
Mathemati
al methods of statisti
al physi
s

Homework

Exer
ise 1. Let (Ω,F) be a measure spa
e and X an index set. Let T : Ω → X, and

Ax = {ω ∈ Ω | T (ω) = x}.

Let k be a kernel from X to Ω su
h that for every x ∈ X , k(x, ·) is 
on
entrated on Ax. Let µ

be a measure on Ω and π be a measure on X su
h that µ = π ∗k. Prove that k is a probability

kernel if and only if π = T∗µ.

Exer
ise 2. Let Ω = R
2
, µ = LebR2

, X = R, T (x, y) = 1
2m

(x2 + y2) = E, π = Leb. Let

µ = π ∗ k.

a.) Show that k(E, ·) = 
onst · ar
length.

b.) Find the �
onstant� 
onst = 
onst(E).


.) 
ompare withthe 
ase T =
√

x2 + y2.

Exer
ise 3. Let X1, X2, . . . be a Markov 
hain on the state spa
e {1, 2, . . . , K} with initial dis-

tribution π and transition matrix (pij)
K
i,j=1. Prove that for the entropy of the joint distribution

of X1 and X2

S((X1, X2)) = S(π) +

K
∑

i=1

S(pi·)πi

holds, where pi· is row i of the transition matrix.

Exer
ise 4. Find the random variable X : A → R with distribution µ with maximal relative

entropy with respe
t to ν in the following s
enarios. (See HW 4.6 in[HW℄ for details.)

a.) A = {1, 2, . . . , K}, ν = 
ounting measure,

b.) A = [0, k], ν = Lebesgue,


.) A = R, ν = Lebesgue,

d.) A = R, ν = Lebesgue, EX = 1,

e.) A = R
+
, ν = Lebesgue, EX = 1,

f.) A = R, ν = Lebesgue, EX = 0, EX2 = 1,

g.) A = N, ν = 
ounting measure, EX = 2.

Exer
ise 5. Consider the free gas. (For details, see Exer
ies 4.7, 5.4 and 5.5 in [HW℄.)
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1. Mi
ro
anoni
al setting: Cal
ulate the mi
ro
anoni
al partition fun
tion Z(V,N,E), the
mi
ro
anoni
al entropy S(V,N,E), the temperature T (V,N,E), the pressure P (V,N,E)
and the 
hemi
al potential µ(V,N,E).

2. Canoni
al setting: Cal
ulate the free energy A(V,N, β), the 
anoni
al pressure P (V,N, β)
and the 
anoni
al 
hemi
al potential µ(V,N, β).

3. Grand 
anoni
al setting: Cal
ulate the grand 
anoni
al partition fun
tion Z(V, β, β ′),
the entropy density s(V,N,E), the free energy per parti
le a(V,N, β) and the grand free

energy density g(V, β, β ′).

Most importantly: �nd 
al
ulate the thermodynami
 limits as V → ∞ in all three 
ases, and


ompare the results.

Exer
ise 6. In what sense is the grand 
anoni
al partition fun
tion Z(V, β, β ′) a moment

generating fun
tion? Hint: 
al
ulate

MH(λ) = EeλH =

∫

Ω1

eλH(ω)
dµ

gr
V,β,β′(ω),

MN (λ
′) = Eeλ

′N =

∫

Ω2

eλ
′N(ω)

dµ
gr
V,β,β′(ω),

MH,N(λ) = EeλH+λ′N =

∫

Ω1

eλH(ω)+λ′N(ω)
dµ

gr
V,β,β′(ω).

Exer
ise 7. Consider the 
on�guration gas with Hamiltonian

H(q1, . . . , qN , p1, . . . , pN) =
∑

i<j

Φ(|qi − qj |),

where Φ is tempered and stable. Let Λk be a square with side length 2k − R, Vk = Leb(Λk)
and Nk = ρVk.

(a) Let

ã(ρ, β) = lim
k→∞

1

Vk

logZk(Vk, Nk, β).

Show that ã is midpoint 
on
ave in ρ. That is, show if ρ = ρ1+ρ2
2

, then

ã(ρ) ≥
ã(ρ1) + ã(ρ2)

2
.

(b) Let Λ̂k, k → ∞ be an arbitrary growing sequen
e of boxes, V̂k = Leb(Λ̂k) and N̂k = ρV̂k.

Show that

− lim
k→∞

1

V̂kβ
log Ẑk(Λ̂k, N̂k, β) = − lim

k→∞

1

Vkβ
logZk(Λk, Nk, β) = a(ρ, β).

Exer
ise 8. Consider the 1D Ising model with L sites. Denote the partition fun
tion by

ZL(β, h). (See Exer
ise 10.6 in[HW℄ for details.)

(a) Consider periodi
 boundary 
onditions. Show that ZL(β, h) = Tr(TL), where

T =

[

eβ(1+h) e−β

e−β eβ(1−h)

]
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(b) Cal
ulate the eigenvalues of T .

(
) Find a matrix power formula for ZL(β, h) for open boundary 
onditions.

Exer
ise 9. Consider the 2D Ising model. Let PΛ(β, h) be the pressure of the system in a

box Λ. Let Am ⊂ Z
2
be a box of size m. Let Am → Z

2
in the sense of van Hove. Show that

limm→∞ PAm
(β, h) = limm→∞ PΛm

(β, h), where Λm is a square of side length 2m.

Exer
ise 10. List of other relevant exer
ises from [HW℄: 2.8, 4.1, 4.2, 4.3, 5.1, 5.2, 5.3, 10.1,

10.2, 10.3, 10.4, 11.2, 11.5, 12.2
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