Mathematical methods of statistical physics
Homework

Exercise 1. Let (2, F) be a measure space and X an index set. Let 7' : Q — X, and
A, ={weQ|T(w) =z}

Let k be a kernel from X to 2 such that for every x € X, k(z, -) is concentrated on A,. Let u
be a measure on ) and 7 be a measure on X such that u = 7+ k. Prove that k is a probability
kernel if and only if 7 = T, u.

Exercise 2. Let = R?, p = Lebgz, X = R, T'(z,y) = 5= (2> + y?) = E, m = Leb. Let
=k

a.) Show that k(FE,-) = const - arclength.
b.) Find the “constant” const = const(E).

c.) compare withthe case T' = /22 + y2.

Exercise 3. Let X7, X,... be a Markov chain on the state space {1,2, ..., K} with initial dis-
tribution 7 and transition matrix (p;;)% Prove that for the entropy of the joint distribution

i 1
of X; and X, ”
K
S((X1, X)) = S(m) + Y _ S(pa)mi
i=1

holds, where p;. is row ¢ of the transition matrix.

Exercise 4. Find the random variable X : A — R with distribution p with maximal relative

entropy with respect to v in the following scenarios. (See HW 4.6 in[HW] for details.)
a.) A=1{1,2,..., K}, v = counting measure,
b.) A =0, k], v = Lebesgue,

c.) A=R, v = Lebesgue,

e.) A=R" v = Lebesgue, EX =1,

f.

)
) A
)

d.) A=R, v = Lebesgue, EX =1,
)
) A=TR, v = Lebesgue, EX =0, EX? =1,
g.)

A =N, v = counting measure, EX = 2.

Exercise 5. Consider the free gas. (For details, see Exercies 4.7, 5.4 and 5.5 in [HW].)
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1. Microcanonical setting: Calculate the microcanonical partition function Z(V, N, E), the
microcanonical entropy S(V, N, E'), the temperature T'(V, N, E), the pressure P(V, N, E)
and the chemical potential p(V, N, E).

2. Canonical setting: Calculate the free energy A(V, N, ), the canonical pressure P(V, N, ()
and the canonical chemical potential pu(V, N, 3).

3. Grand canonical setting: Calculate the grand canonical partition function Z(V, 3, 3'),
the entropy density s(V, N, E), the free energy per particle a(V, N, ) and the grand free

energy density g(V, 3, 5').

Most importantly: find calculate the thermodynamic limits as V' — oo in all three cases, and
compare the results.

Exercise 6. In what sense is the grand canonical partition function Z(V, S, ) a moment
generating function? Hint: calculate

My(X) = EeM = /Q M dp g o (w),

MN()\/) _ Ee)\/N :/Q 6)\/N(w) dug/fﬁ’ﬁ/(w)a

Mg n(A) = EM NN — /Q M (WHNN(w) dﬂg}:ﬁ,ﬁ’ (w).
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Exercise 7. Consider the configuration gas with Hamiltonian
H<q17 -y 4N, D1, - - 7pN) = Zq)Oql - QJ|)7
i<j

where ® is tempered and stable. Let A; be a square with side length 2¥ — R, Vj, = Leb(Ay)
and Ny = pVj.
(a) Let

- 1

a’(pa 5) = lim 7 IOg Zk(‘/;ca Nka B)

k—o0 Vi

Show that a is midpoint concave in p. That is, show if p = ”“LT”Q, then

N a(py) + a(ps2)
a(p) > —

(b) Let Ay, k — co be an arbitrary growing sequence of boxes, Vi = Leb(Ay) and Ny = pVj.
Show that

. 1 PN . 1
— lim ——log Zy.(Ay, Ny, 8) = — lim V—ﬁlogzk(/\meaﬁ) = a(p, B).

Exercise 8. Consider the 1D Ising model with L sites. Denote the partition function by
Zr(B,h). (See Exercise 10.6 in[HW] for details.)

(a) Consider periodic boundary conditions. Show that Z.(83,h) = Tr(T"), where

B(1+h) -8
€ €



(b) Calculate the eigenvalues of T'.
(c¢) Find a matrix power formula for Z; (5, h) for open boundary conditions.

Exercise 9. Consider the 2D Ising model. Let Py(3,h) be the pressure of the system in a
box A. Let A,, C Z? be a box of size m. Let A,, — Z? in the sense of van Hove. Show that
lim,, oo Pa,, (5, h) = lim,, o Pa,,(5,h), where A,, is a square of side length 2™.

Exercise 10. List of other relevant exercises from [HW|: 2.8, 4.1, 4.2, 4.3, 5.1, 5.2, 5.3, 10.1,
10.2, 10.3, 10.4, 11.2, 11.5, 12.2
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