nloglognz log i +nloglognA ~ logi
1=10

Thus

log n
S1
(n) < nloglognZ logi — log3

because of the definition if 9. On the other hand for all ¢ > 0

2 p—
S (n) < 1 log?z log < C,log log”n —logloglogn + ¢ <920
loglog n log i i loglogn

logn
log io

(such an upper bound exists as logn _, 1).

holds for large enough n where C' is an upper bound of Toz o

Hence we have proved (28).
Now we are going to prove that

log?n & loglog
S =——>» 0 29
(n) nlog logn; logQi (29)

is a bounded series. There exists a bounded a,, series such that S (n) can be written as

log®n En: loglog
a; .
nloglogn = log? i

Now we use the same trick as previously, namely we cut the sum into two pieces. Denote 71 = LongnJ’

¢ = maxa;, and write
K]

i1 2 n 2
S(n) < S} (n) + Sp (n) = ¢S By (3B

N log? i = log? i
Now we have )
Si(n) < cillog " <ec
and for all € > 0
Sy(m)<onilE L, log'm <2
n log” i1 log“n — 4loglogn — ¢

for all sufficiently large n. So we have proved (29). Hence the theorem. m
As in the high dimensional case, the initial distribution does not influence the asymptotic behavior.
More precisely

14



Proposition 3 The assertion of Theorem 5 remains true when the distribution of €g is arbitrary.

Proof. The proof is very similar to the one of Proposition 1. We know that

” (n) = 2w/ o] Lo <loglogn> .

log n log2 n

274/ o]

With the notation 7% (n) = Togn T h7 (n) our aim is to prove h/ (n) = O (kiigl%n"). The analogue of
(3) is

QW\/W + hj (n) _ kzi:l

(uk +b§;(K)) (10;7{”_'0['{) + h¥ (n—K)) +0 (K : (n—K)_l) ,

and the analogue of (4) is
W) = 3 uhFn—K)+ S b (K (n— K) + 0 (K- 5)7)
k=1 k=1

+< or/lo]l 277\%)

log (n — K) logn
= I+II+1IT+1V.

With the choice K (n) = |v/n] elementary calculations show that I +II +IIT+1V <O (%). |

Now let us see the estimation of the variance.

Theorem 6 If g ~ u then we have

2
Va(n) = O (n loglogn> .

log3 n

Proof. The beginning of the proof is the same as in Theorem 2. The difference is that when we change

K to K (n), we can write O <%) instead of § in the sense of Proposition 3. From now, just like
in the proof of Theorem 2 it is not difficult to deduce

50 ) A0 ) o ()] s (2)

Taking K (n) = LOgL%J proves the statement. m

Remark 2 The assertion of Theorem 6 remains true when the distribution of €9 is some arbitrary v.
Moreover, the great order is uniform in v.

Proof. Let us introduce the notation L} (n), F% (n) and V5 (n) for the RWwIS when gg ~ v. Obviously,
V¥ (n) = B [(L5 ()] - (B ()" (30)

On the other hand,

S oviVs? () =Y B (L5 )°] = vy (Bs ()" (31)
Jj=1 j=1 j=1

15



Since E [(Lg (n))z} = zs: viE {(L;j (71))2}7 subtracting (31) from (30) we conclude
j=1

n? 10g10gn> (32)

log®n

IR SO

It is clear that the great order on the right hand side is uniform in v. In the sense of (32) it is enough
to prove the assertion for v =e;,(j =1, ..., s). To do so, let us substitute u = v to (32) to obtain

n? log log n)
log3 n '

Va (n) — ZMjV;j (n)=0 (

Now Theorem 6 implies

- W VE (n) = O (nzloglogn)
> Vs =0(—=5— |-
i=1

log®n
Since for all j and n p; and V,? (n) are non negative, we have proved the statement for all ej. m

Corollary 2 For a RWwlS in d = 2 dimension weak law of large numbers holds.

Proof. Since O (M) <0 ( n? )7 Chebyshev’s inequality applies. m

log3 n logZ n

5 Final remarks

1. All of our results show that the RWwIS behaves like the simple symmetric random walk in an
asymptotic sense. The main features are very similar, only the involved constants differ. The results
showing that the asymptotic behavior is independent of the initial distribution on the internal states
(Proposition 1 and 3, Remark 2) are intuitively trivial as after some steps ¢ will be very close to p.
Nevertheless, these assertions need formal proofs as well, especially as they are used by the estimations
of Vi (n). Of course, this similarity to the simple symmetric random walk could change if we went
further in the generalization, for instance, if we allowed countable set of internal states. This model
is not treated yet, it must need some more involved technics. However, one could consider problems
concerning RWwIS (even with finite set of internal states), which have no analogue in the case of simple
symmetric random walk. For instance, an interesting question is that what is the distribution of € when
the wandering particle hits the origin for the first time, assuming that it starts from very far away. This
question will be treated in my diploma thesis. The same question in terms of Lorentz process has been
recently discussed in [1].

2. Our basic assumption (ii) is not essential. The above theorems could be generalized to the case
dropping basic assumption (ii), as the limit theorem in [3] is proved for this case as well. Only the
computations would became longer. The other three assumptions are essential.

3. Strong law of large numbers for d = 2 is not proved yet. For the case of simple symmetric random
walk there is a quite laborious proof of this theorem in [2]. The main part of this proof can be generalized
easily to RWwIS, but there are some technical difficulties in the end, which are not solved yet.

4. The analogue of Theorem 5 and the above mentioned strong law of large numbers for Lorentz
process has been recently examined in [5]. These proofs are laborious, too.

Appendix

In the Appendix we write theorems and proofs, which are necessary to understand the previous sections,
but which are already published (in [2] and [3]). At the same time we will have some remarks to these
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theorems, too. First we reformulate a special case of Theorem 5.2. in [3] under our basic assumption
(ii). After it we prove strong law of large numbers for high dimensional simple symmetric random walk,
which proof can be found in [2].

Local limit theorem for RWwIS

We have to start with some definition. Denote

Ay = (pyaj>k)j,k:1,...,s )
Ml = Z ylAya
y€ez?
El,7n = Z ylymAy
yeZa

Theorem 7 If a RWwIS in VA fulfills our basic assumptions and the matriz o = (Jl_m)1<l m<dq Whose
elements are T

Ot = {p Bt l) = (41 M (Q = )7 ML) = (o Moy (Q = 1) i)

(which can be called a covariance matriz) is positive definite, then

P&, = (2. k)€ = (0,4)) — 0~ 1yg, (””)\ =0
(1§H‘ 0 k \/’71

as n — oo, where g, (x) denotes the density of a Gaussian distribution with mean 0 and covariance

matric o.

—1/2

We skip the proof, it can be seen in [2]. In fact, there is a typo in [2] as they write n instead of

n~%?2 but it is easy to correct it even in the proof.

Strong law of large numbers for high dimensional simple symmetric random
walk

Theorem 8 (/2] Theorem 2) For simple symmetric random walk the following estimations hold
Va(n) = O(n?)

Vi(n) = O(nlogn)
Va(n) = O(n) ford=5,6,....

We omit the proof here. Using these estimations one can prove strong law of large numbers:

Theorem 9 (/2] Theorem 4) Let d > 3. The random variable Lq(n) obeys the strong law of large

numbers, that is,
. La(n) >
P lim =1)=1. 33
(i 5 (32)

Proof. Let a be any real number satisfying
5/6<a<l1 (34)

and take for f any number with




such a choice of § is possible because of (34).
Put
ne = k’] k=12,... (36)

Since Theorem 8 we have V3 (n) = O (n?’/ 2). Now apply Chebyshev’s inequality to have
P (|Lg (ng) — ngygl > ng) =0 (nz/%%) =0 (k(3*4“)5/2) .

Since (3 —4a) 5/2 < —1 by (35) it follows that

oo

S P (L () = maeval > ) < oo.
k=1

Hence, by the Borel-Cantelli lemma, there is probability 1 that
|La (nk) = nyal < mi (37)
hold for all sufficiently large k. But (37) implies
|La (n) = nvy4l < |La(n) = La (ng)| + [La (nk) — nival + [(ne — n) val < ng+2np41 — 20 (38)
for n, <n < ngs1. By (36), ngr1 —nk =0 (kﬁ_l), ie.
i R

Since 8 — 1 < a8 we have also k?~1 = O (n¢). Thus the right side of (38) is O (ng) and hence O (n®)
for np, <n < ngy1. Thus we have proved that for almost all paths

La(n) =nyq+ O (n%)

for every a > 5/6. Hence the statement. m
It is easy to check that if we had estimation Vi (n) = O (n") with some 7 < 2, then the above
argument would work with the following parameters:

147 < <1
«
3
1 1
< < —
200 — T B 1l—«

So the main point is that we should have some 7 < 2 such that Vz(n) = O (n™) as it was mentioned at
the beginning of Section 2.
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