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In this exercise sheet, “Brownian motion” is used as a synonym of “Wiener process”. B(t)
denotes a standard 1-dimensional Brownian motion, and Ft is the filtration generated by B(t).

1. (10 points) Let b : R → R and σ : R → R be Lipschitz continuous with Lipschitz constant
C. (This means that |b(y) − b(x)| ≤ C|y − x| and |σ(y) − σ(x)| ≤ C|y − x| for every
x, y ∈ R.) Assume that X(t), Y (t), X̃(t), Ỹ (t) are processes adapted to Ft such that

X̃(t) =

∫ t

0

b(X(s)) ds+

∫ t

0

σ(X(s)) dB(s),

Ỹ (t) =

∫ t

0

b(Y (s)) ds+

∫ t

0

σ(Y (s)) dB(s).

Show that, for every t ∈ [0, 1]

E

[

(

Ỹ (t)− X̃(t)
)2
]

≤ 4C2

∫ t

0

E
[

(Y (s)−X(s))2
]

ds.

2. (10 points) Find explicitly the strong solution of the stochastic differential equation

dX(t) = 3(X(t))
1

3 dt+ 3(X(t))
2

3 dB(t) , X(0) = 2.

(Hint: consider Y (t) = (X(t))
1

3 .)

3. Let X(t) be the strong solution of the stochastic differential equation

dX(t) = X3(t) dt +X2(t) dB(t) , X(0) = x > 0.

a.) (5 points) Find the infinitesimal generator A of the diffusion process X(t).

b.) (5 points) Check that the function f(x) = 1

x
is a solution of the differential equation

Af = 0.

c.) (5 points) For y ∈ R let τy = inf{t ≥ 0 : X(t) = y}. Calculate Px(τa < τb) for every
0 < a < x < b < ∞. (You can use without proof that Ex(min{τa, τb}) < ∞.)

d.) (5 points) Calculate Px(τ0 < ∞) for every x > 0.

4. (10 points) Let X(t) be the strong solution of the stochastic differential equation

dX(t) = X3(t) dt+X2(t) dB(t) , X(0) = 2.

Let τ = inf{t ≥ 0 : X(t) = 1 or X(t) = 3}. Calculate Eτ . (Hint: consider Af where A is
the infinitesimal generator of the process X(t) and f(x) = 1

x2 .)

1


