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Abstract. We investigate the interaction of one-dimensional asymmetric exclusion
processes of opposite speeds, the exchange mechanism is combined with a spin-flip
dynamics, and this asymmetric law is regularized by a nearest neighbor stirring of
large intensity. At an intuitive level we can say that particles with +1 spins are
subject to an external magnetic field, and the additional spin-flip dynamics results
in a strong relaxation of total magnetization. Therefore this modification of the
model of Fritz and Téth (2004) admits particle number as the only conservation law,
with hyperbolic scaling. By means of a two-step version of LSI based estimation
techniques we prove that compensated compactness and the Lax entropy inequality
imply the existence and uniqueness of the hydrodynamic limit even in a regime of
shocks.

1. Introduction and main result

Most results of the microscopic theory of hydrodynamics concern diffusive mod-
els, see the monograph by Kipnis and Landim (1999). The relative entropy method
of Yau (1991) is a general tool of scaling limits when the solution to the macroscopic
equation is smooth enough, and hence unique. This method works even in the case
of hyperbolic problems, see also Olla et al. (1993) and T6th and Valké (2003,
2005). Beyond shocks the specific structure of the microscopic system becomes
more important. The attractiveness of the one-component models of Rezakhan-
lou (1991) implies also the uniqueness of the hydrodynamic limit, the proofs are
based on powerful coupling techniques. The nice, more or less explicit calculations
of Seppélainen (1999) adopt direct PDE methods as the Hopf - Lax formula for
solving the Burgers equation. Coupling methods can be extended to some wider
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classes of one-component sytems with a more general order preserving structure
Seppéldinen (2000); Rezakhanlou (2002), see also Bahadoran (2004) for a synthesis
and survey of such models with some further references.

In the last few years several efforts Fritz (2001, 2004); Fritz and Té6th (2004)
have been done to derive the hydrodynamic limit of microscopic systems with a
hyperbolic structure via compensated compactness. This fairly general method is
not restricted to one-component systems allowing coupling. The stochastic version
of compensated compactness yields existence of the limit along subsequences: all
limit distributions of the scaled process are concentrated on a set of weak solutions
to the macroscopic equations, the question of uniqueness of the limit is more prob-
lematic. To select the physically admissible element from the set of weak solutions,
an entropy condition like that of Oleinik (1957) or Kruzkov (1970) is needed; the
latter can really be verified in the case of attractive and order preserving systems
Rezakhanlou (1991); Bahadoran (2004). The asymmetric Ginzburg-Landau model
of Fritz (2004) is attractive in the case of a convex potential only, the general prob-
lem has not been solved there. The two-component system of Fritz and Téth (2004)
is certainly not attractive or order preserving, we do not see any effective way of
coupling in that case. Let us remark at this point that uniqueness of solutions
to systems of conservation laws is difficult even at the level of partial differential
equations, see the monograph of Bressan (2000) for a survey. These Oleinik type
conditions of uniqueness are not easy to verify in the case of microscopic models,
we have no results in this direction.

The situation is much better when we are facing with a single conservation law,
even the weak version (2.16) of the Lax entropy inequality is sufficient for unique-
ness of weak solutions to a single conservation law, see Kruzkov’s classical result as
stated and proven in Bressan (2000): Theorem 6.2 and its Corollary 6.1. The result
of A. Vasseur (2001) is also applicable, he proves existence of a strong trace of weak
solutions on the ¢ = 0 line under the weak entropy condition (2.16). Moreover, if
the flux of a single conservation law in one space dimension is strictly convex, then
the weak entropy condition for one strictly convex entropy is sufficient for weak
uniqueness, see Panov (1994); De Lellis et al. (2004). This nice result implies also
that the rate function Varadhan (2004) of large deviations for the totally asymmet-
ric exclusion process has a unique minimum: the entropy solution to the Burgers
equation. On the other hand, the initial condition of the DiPerna uniqueness the-
orem (DiPerna, 1985) for measure valued solutions has considerably been relaxed
by Gallouét and Herbin (1993), cf. Rezakhanlou (1991) and the discussion after
(2.12).

In this paper we prove existence and uniqueness of the hydrodynamic limit for
a non-attractive hyperbolic model having only one conservation law. There are
several models of this kind, for example asymmetric exclusion where a particle
jumps to the nearest vacant site. These dynamics do not allow coupling unless the
jump rate is a non-increasing function of the jump length, see Bahadoran (2004)
for a fairly general exposition and discussion. The treatment of this problem might
not require ideas that go far beyond Fritz (2001). Some other classes of lattice
models with one or more conservation laws have been introduced and investigated
by means of the relative entropy method in Téth and Valké (2003, 2005); the
system of interacting exclusions that we have studied in Fritz and Téth (2004)
was proposed as a basic example in Téth and Valké (2003). Here we investigate
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this model with an additional relaxation mechanism. In the spirit of the theory of
shock waves, instead of the usual assumption of periodic boundary conditions, we
consider the system on the infinite line, results of Fritz and Téth (2004) can also
be extended in this way.

1.1. The model. The configuration space of the system is defined as Q:={-1,0,+1}%
it is equipped with the usual product topology and the associated Borel structure.
For example, F,, denotes the o-field generated by the variables {wy : |k] < n}.In
view of the physical interpretation, wy = 0 means a vacant site k € Z, otherwise
we have a £1 spin there. Due to the external field, particles of spin +1 jump to the
right, —1 particles jump to the left, both at a unite rate with full exclusion. When
particles of opposite spins meet, they are exchanged at rate 2, thus the generator,
L, of this component of the evolution is acting on cylinder functions ¢ as

Lop(w) = Y anw) (p(0") = ¢(w)) (1.1)

bEZ,
where Z, is the set of bonds b = (k,k+ 1) of Z,

1
— 2, 2 2 2
cp(w) := 3 (Wi + W1 — Wi 1 — WkWr41 + Wk — Wht1) 5

and w? is obtained from w € Q by exchanging wy, and w1 ; the rest of the config-
uration is not altered. Notice that the actual value of ¢y is irrelevant if wy = wgy1;
¢p of (1.1) can be replaced with
Cp(w) = g(wi + Whp1 Wk — Wkt1) -

L, is the main, asymmetric component of the evolution law investigated in Fritz and
Té6th (2004), it preserves both particle number N ~ >~ w? and total magnetization
M ~ 3 wy. Due to the suitable choice of jump rates, all translation invariant
product measures on €2 are stationary states for L, .

The Glauberian, spin-flip component of the evolution sends wy =1 — —w, = —1
at rate 1 — k, and the rate of a transition wy = —1 — —w, = +1is 1 + k, where
k € R is a fixed parameter, || < 1. The associated generator reads as

Snp(w) ==Y er(w) (p(w*) = o)) , (1.2)

kEZ
1-k 1+k
cp(w) = T(w,%—l—wk)—i—T(w,%—wk) = Wi — Kwy,,

and w” is obtained from w by changing the sign of wy, ; other spins remain as before
the flip. Conservation of total magnetization is violated by G, , but the number
of particles is preserved, thus we get a one-parameter family A\,, 0 < p < 1 of
stationary product measures specified by \,[w? = 1] = p and (1 — k) lwy = 1] =
(14 k)A\plwr = —1], i.e. the equilibrium expectation of wy, is just A,(wi) = Kp.
The full generator of the process is now defined as L = L, + a§, + 0 8, where «
and ¢ are nonnegative parameters to be specified later,

o) =Y (p(w”) — W) . (1.3)
bEZ.

From a technical point of view, it is very important that o, the intensity of stirring
goes to +0o during the scaling procedure. An elliptic perturbation like o8 is widely
employed in the theory and practice of hyperbolic systems of conservation laws
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DiPerna (1983, 1985); Bressan (2000); Dafermos (2000); Serre (2000) to regular-
ize approximate solutions; the method of vanishing viscosity is perhaps the most
transparent analogy. Of course, the stirring modifies the microscopic evolution in
a radical way, but it does not affect the macroscopic behavior of the system, see
Fritz (2001, 2004); Fritz and Téth (2004); Téth and Valké (2005). Unfortunately,
we only have sufficient conditions on the strength o of this artificial viscosity. The
speed « of spin flips is almost arbitrary, we only need that it does not go to zero
too fast. Another version of this model preserving total spin is mentioned at the
end of the paper.

1.2. Discussion. Although coupling techniques are not applicable to the process
generated by L, it is very convenient to have product measures as its stationary
states. More precisely, calculations of the next section imply that every transla-
tion invariant stationary measure is a superposition of product measures of type
A, defined above. Since ”conserved quantity” is a loose term, this is the precise
meaning of the statement that we have only one conservation law, namely that of
particle number. Indeed, according to the theory of Gibbs random fields, see Kipnis
and Landim (1999) also for the basic notions of the theory of hydrodynamic limits,
the measures A\, are associated with the number of particles. Nevertheless, the
description of stationary states does not play an explicit role in the forthcoming
calculations, but it is really helpful in understanding what is going on.

Let 7, = w? denote our distinguished variable, and consider the microscopic
current jj of particle number along a bond b = (k,k+ 1), i.e. Lng = ju—1 — jk -
Since G, wi =0, jx = j¢ + 7i,

J(W) = o (W) (e —Mht1) = 5 (Wk+Wht1 —WkNhs1 — ThWhi1 % —hg1) »  (1.4)

and j§(w) := Nk — Nk+1 - In view of the principle of local equilibrium, see e.g. Kipnis
and Landim (1999), as A\, (wi) = kp and A, is a product measure, a Burgers equation

Oip+ K du(p—p°) =0 (1.5)

is expected for the hydrodynamic limit of particle density p(¢,«). To understand
the claim from a point of view of dynamics, let ji’ denote the flux of magnetization
w across a bond (k,k+ 1),

w 1
=35 (M + M1 — 2wWpWht1 + WkMkt1 — MWt + (20 + 1) (wr — wiy1)) -

Since Gowi = 26Nk — 2wg , WE = KN — Wy satisfies
Lwy, + & (r —je—1) — G5 —J5_1) = —20wy, (1.6)

a balance equation with a relaxation term on its right hand side. In the procedure
of hydrodynamic limit time is speeded up, thus w should vanish in a mean sense.
Of course, the materialization of this argument at the microscopic level requires
additional tools. Just as in Fritz and Téth (2004), first we apply the logarithmic
Sobolev inequality due to stirring 8. The argument is then completed by substitut-
ing block averages of w with those of k7 via a second LSI related to the Glauberian
generator G .
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1.3. Main result. 1t is well known that the Burgers equation develops shocks, and
uniqueness of weak solutions breaks down at the same time, thus we must be careful
with definitions. A locally integrable p : R3 +— [0,1] is a weak solution to (1.5) with
initial value pg € L>*(R) if

/ / (Pt + (kp—rRp*)Y%,) dzdt+/jo ¥(0,2)po(z)dz =0  (L.7)

for all ¢ € C}(R?). The notion of Lax entropy plays a fundamental role in the
study of weak solutions. A couple h,J € C(R) is called a Lax entropy pair if
J'(p) = £ (1 —2p)h (p), that is O,h(p) + 0z J(p) = 0 along classical solutions. A
measurable and bounded p(t, z) is a weak entropy solution to dyp + k0.(p — p?) = 0
with initial data pg if

| [ i s i [ nenpoaas =0 )

— 00
for all compactly supported 0 < ¢ € C}(R?) and entropy pairs (h, J) with h convex.
Since h(p) = p and h(p) = —p are both convex, all weak entropy solutions are weak
solutions in the usual sense. Convexity of an entropy pair (h,J) means that h is a
convex function.
At any level ¢ > 0 of scaling, the simplest version of the empirical process of
particle density is defined as p.(t,z) 1= ni(t/e) = wi(t/e) if |z — ek| < /2, and

//wt:cpst:c)dxdt (1.9)

is the scaled density field, where 1) € C.(R?) is compactly supported. The initial
conditions are specified in terms of a family p. o of probability measures, we are
assuming that

oo oo

i [ o) pe0.0)do = [ ola) pofa) do (1.10)

e—0 J_ o o
in probability for all ¢ € C.(R), where 0 < pg < 1 is a given measurable function.
Here and below a subscript “c“ refers to compactly supported functions, Ry :=
[0,+00), R2 := Ry x R and C’go(]Ri) is the space of continuously differentiable
1 : R? — R with compact support in the interior of Ri . In its simplest form, our
main result can be stated as

Theorem 1.1. Suppose (1.10) and specify o = o(e) and a = a(e) such that
eo(e) — 0 but ec?(e) — +oo, while o(e)a(e) — +o0o as € — 0. Then

liII(l)R / / Y(t, x)p(t,x) dz dt
E—

in probability for all ¢ € C.(R?); this p(t,x) is the uniquely specified weak entropy
solution (1.8) to dyp + KOz (p — p?) = 0 with initial value po .

Compensated compactness yields strong convergence of approximate solutions;
an improved version of the above result is discussed at the end of the paper in this
spirit. A trivial equation, d;p = 0 is obtained when x = 0, and diffusive scaling
is the natural one in this particular case. Since the microscopic flux ji is not
a difference, we have got a non-gradient problem requiring methods of Varadhan
(1993) that do not fit into the frames of the paper; we are going to return to this
issue elsewhere.
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2. An outline of the proof

The main ideas of the proof go back to Fritz (2001, 2004); Fritz and Téth (2004),
we have to develop compensated compactness and verify the entropy inequality (1.8)
at the microscopic level as ¢ — 0.

2.1. Block averages. As it is more or less obligatory in the microscopic theory of
hydrodynamics, first we rewrite the empirical process in terms of block averages.
For [ € N and any sequence ¢ indexed by Z set

-1
1 .
K :72 Sty and G = 12 E = 171) €kt - (2.1)
=0

Jj=—1

The smooth averaging él is used to define a modified empirical process p. as
pe(t,x) := M x(t/e) if |z — ek| < /2, while the usual arithmetic mean, & is pre-
ferred in computing canonical expectations. Compensated compactness, see Murat
(1978); Tartar (1979) and DiPerna (1983, 1985); Dafermos (2000); Serre (2000) is
a basic key word of the proof, this method yields strong convergence of suitably
chosen approximate solutions. A stochastic version of the theory has been initi-
ated in Fritz (2001, 2004); Fritz and Téth (2004). In contrast to diffusive scaling
problems, first we prove strong convergence for mesoscopic block averages, see last
section: Concluding Remarks. The size [ = I(¢) of these blocks should be chosen in

such a way that

im ZE) 0 and tm A& g, (2.2)

e—0 EZB(E) e—0 O'( )
thus €l?(g) — 400 as ¢ — 0. Since eo(e) — 0 and e0?(¢) — +00, 02 = o(13). We
also see that (0/¢)'/3 = o(l) = o(c), thus the integer part of e=1/4/o(e) is an
acceptable choice for [. From now on the block size | = [(¢) is specified according
0 (2.2), and P. denotes the distribution of . on L2 _(R%), the space of locally
square integrable functions. This family is tight with respect to the weak topology
of L120C, we have to show that its weak limit exists, and it is concentrated on the
unique entropy solution satisfying (1.8) for all convex entropy pairs. Since p.(t,-)
is a stochastically continuous process when e > 0 is fixed, P. determines the initial
distribution of p. , but this relation might be lost in the hydrodynamic limit.

2.2. Entropy production. The microscopic version of entropy production X
O¢h + 0,J is defined as a distribution: for ¢ € CL(R?) and entropy pairs (h,J)

we introduce

: / / Py (t,x) + J(pe)W(t, x)) da dt . (2.3)

This formula follows by a formal integration by part if ¢» € C}(R2) and 4(0,z) = 0
Vz € R. Calculating the stochastic differential of

— [ wltonpetez) ds (2.4)
we get a martingale M.(t,v,h), see (4.19) , such that

ngz/ Vi (t, x)h(pe) dr dt + e *LH. dt + dM.
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whence
Xe(,h) = He (0,9, h) + Le(¥, h) + I (3, h) + M (00,4, h) + Ne(¢, b)), (2.5)
where LE(U), ) Lo(dh ) U)v )a

)
a(e)Lz(
LS(,h) - / 1/1 (t,2) Loh(pe(t, x)) da dt, (2.6)

Li(y,h): / / U(t,x) Sh(pe(t,x)) dx dt, (2.7)

n=1 / / (D) (TGt =T (pelto—e))) dadt, (2

and N¢(¢,h) is a numerical error due to the lattice approximation of the space
derivative, see (4.4).

The evaluation of X, is quite easy when h(p) = p for all 0 < p < 1 because
Lny is a difference of the currents along adjacent bonds, thus rearranging sums
by performing discrete integration by parts, the test function nicely absorbs the
factor e ! of L. However, a nonlinear entropy is not conserved by the microscopic
evolution; in that case we have to do something more to remove the singularity.

The most crucial step of the proof is to show that L? and I. cancel each other
when € — 0, that is the Lax entropy is partially conserved in the hydrodynamic
limit; this will be shown by means of logarithmic Sobolev inequalities in Section 4.
The Glauberian component, a(g)G, has no contribution to entropy production, the
martingale component and the numerical error both vanish as € — 0. Finally, the
viscous perturbation ()8 is responsible for a preliminary version of the entropy
condition (1.8): limsup,_,, X-(¢) < 0 in probability whenever 0 < ) € C2 (R?)
and h is convex. Remember that so far we have considered the empirical process
pe in (0, +00) X R only, the question of initial values is a different issue.

2.3. Measure-valued solutions. The notion of Young measure DiPerna (1983, 1985)
is a most convenient tool for the description of all limit distributions of our empirical
process p. . Let © denote the set of measurable families 6 of probability measures;
0 = {0,.(dp)} such that 6, , is a probability measure on [0, 1] for each (¢,z) €
R% , and 6, ,(h) is a measurable function of (¢,z) if h : [0,1] — R is measurable.
The abbreviation 6, ,(h) for expectation of a function h with respect to 6, will
frequently be used also later on. We say that § € © is a measure solution to the
macroscopic equation d¢p + 9, f(p) = 0 with initial value pq if

/Ooo /Z /Z O, (dp) (p@/}fg + f(p)t/J;) dx dt + /Z ¥(0,2)po(x)dz =0  (2.9)

for all ¢y € C}(R?). A measurable function u : R + [0,1] is represented by a family
0 € © of Dirac measures such that 6, , is concentrated on the actual value u(t, )
of u; this 6 is called the Young representation of u . Therefore any weak solution is
a measure solution.

On the other hand, any 6 € © can be identified as a locally finite measure mg
by dmyg := dt dz 0y 5 (du) on X := Ry x R x [0,1]; let Mp(X) denote the set of such
measures my equipped with the associated weak topology. In view of the Young
representation, our empirical process p. can be considered as a random element
e of My(X); let Py, denote its distribution. This family is tight because p. is
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bounded, and as we shall see, any of its limit distributions Pg is concentrated on a
set of measure solutions. The uniqueness of measure solutions is more problematic.

The probabilistic evaluation of entropy production yields the Lax inequality in
a very weak form, as follows. With probability one with respect to any limit
distribution of P&E on Myp(X) as e — 0, we have

/OOO /_OO (Oe.0(h)Yy(t, %) + br,0 (J)05(t, 7)) dzdt >0 (2.10)

whenever (h, J) is a convex entropy pair and 0 < ¢ € CL(R3).

Unfortunately, the initial condition (1.10) does not allow us to include the initial
entropy into (2.10) when & is not linear, while the uniqueness result of Gallouét
and Herbin (1993) requires

/ N / T Bua (WYL (t,2) + B0 o (D, (1, 2)) drd
0 oo (2.11)

+ / (0, 2)h(po(a)) da > 0

for all convex entropies and 0 < ¢ € C}(R?). For our purposes we ought to have
(2.11) with probability one with respect to any limit distribution Py of the Young
representation of the empirical process p., which can only be derived from the
strong initial condition

1ir%/ |pe(0,2) — po(x)|dx =0 forallr >1 (2.12)
e—0 J_,.

in probability. Although (2.12) is not so bad in the case of stochastic models
because we could assume that the initial distributions are well adjusted product
measures, cf. Rezakhanlou (1991), we prefer the weaker condition (1.10) and com-
pensated compactness. Indeed, (2.12) does not really simplify the proof, most tools
of the next sections are needed in both cases. Moreover, in this setting we get a
sharp result: strong convergence of the empirical process p. to the unique entropy
solution.

2.4. Compensated compactness. This technique is used to show that measure so-
lutions are, in fact weak solutions. In view of the stochastic version Fritz (2001,
2004); Fritz and Téth (2004) of the Tartar—Murat theory of compensated compact-
ness, we have to find a decomposition X, = Y. + Z. , and some random functionals
Ac(9), Be(¢) such that A.(¢), B:(¢) do not depend on ?), moreover

Yoo, )] < Ac(@)[¢]11 and  lim EAL(6) =0, (2.13)
[ Ze(¢h, h)| < Be(9) ||| and  limsup EB.(¢) < +oo (2.14)
e—0

for each ¢ € C}(R?) and ¢ € C? (R2), where ||| is the uniform and ||¢)||2 is the
L*(R?) norm of ¢, finally [|4[|+1 is the H*! norm, [[¢]|2, := |[]I3+ (¢35 +[[¥5 3 -
Let H~! denote the dual of H*! with respect to L2(R?); || -||—1 is its norm. (2.13)
means that Yz — 0 strongly in H_!, while (2.14) implies that Z. is locally bounded
in the space of signed measures. More precisely, conditions (2.13) and (2.14) imply
tightness of the underlying probability distributions, therefore the Skorohod em-
bedding theorem allows us to realize the process on a huge probability space in

such a way that convergence of all processes that are involved in the argument,
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holds true with probability one. Therefore the celebrated Div-Curl lemma (Mu-
rat, 1978; Tartar, 1979; Serre, 2000; Dafermos, 2000) of L. Tartar and F. Murat
applies; in fact we obtain the following statement, see Proposition 2.1. in Fritz
(2004) or Proposition 2. in Fritz and Téth (2004) for more details. For any couple
(h1, J1), (he, J2) of entropy pairs we have

0t w(h1J2) — Ot o (haJ1) = 01,2 (h1)0t,2(J2) — 01,2 (h2)0 2(J1) (2.15)
for almost every (t,z) € R ; this factorization property is valid with probability
one with respect to any limit distribution, Py of the Young representation of g, .

Our main task now is the verification of conditions (2.13) and (2.14) above. Most
terms on the right hand side of (2.5) will be split into further ones, and we shall
show in Section 4 that each of them satisfies (2.13) or (2.14). The derivation of the
weak entropy condition (2.10) for measure solutions goes in much the same way;
but under the weak initial condition (1.10) we can not control the space integral of
1h at time zero.

The Div-Curl lemma implies the Dirac property of the Young measure in sev-
eral situations Tartar (1979); DiPerna (1983, 1985); Dafermos (2000); Serre (2000).
Since we are considering a single conservation law, to prove convergence of the
empirical process p. to a set of weak solutions, it is sufficient to apply (2.15) to
two entropy pairs only, say to the trivial hy(p) := p, Ji(p) := kp(1 — p), and to
ha(p) := p? with the associated Ja(p) := kp* — (4k/3)p>. Therefore, as a direct
consequence we also have the weak entropy condition for weak solutions:

| [ owitta) + st dede = 0 (2.16)

for all convex entropy pairs (h,J) and nonnegative 1) € C}(R2) with probability
one with respect to limit distributions Py of the Young representation of p. . The
final step of the probabilistic argumentation is to conclude strong convergence of
the empirical process in the L7 (R%) sense. Hence (2.5) implies (1.7), thus we
can refer to some advanced results on a single conservation law in one or more
space dimensions Kruzkov (1970); Bressan (2000); Chen and Rascle (2000); Vasseur
(2001); Panov (1994); De Lellis et al. (2004) concerning uniqueness of weak entropy
solutions.

2.5. Entropy and LSI. Probabilistic estimates of the proofs are mainly based on
relative entropy of the evolved measure with respect to equilibrium, and on the
associated Dirichlet form; these ideas go back to Guo et al. (1988), see also Varadhan
(1993) and Yau (1997). Since we are going to treat hydrodynamic limit in infinite
volume, we have to control entropy flux by means of its rate of production, see Fritz
(1990, 2004) for a bit simpler problems. This a priori bound allows us to apply
the robust logarithmic Sobolev inequality due to stirring o8, and also the second,
Glauberian one. LSI based estimates result then in a replacement of the microscopic
flux 517;6 of M, with the empirical estimator of its equilibrium expectation, see
Lemma 3.2 and Lemma 3.5. The conditions (2.13) and (2.14) of the Div-Curl
Lemma are verified in a similar way.

Most technical details of this estimation procedure have been elaborated in Fritz
(2001, 2004); Fritz and Téth (2004); our basic reference is Fritz and Téth (2004).
First we substitute the microscopic time derivative £,h(p.) with the spatial gradient
of a mesoscopic flux depending on block averages 7, and @; of the conserved
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quantities of the original, two-component model. The replacement of w; j by the
empirical estimator k7, of its equilibrium expectation is based on a second LSI,
it is related to the spin-flip component G, . Although the spin-flip dynamics is
not ergodic because empty sites are not affected, its Dirichlet form controls the
distribution of @ quite well, see Lemma 3.5. Since this step uses the explicit
relation between block averages ¢ and é , which is not present in Fritz and Téth
(2004), for Reader’s convenience we reproduce the main steps in terms of the present
system of notations, elementary proofs of some known facts are also added.

3. Entropy, Dirichlet form and LSI

In this section we derive some fundamental estimates based on entropy and the
associated Dirichlet forms. The parameters «, o and [ are almost arbitrary here,
their dependence on the scaling parameter € > 0 is not important. We only need
a>0,0>1and !l e N.

3.1. Entropy and its temporal derivative. If  and X are probability measures on the
same space, then entropy of p relative to A is defined by S[u|A] := u(log f) if p < A
and f := du/dX; as before, u(p) = E, ¢ abbreviates expectation with respect to p .
A frequently used entropy inequality, u(¢) < S[u|A]+1log A(e?) follows immediately
by convexity. Since equality holds true if ¢ = log f, we have another definition of
relative entropy:

ST 2= sup {ja(9) ~ lo A(e) : A(e?) < o} (3.1)

From flog(1/f) = 2flog(f~/?) < 2f(f~%/? — 1) = 2/Ff — 2f it follows that
Ex(vF—1)% < S[ulA].

Given a Markov generator A, the Donsker-Varadhan rate function of large devia-
tions is defined as

Dlu|A] := —inf {/ % dp :0< € Dom(A)} ; (3.2)

D[u|lA] = D) if A is self-adjoint in L?(\) and f = du/d)\, where D(p) =
—A(pAgp) is the Dirichlet form of A. Remember that in view of their variational
characterizations (3.1) and (3.2), both S and D are convex functionals of x, and
the definitions and relations above extend to conditional distributions and densities,
too.

As a reference measure we can choose any of the equilibrium product measures
A=\, with 0 < p < 1 fixed, say p = 1/2. The evolved measure of the process is
denoted by pie,, and pie, is the restriction of u.; to F, 1= o{wy : k € A"},
A" := [-n,n] N Z. The sequence of local densities f, = fe:n is defined by
ditet.n = fetndX such that f, : Q@ — Ry is a martingale adapted to F,, i.e.
fn = Ex(fn+1|Fn) A-a.s. Entropy in the box A™ is defined as

&@:ﬂ%mN:/MEmwm,

and local versions of the Dirichlet form for £,, § and G, at ¢ =/ f-.n read as

D2 (t) == % > /cb(w) (\/fa,t,n(wb) - \/fa,t,n(W))2 Adw) , (3.3)

bCA™
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Z /(\/fatn _\/fa,t,n(w))z)\(dW)7 (3.4)

bCA”

2 i / (\/f can(Wh) - \/ f&tv"(w)> Adw),  (3.5)

respectively. By convexity, both S,, and D,, are nondecreasing sequences. Moreover,
Snt1 = Sn + Spqipn, where Syq1p, == E,S[int1jn|A] is the conditional entropy
given &, , i.e. pi,41), denotes the conditional distribution of 1 on F,, 1 with respect
to ¥, .

3.2. Entropy flux. Our basic a priori bound on local entropy and Dirichlet forms is
the content of

Lemma 3.1. If 0 > 1 then we have a constant Cy depending only on X\ such that

t t
(t) + 2a/ DI(1)dr + J/ Dy, (7)dr < C (t +Vn?+ at)
0 0
for any initial distribution p.o, n € N andt > 0.
Proof. We follow the argument of Fritz (1990, 2004), our starting point is the

Kolmogorov equation for the temporal derivative of entropy:

8158” = /(815 —+ L}) log fn,t(w) 1223 (dw) = /f’n,+1 L IOg f’n, )\(dw)

_Z/ckfnlog—/\ (dw) +Z/cb+afn+1log;—)\(dw)

kEZ bEZ

where abbreviations as ¢° := ¢(w’) and ¥ := ¢(w*) are used, and where it is not
necessary, the dependence of densities on € and ¢ is omitted. Since ylog(z/y) =

2ylog\/z/y <25 (VT — /) =z —y — (/T — /y)?, we have

1o _ fn ?
fn+110gf le <f3—fn— (\/75‘\/%) )
2
- (V- VE) e

o= (522) ()

The expectation of the sum of ¢, (f2 — f,,) vanishes by stationarity of A with respect
to Lo, while c;®,, has zero expectation with respect to A unless b C 9A™ :=
{—n—1,—n,n,n+1}. Finally, 1 < ¢; < 2 if w® # w, consequently

01 (t) + 20D9(t) + 20D, (t) < B2 (t) + o By(t), (3.6)

where

where

By(t) := —Don(t) +4 Y /|<I>nb ) dX,

bCOA™

Don(t) == > /(\/> \/ﬁ> da,

bCOA™
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b
But)i= Y [ furtog 2 an.

bCOA™
Observe now that we have a universal constant Ky depending only on A such that

BS(t) < ~Don(t) + 450 /S 1 () — 5ul®) /Do D)
< 4K§ (Sn-'rl (t) - Sn(t)) .
Indeed, fn+1 = O(fn) because f,, = Ex[fn+1|Fn], moreover

frtr 1 _ frgr St
i 1—<\/ T 1)( T +1),

and from Ey(y/f — 1) < S[u|A] for the conditional density f,,+1/fn we get

E)\(\/ fn+1 - \/f_n)2 < Sn-i—l\n = On4+1 — Sh -

Therefore supposing 14/ fnt+1/frn < Ko, we obtain (3.7) by the Schwarz inequality.
In the case of B,, we have A\(f2) = A(f,.) = 1 for all b € Z,, thus repeating the
argument above, we have
Bu(t) < =Dan(t)+Ko v/ Snt1(t) — Sn(t) v/ Don(t)
< (Kg/4~) (Sn-i-l (t) - Sn(t)) .

To complete the proof, we have to derive the following system of differential
inequalities:

01Sn (t) + 2aD3(t) + 20D, (t) < K1 (Snt1(t) — Sn(t))
+ 0K/ Spi1(t) = Su(t) v/ Dt (t) — Dult),

where ¢ > 1 may be assumed, thus K; depends only on A. This system admits an
explicit solution implying the statement. Indeed, with u, := S, and v, := D, in
Lemma 3 of Fritz (1990) we get

(3.7)

(3.8)

(3.9)

Sn(t) + 2a/0 DI(r)dr + 0/0 D, (r)dr < % Z exp(—m/R) S, (0),
m=0

where R := Mt + (n? + ot)'/?, and M depends only on K . Since S, (0) = O(n),
it is really sufficient to verify (3.9).

Unfortunately, B,, has a big factor o, thus its trivial bound S, 41 — S;, should be
replaced with a better one. To get another inequality, observe that

Bu=y 3 [ = sy losts2/ 1) A

bCOA™
and
frn_ 2, 5 ] [0 F
(fn+1_f£+1)10g f_ = o (V frag1+ frl;+1)( Jn+1— frl;+1)( frl;_ In) s
where « is a number between /f,, and / f? . There is nothing to do if the left hand
side is negative, thus either f2 > f, and f,, 11 > ng yor fo < foand foo1 < f£+1
may be assumed. Using f,+1 = O(fn) or f2 = O(f5) we get

Vi =T |V - VR

b
(fn41 — f3+1)10g§—n < K»

)
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whence by the Schwarz inequality and convexity of D we get a second bound:

Bn(t) < Kov/Dpi1(t) — Dp(t) \/Don(t) . (3.10)
Finally, if B,, > 0 then (3.8) implies Da,, < (K2/4)(Sn+1 — Sn), thus (3.10) results
n (3.9), which completes the proof. |

This lemma is the a priori bound we need to materialize hydrodynamic limit in
infinite volume, it obviously applies also to the original model of Fritz and To6th
(2004). From now on we are assuming that ¢ > 1. This lemma shall be used when

~71/eand n~r/e, 7,7 > 1, then (r + 7)/c is the order of the bound.

3.3. The first LSI. The first replacement lemma for microscopic currents is based
on the logarithmic Sobolev inequality Fritz and Téth (2004) for stirring 8. Let A, ,,
denote the product measure on 2 such that A, (nx) = p and A, (wi) = u for all
keZ, then X\, (%) =J(p,u) :==u—up.

Lemma 3.2. There exists a universal constant Cq such that

r+71)el?  rr
/ / Ik — 3, k,wzk))2 dpter dt < Cy <Q + _)

o l
|k|<r/e

for all initial distributions peo, and r,7 > 1.

Proof. In view of Lemma 3.1, this is essentially the first inequality of Proposition 1
in Fritz and Té6th (2004), for Reader’s convenience we indicate the main steps of the
argument. Let /_\Z " denote the canonical measure defined by /_\Z () = Exlelime =
p, @1, = u]; it is just the uniform distribution on the subspace of codimension two
specified by the conditions. In view of Proposition 4 of Fritz and Té6th (2004), we
have a universal number X such that

SwAPE <R /\/_ f dAlP,g (3.11)

bk k+1—1]

whenever dv = f dE\ﬁ . It is important that ® does not depend on p and . Consider

now a function ¢y of wfc = (Wk, Wk+1, -y Wkti—1) , then for § > 0 by the entropy
inequality

1 i 1 o
heslet) < 5 / ) i) + / log X4 (94) fe 4 (dp, du)

where fif7", is the conditional measure of . given 7, = p and @) = w, while
et 1S th)e7joint distribution of 7; ;, and @; ; under . ;. The first term on the right
hand side is estimated via (3.11), while Lemma 3.1 yields a bound for the Dirichlet
form. Since D is convex, and the exchanges do not alter 7, ; or w; ), we obtain a
bound O(rel®/B0) for this part of the sum.

The canonical exponential moment of the second term can be handled by means
of the slightly sophisticated Lemma 9. of Fritz and Téth (2004), see also Téth and
Valké (2003) for the original proof. Here we present a nice, elementary argument.
In general, the local version of the central limit theorem implies that if 0 < ¢ < [
and ¢/l is bounded away from one (¢ < (I+1)/2, say), then canonical probabilities
related to the interval [k, k + £) are bounded by the corresponding grand canonical
probabilities, which makes life easier. More precisely,

M lwp =yl = O (Mpulwi = u2)) (3.12)
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with a uniform bound. To prove this, for arbitrary nonnegative integers mg, m4
and m_ set

(mo +my +m_)! (@)mo (n_+)m+ (n,)mf 7

q(mo, my,m_) := e pe 7 7 —

l

where ng,ny ,n_ are the frequencies of 0 and +1 in the sequence ‘Ui ,le ng =
I(p+u)/2, n. = Il(p—u)/2 and ng = I(1 — p) with respect to the canonical
measure )\Z 7. Therefore if mg, my and m_ are the corresponding frequencies in

the complementary sequence wgt¢, Wk4¢+1, * 5 Witi—1 Of w£ , then we have
Npsup 0 0
/\l,k [wk = v q(mo,my,m_)

Q:: = )

Ap,u[(")ﬁ - yﬁ] q(nOa ny, n*)

whence

(I-=0'ng!nyin_! (@)mo—no (n_+)m+—n+ (n,)mf—nf.

molmy!tm_! l l 1l

@= ]

We may and do assume that momim_ > 0, then by Stirling’s formula and a direct
calculation we obtain that @ is bounded by a constant multiple of

I N S R A L N e e e YA
Q= (7) (m_oo) (m_i) (K) :

Since Q = QR where
R:= (_mo+1/2)m°“/2 (m++1/2)m+“/2 (m7+1/2_)m’+1/2 < (2¢)*/2,

mo my m_

we have to estimate

~ l—g\l—E+1/2 o mo+1/2 n. my+1/2 n m_+1/2
Q= () (7o) (772) (+272) :

The inequality of geometric and arithmetic means implies

_ ¢ 1—6+1/2 I 1—0+3/2
Q=< (T) (l—é+3/2)

which completes the proof of (3.12).
Let ¢ := jj’)k —u+ up with p = M, and v = @ ; the central limit theorem

l
<—’
A

suggests that expectation of exp(8¢3) is bounded if 3/1 is small enough. To do the
calculation, we write exp(B¢3) = Eg exp(0¢pr/283) , where 0 is a standard Gaussian
variable, and Eg¢ denotes expectation with respect to its distribution. In this way
the second bound has been reduced to a usual large deviation estimate. Indeed, let

Pz pou) = log [ explef? — 2+ 2up) Ap(d).

then F(0, p,u) = F.(0,p,u) = 0 and F/,(z, p,u) < 4 because it is the variance of a
variable bounded by 2. Therefore

/exp(zjf — 2u+ 2up) Ap o (dw) < exp(22?), (3.13)

where z := /2((0/1) is the right choice.

To apply (3.12), first we split [k, k+1) into two almost equal parts and decompose
¢k in the same way. These two terms can be separated by means of the Schwarz
inequality, thus (3.12) applies to each of them. Since the individual currents j¢ are
not independent with respect to A, ., we separate odd and even indices 7 in the
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individual subintervals by Schwarz, and use (3.13). Choosing § as a small multiple
of I, the proof is now completed by a direct calculation. We see that 1/ is the
order of the second, large deviation part of the bound. O

This is a sharp form of the so called one block lemma of Guo, Papanicolau
and Varadhan (Guo et al., 1988), the explicit rate due to LSI is needed for the
evaluation of entropy production X . Notice that, in view of (2.2), el?/o is the
leading term of the bound. The following version of the two blocks lemma of Guo
et al. (1988); Kipnis and Landim (1999) is a particular case of the second inequality
of Proposition 1 in Fritz and Téth (2004); it follows easily from LSI by (3.12) as
Lemma 3.2 did. For two sequences A and ¢ indexed by Z let A * £ denote their
convolution, i.e. (A* &) =3"; A&k

Lemma 3.3. Letm € N and A; € R for j € Z such that Aj =0 unless 0 < j < m,
>.;A4;=0and > A3 <a/m. Then we have

/e (r+7)em?  art
2 Asn)? due, dt < arTrTem 4t
£ Z/ /( 1)k dpte _Cz< . +—

k| <r/e O
for all peo and r,7 > 1 with some universal constant C .

Interesting special cases of A 7 are differences like 7; g4m — 71,5 , in particular
with m =1, M, — Tk and 7y x+1 — M1,k - The representation A i of differences of
block averages with some A such that > A; = 0 is convenient for the calculation
of the large deviation part of the bound. However, LSI is not optimal for the
comparison of remote blocks. In that case we rewrite A*n as Axn = Bx* Vin,
where Vin; :=nj41 —nj, e (Axn)y =32, Br—j(nj+1 —n;), A= ViB; and do
some direct calculations in terms of the Dirichlet form, see Lemma IP and Lemma
2B in Fritz (2001).

Lemma 3.4. Let 0 < m < r/e and B; € R for j € Z such that B; = 0 unless
0<j7<m, then

/e re + TE
Y / /(B*vm)i dppey dt < Ch <TT||BA1B||1+ ||B||‘;’)
0

(o
|k|<r/e

for all peo and r,7 > 1, e < 1 with some universal constant CY, where A1 Bj =
Bjs1+ Bj1 —2B;, [|Blly =32, |B;l, |BALB|1 ==}, |BjA1B;|.

Proof. Let b € Z. denote the bond b = (j,j + 1) and set ¢ := (B * Vin); for

brevity. Since our reference measure A is exchangeable, for any measure p on 2
with dy = f d\ we have

Joa=nondn = [ny(okst-onpan
= [neh-oudu [nok(st-pax
As before, we write f* — f = (\/f* + VI)(\/f* — V/F) , moreover
[ VPV = VR ir == [naon/FWF - VPax,
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consequently
J s =nondu= [ (e~ 00)du
4 [tk = 00+ (= ny0)n) VT = V)b,

On the other hand, as ¢? = ¢y > Be—j(mj1—nj5), 1+DY2 <2+ Dand ¢} — ¢y, =
(nj — nj+1)A1Bi—; , by a direct calculation using Schwarz we get

Do ow@R) < > D IBej A1 By (2 + D[ulS;))

|[k|<r/e |k|<r/e jEL
+ > S Besjly/ (3 Dluls;]
|k|<r/e JEL

where 8,1 = y® — 1 is the exchange operator across the bond b= (j,j +1).
Now we are in a position to return to the original problem. Since the ¢2 norm
of a convolution operator is bounded by the ¢! norm of its kernel,

r=% / (B # Vi)l dptes < |BAB]1(2n + Do(t)) + 1Bl /E DD,

|k|<r/e

whenever n > m + 2r /e, whence

S (B Vin)? dues < 21BABIL 2+ Da() + 21 BIEDat)  (3.14)
|k|<r/e

because y? < a + by implies y? < 2a + 2b%, which completes the proof by Lemma
3.1. ([

Observe that >, A2 < ||BA1B|1, and ||B||; = O(m) if B is a bounded sequence,
thus consequences of Lemma 3.3 and Lemma 3.4 are similar, although not identical.
For instance, if m = [ then Lemma 3.4 yields the very same bound for ¢, =
M k+m — M,k that Lemma 3.3 does, but Lemma 3.4 is better when m is large, see
Concluding Remarks at the end of the paper. Let us remark that without any
change of the statement and its proof, we can replace the sequence 7 by wy, ; this
result is not needed here.

3.4. The second LSI. In order to replace w; j with its empirical estimator k71 , a
second LSI is needed, it is due to the Glauberian component §,; of the evolution.

Lemma 3.5. We have a universal constant C3 such that if r,7 > 1 then

/e re+1e T
g Z /0 /|u71,k — kgl dpey dt < Cs ( - + 7)

|k|<r/e

for all initial distributions peo, and r,7 > 1.

Proof. As it was in the first part of this section, our reference measure is again
Ap = Ay With u = kp, thus we have po == Ajwr =0 =1 —p, py = Njwr =
1] = (p+ kp)/2 and p_ := A\,jwr = —1] = (p — kp)/2. We consider blocks of size
1, the true distribution of w! will be denoted by g; . Observe now that the spin-flip
dynamics of w! becomes ergodic if we fix the positions I' = v C [k, k + 1) of empty
sites, let A} and ;" denote the corresponding conditional distributions given I' = =y,
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while v; is the distribution of the random set I' C [k, k + 1) . It is plain that A} is a
product measure such that

11—k

and A= \lw; = ~1] = —

if j ¢ ~. On the other hand, if f, f_ > 0and Ay f, +A_f_ =1, then by convexity
Apfrlog fy+ A flogf <2X fr(VFr—1D)+22 f-(V/f-—1)
< (fr = DW= D +22-(f- - D/~ -1 <
(M + )+ 2 () (V- V) <4 (VE-VE)

because fi > 1 implies f_ < 1 and vice versa. Since the Dirichlet form of a single
spin-flip is just (1 — x2)(¢4+ — ¢_)?/2, this means that we have LSI at single sites
with a universal constant, whence

14+k
AJF = )\7[(,«)]' = 1] =

8
S/ IN) < _—#D(#mgn) (3.15)

1
because spin-flips at different sites are independent, and A} is a product measure,
see e.g. Lemma 2.2.11 in Saloff-Coste (1996) for the tensorization property of LSI.
(3.15) is essentially the classical logarithmic Sobolev inequality of L. Gross (1976)
for the binomial distribution.

From the entropy inequality for 8 > 0 by (3.15) we get

ueh) < = [ DUdISmian + 5 [1os () nian);

here ¢y, := @y — KMy, . The Dirichlet form is estimated by means of Lemma 3.1,
the contribution of these terms is O(le/a3) . To calculate exponential moments, set
again exp(B¢7) = Egexp(fprv/28), where 0 is a standard Gaussian variable, and
introduce G(z) := log A} (e*(“i=*1:)) with j € 7. We have G(0) = G’(0) = 0 and
G"(2) < 4 as |w; — kn;| < 2, thus G(2) < 222, consequently

/\7(6690%) < Egexp(4nBl—26%) = (1 — 8n3/1%)~1/?

if 8n3 < 1%, where n < [ is the number of active sites. Specifying 3 as a small
multiple of [, we obtain the statement. 0

Now we are in a position to replace the microscopic currents with the empirical
estimator of their equilibrium expectations.

4. Estimation of entropy production

In this section the components L., M, I. and N, of entropy production X, are
evaluated, we are assuming that h,J € C?(R). Several steps of the proofs have
essentially been done in Fritz (2004); Fritz and Téth (2004); Fritz and Téth (2004)
is our basic reference. Since there are some technical differences, for convenience
we list the main points. Most calculations are done at the microscopic level, the
following abbreviations reflect this picture. Fy(t) := F(pe(et,ek)) = F(fk(t)) is
used for any function of the empirical process. The a priori bounds (2.13) and
(2.14) we need for compensated compactness are localized by a smooth function
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¢ € C%(R2) of compact support. The integral mean of ¢(st, z)i)(et, z) over the
space interval |x — ek| < €/2 will be denoted by ¥y (),

ek+e/2
Y (t) == l/ p(et, z) dx,

€ Jek—e/2

where ¢(t,x) 1= ¢(t, )Y (t,x).

Finally, define V.p(z) := e Y(p(x + ) — ¢(z)) for functions, in the case of
sequences we write V& = 17 (&g — &), Vi€e = 17 (&1 — &), and A&y, =
—V; V& . Note that V7 is the adjoint of V; in ¢?(Z) and Vlélyk = Vlglykﬂ,l while
Vi&r = Vi€ . For Vit we have an identity,

Vi (t) = é/s (e — |z|)pl (et ek + x +€/2) dx, (4.1)

—E

where ¢ = ¢, whence by the Schwarz inequality

9 % ek+3e/2 o
(Vi (t)” < — o (et,x) dx . (4.2)
3 ek—e/2

A similar bound of (V;3,)? follows easily because V), = Vﬂ/?lvk , thus

+1—-1

(V) < 7 3 (W) — 50 (43)

Jj=k

such estimates are frequently used in the following calculations.

Our strategy is to derive (2.13) or (2.14) for components of entropy production
first in terms of ¢ = ¢ and its derivatives, but ||¢|| = O(]|¢||) and ||¢||+1 =
O(||%]] 1) such that the constants depend only on ¢, thus we need not worry too
much about localization. In the rest of this section Oy(-) denotes a bound depending
only on ¢ ; dependence on h is not indicated because it is fixed here.

4.1. The numerical error. This is the easiest case, by a direct calculation

No(¢p,h) =€ Z /OO (Vivi(t) — eVep(et, ek — €/2)) Ji(t) dt (4.4)
kez Y
where ¢ = ¢ .

Lemma 4.1. The numerical error, N, satisfies (2.13).

Proof. This looks elementary, but we must be a bit careful because ¥/ can not
appear in the bound. Doing discrete integration by parts we obtain

Noow) ==Y [ b0 Vino .
kez”0
where 0 1 (t) := Yr(t) — ¢(et, ek — £/2) can be rewritten as

1 8/2
de i(t) = % / /2(5 —2z)¢l (et ek + x) dx .
—c
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Now we factorize the sum of integrals into a product by means of the Cauchy and
Schwarz inequalities, here and also several times later on, we are using the scheme

/e )
N2(p.h (Z/ 2, ) Z// (Vi k()* dt |

kEZ

where r,7 > 1 are so large that ¢(t,z) = 0if ¢ > 7 or |z| + & > r. On the other
hand, by Schwarz again

c €/2

82 () < / (et ek + x) d,
3 —e/2

while ViJ, = J'(§) Vi, with some intermediate value & . Since J' is bounded

and V., = O(1/1) , we get a bound in terms of ¢!, namely N.(p,h) =@k |2 Og(1/1).

Since [[¢[[4+1 dominates both |[[¢[]2 and [[¢5]l2, we have [[¢[l2 < [[9ll[[¢5]2 +

911 ll2 = O ([l +1) , consequently we have Ne = ||¢[|+1 Og(1/1). O

By means of Lemma 3.3 and (2.2) a slightly better bound, namely E|N.| =
1] 11 Og((e/0)*/?) is obtained; notice that /0 = o(1/1%). In the case of un-
bounded spins, as in Fritz (2004), uniform bounds are not available, only the ex-
pectation of |N¢| can be estimated.

4.2. The microscopic current. The starting point of the estimation of L. is an
identity,

. . . 1 _ . .
Lh(i ) = 1 () Lo + 5 >0 (k) (o + ) (05, — i), (4.5)
bEZy

where 7 is an intermediate value between ﬁf) . and 7 . The second sum on the
right hand side is a second order remainder, let (). denote the resultant of these
terms:

Qe(¢9, h) : Z > / (R (k) (ch + o) (A 1, — Tup)? dt (4.6)

kEZ bEZL.

Since |1} ,=x| < 2172, we have a uniform bound Q. = ||¢|| Og(oe~'1?) depending
only on ¢ and h, i.e. Q. satisfies (2.14). Similar remainders appear also in the
definition (4.16) of Q. The first condition of (2.2) prescribing that [, the size of
our mesoscopic blocks is large enough is needed to show that these remainders do
vanish as e — 0, the numerical error, N.(¢,h) and the martingale, M_(¢,%,h)
behave in a similar manner. On the other hand, LS is effective when I(¢) is small,
see the second condition of (2.2) and the next coming computations.

Observe now that L, = ijﬁk, see (1.4) for the definition of j. In view of
Lemma 3.2 and Lemma 3.3 or 3.4 we decompose L. as L, = W, +0L2°+ V. + Q.
where W, = L2° — V, and

Lo, h) =Y / Ge OB OV (w(t)) dt (4.7)

keZ

(6w h) = 3 / ROIAGINU RO (4.8)

kEZ
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Viov k) =<3 [T nmOvma G0 ds  (@9)

kEZ
I. will be canceled by V. at the end of the argument.
Each of the sums above contains a space gradient, and > zxViyr = > yx Vizg,
moreover Vi(xpyr) = Y1 Vizr + x5 Viyk , therefore W, = Y + Z and L =
Y? + ZZ , where

(g9, h) _62/ (Vo) (1) GP e — Ik @ur)) dt (4.10)

keZ
22, h) = / Gt (Vi) (30 — 3 (s @10)) ., (4.11)
keZ
V(0 h) = —e 3 / V() () V(1) dt (4.12)
kEZ
236, h) = =2 3 / G (V1 (6) Vi (1) (4.13)
kEZ

The following bounds are more or less direct consequences of Lemma 3.2 and
Lemma 3.3 or 3.4.

Lemma 4.2. Y and oY? satisfy (2.13), Q., Z¥ and oZ? satisfy (2.14). The
bounds of Q. and ZY¥ wvanish as € — 0, while Z <0 if h is convex and ¢ > 0.

Proof. (. has a trivial deterministic bound, the estimation of Y* and Y. is fairly
similar to that of N.. Separating Vi, and j° — J by means of the Cauchy and
Schwarz inequalities, (4.3) and Lemma 3.2 imply that E|Y*| = ||¢]|+1 Os(I\/e/0) .
In the same way, but now from (4.2) and Lemma 3.3 or 3.4, we get o(¢)E|Y?| =

[¥]l+1 O(vea) -

In the case of Z we separate V;h' and j° — J in the usual way. Since V;h}, =
' () Vi with some intermediate value, and IV;7;; = (A % 1)k, where the
convolution kernel A satisfies 33 A; = 0 and )5 A¥ = O(1/l), Lemma 3.2 and
Lemma 3.3 or 3.4 result in E|ZY| = ||| O4(l/0). Finally, the inequality Z& < 0 is
trivial if A" > 0 and ¢p > 0, in the general case o(£)E|ZZ| = Oy (||9]]) is a direct
consequence of Lemma 3.3 with (A *n)r = M1 k41 — Tk - O

The gradient of the microscopic entropy flux can be written as

L(, h ——EZ/ Ve (t) V3 Jx(t) dt (4.14)

kEZ

and ViJy = Jy_1—Jk = JL Viqe + (1/2)J" () (Vi,)? with some intermediate
value 7 . Since J'(p) = & h'(p)(1 — 2p),

JeVimg = £, Vi (e —x)?) + 6 b, (k-1 +70k—200k) Vi

consequently I. = I? — Q% , where

I°(¢nb, h) ,:—mZ/ e ()R, OV (g — (mk))dt, (4.15)

kEZ
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and Q. consists of the second order remainders above,

Qiow.n) ==Y / (O (8)" () (Vi )% d
2 ez
(4.16)
+Hfz/ V(O () (k-1 + Tk — 200) Vik dt .
kez

The first sum of Q¢ can directly be estimated, ||¢||(el?)~ is its order. Factorizing
the second one, a bit larger bound, E|Q%| = ||¢|| Oy(l/c) follows by Lemma 3.3 or
3.4.

The crucial step of the argument is the replacement of the mesoscopic current,
J by its canonical expectation given ;. Just as before Lemma 4.2, we have
V. + 12 =Y!+ Z!, where

Y (¢, h) = €Z/ (Vo )by, (3 e, 0uk) = & (g — i) dt (4.17)

keZ

ZL (g, ) = EZ/ Vet (Vih) (3, @ik) — £ (e —17y)) dt . (4.18)

keZ
Since J(7.k @1k) — & (T 1 — U 2) = (1—11) (@15 — KTik) , We are now in a position
to apply Lemma 3.5, too.
Lemma 4.3. Y satisfies (2.13), QL and Z! satisfy (2.14) with vanishing bounds.

Proof. The treatment of Y follows that of Y, by means of (4.3) and Lemma
3.5 we get E|Y?| = ||¢||+1 Op(y/e/a + 1/1). Finally, as in the case of Z¥, Lemma

3.3 and Lemma 3.5 imply E|Z!| = ||¢|| Oy(\/1/ac + 1/eal), which completes the
proof. (Il

4.3. The martingale. M_(t,1, h) is delicate because it can not be written as integral
of a function over space and time. The stochastic differential dh(p.) = e Lh(pe) +
dm. defines a martingale m. = m.(t,x) for each x € R such that m.(t,z) =
me(t, ek) if |x — ek| < ¢/2 and

t, é, h) / / W(t, ) G(t, ) me (dt, ) da . (4.19)

m. is identified by the intensity ¢. of its quadratic variation (m.),
1 . . R
qe(t,z) == - (Lh2(pe) — 2h(pe)Lh(pe))

=2 3" (o +0) (i) — hOne))”

bEZL

(4.20)

if [x—ek| < /2, cf. (4.5). Since d(m.) = g dt , we have Em2(t, z) = fot Eqe(r,x)dr
Lemma 4.4. M_(co, ), h) satisfies (2.13).

Proof. Let m.(t,x) denote the time derivative of m. in the H~! sense, we have
to show that E|lpm.|[2; — 0 as e — 0. Since ||9:(pme)||-1 < [[pme|l2 and
lo; mell=1 < |l¢; mel|l2, the problem reduces to the calculation of g.. Just as in
the case of Q. , see (4.20) and (4.5), independently of the configuration we have
qe(t,x) = O(o/13¢) , which completes the proof. O
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Summarizing the results of this section, we see that entropy production X, (é,h),
Y € CHR?), ¢ € C2(R?) has been decomposed as X. = Y. + Z. + 0Z¢, where
Yo i= N.+ Y¥ +oVY? + Y + M, vanishes in H !, Z. == Z¥ + Z! + Q. — QL
vanishes in the space of locally bounded measures, and 0Z¢ is bounded in the same
sense. Moreover, Z7 < 0 if ¢,¢ > 0 and h is convex. The rest of the proof is an
application of the stochastic version of the theory of compensated compactness and

PDE theory on uniqueness of weak solutions to a single conservation law.

5. Completion of the proof

Let us consider the distributions p975 , € > 0 of the Young representation of the
empirical process p. , see Section 2 for definitions. This family is tight with respect
to the weak topology of the space My (X) of locally finite measures, denote By any of
its limit distributions. In the proof of uniqueness the distribution of the empirical
process shall be considered also as a probability measure on the space Ll20c (Ri) .
5.1. Convergence to weak solutions. In the previous section conditions (2.13) and
(2.14) on entropy production have been verified, consequently Proposition 2.1 of
Fritz (2004) or Lemma 8 of Fritz and T6th (2004) imply Tartar’s factorization (2.15)
Py-a.s. for all couples of smooth entropy pairs. Evaluating (2.15) for hy(p) := p,
J1(p) == kp — kp? and ha(p) := p?, Jo(p) = Kkp* — 4kp/3 if p € [0,1], we get

0.0 (p*) — 401.2(p)0¢ 2 (p*) + 367 ,(p°) = 0

almost everywhere with respect to (¢,2) and Py . Observe that

//(u4 + ot — duv — duv® 4 6uv?) O, . (du) O; . (dv)

- / / (u —v)* O; 2 (du) Oy o (dv) =0 as

is an equivalent form of the equation of factorization, thus the product of the
measures 0y ,(du) and 6 ,(dv) is concentrated on the diagonal. This means that
0: . is a Dirac measure a.s., and any limit distribution Pg is concentrated on a set
of weak solutions.

5.2. Uniqueness of the limit. Since ZZ(y,h) < 0if ¢ > 0 and h is convex, while
all other terms of entropy production vanish in the limit, from (2.5) we obtain the
weak Lax inequality (2.10) for measure solutions with probability one with respect
to any limit distribution Py. As a consequence of compensated compactness, the
weak inequality (2.10) for measure solutions turns into the weak inequality (2.16)
for weak solutions; the initial value is not present in these inequalities. To get
uniqueness, we have to show that these weak solutions all satisfy the given initial
condition py € L*°(R), that is (1.7) holds true a.s. for all limit distributions of the
empirical process p. as specified below; our starting point is again (2.5), but now
with h(p) = p. The argument is an extension of the standard PDE proof in case of
the vanishing viscosity limit, see e.g. Dafermos (2000); Serre (2000).

Besides P&g and Pg , the distribution Pg)g of /35 S LfOC(R%r) plays also some role.
Any of these families is tight with respect to the weak topology of the underlying
spaces, thus Skorohod’s embedding applies: for every sequence (n) — 0 such that
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}A’&g , Pg and }A’&g all converge in the weak sense along this subsequence, we have a
probability space on which almost surely

lim / |t t.0) o - / | vt dear,
hm/ / 1/}t.17p5(n (t,z)dxdt = / / Y(t, )0 (p*) d dt

for all 1 € C.(R?). Here 0: 5 is the hmltlng Young measure, i.e. 0; ,(p?) is just the
a.s. weak limit of ,05 (n) - However, 0; 4 (p %) = 607 ,(p) a.s. in view of the previous
subsection, consequently p.(,) is almost surely convergent also with respect to the
strong topology of L2 (R i) because weak convergence in a Hilbert space together
with convergence of the norm imply strong convergence.

Now we are in a position to return to (2.5), set 0 < ¢ € C}(R?) and h(p) = p.
Since Z2(1, h) = 0 in this case, while Y; and Z. vanish in the limit, (1.10) implies
(1.7). Perhaps Corollary 6.1 of Bressan (2000) or Main Theorem of Chen and Rascle
(2000) are the most convenient references, these results tell us that the weak Lax
inequality (2.16) and the weak equation (1.7) including the initial condition imply
the uniqueness of weak solutions to a single conservation law as (1.5).

and

6. Concluding remarks

In view of the previous argument, the conclusion of Theorem 1.1 can considerably
be improved as follows, conditions are not changed. Let p denote the entropy
solution to (1.5) with initial condition pg, then

lim/ / E|p<(t,z) — p(t,z)|* dzdt = 0
e—0 0 —r

for all 7,7 > 0. Notice that the statement is restricted to mesoscopic blocks of
size l(¢) as specified by (2.2). The bound of Lemma 3.3 is not sufficient to fill
in the gap between large microscopic and mesoscopic block averages because for

(Axn), = Tip,k+m — p,k We only have

r 4+ 7)em3 rT
e’ / /npk+m npk) dpter dt < Cy <¥+_) ,

|k|<r/e ap p

thus m = O((0/¢)'/3) is needed when p € N is fixed and ¢ — 0. However, (2.2)
implies (o(¢)/e)*/? = o(I(¢)) ; LSI is not optimal when m is large. Nevertheless

1 k+p—1 k-‘rp 1m—1
Mp,k+m — Tlpk = P Z (Mj4m — Z Z (Mjti1 — Nj+i) »
Jj=k i=

thus Lemma 3.4 implies

r+T7)e rT
e? / /Pk+m npk) dﬂstdt<02<%+?),

|k|<r/e

whence by the Cauchy inequality

/ /nmk—npk dustdt<02(¥+z>v
o p

|k|<r/e
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at lest if m is a multiple of p. Since €l?(¢)/o(c) — 0 as ¢ — 0, we can choose
m = l(g) to get

lim lim// E|p-p(t,x) — pe(t,2)|* dzdt =0,

p—oo e—0 Jq

where pe (¢, z) = T k(t/c) if |© — ke| < €/2. Indeed, 7,5 ~ 7, In a mean square
sense, see Lemma 3.3 or 3.4, consequently

lim hm/ / E|pep(t, ) — p(t,z)|* drdt = 0.

p—oo €—0

There is another, not less interesting version of this model. Electrophoresis
can be mimicked by replacing the spin-flip action wy — —wj; with a creation-
annihilation mechanism such that (wg,wr+1) = (0,0) — (=1,1) and (wg, wrt1) =
(—=1,1) — (0,0) . Total charge Y wy, is the only conserved quantity in this case, the
associated empirical process is defined as .(t,z) := @ p(t/e) if |z — k| < €/2.
Stationary product measures, A, of this process are characterized by A, (wi) = u
and A, (wr = 0) = (1/3)((4 — 3u®)*/? — 1), and the macroscopic equation for the
limit of 4. reads as

O = 0, (u* + V4 — 3u?). (6.1)
A rigorous derivation of this equation could follow the argument of the paper,
but the final crucial step, the replacement of 7;; with its canonical expectation
4/3 — (1/3)(4 — 3@Zk)1/2 is problematic because that second LSI is not available.
This system is also a relaxation scheme, perhaps methods of PDE theory Chen and
Rascle (2000); Dafermos (2000) are helpful.

Acknowledgement: We are deeply indebted to Christophe Bahadoran for valu-
able remarks on the main line of the argument concerning uniqueness theory of a
single conservation law, and also on several technical details of the proofs.

References

C. Bahadoran. Blockage hydrodynamics of one-dimensional driven conservative
systems. Ann. Probab. 32, 805-854 (2004).

A. Bressan. Hyperbolic Systems of Conservation Laws: The One Dimensional
Cauchy Problem, volume 20 of Ozford Lecture Series in Math. Appl. Oxford
University Press, Oxford (2000).

G.-Q. Chen and M. Rascle. Initial layers and uniqueness of weak entropy solutions
to hyperbolic conservation laws. Arch. Rational Mech. Anal. 153, 205-220 (2000).

C. M. Dafermos. Hyperbolic Conservation Laws in Continuum Physics., volume
325 of Grundlehren der Mathematishen Wissenschaften. Springer Verlag, Berlin
(2000).

C. De Lellis, F. Otto and M. Westdickenberg. Minimal entropy condition for Burgers
equation. Quart. Appl. Math. 62, 687-700 (2004).

R. J. DiPerna. Convergence of approximate solutions to conservation laws. Arch.
Rational Mech. Anal. 82, 27-70 (1983).

R. J. DiPerna. Measure-valued solutions to conservation laws. Arch. Rational Mech.
Anal. 88, 223-270 (1985).

J. Fritz. On the diffusive nature of entropy flow in infinite systems: Remarks to a
paper by Guo, Papanicolau and Varadhan. Commun. Math. Phys. 133, 331-352
(1990).



Uniqueness of Euler Limit 391

J. Fritz. An Introduction to the Theory of Hydrodynamic Limits, volume 18 of
Lectures in Mathematical Sciences. The University of Tokyo, Tokyo (2001). ISSN
0919-8180.

J. Fritz. Entropy pairs and compensated compactness for weakly asymmetric sys-
tems. Advanced Studies in Pure Mathematics 39, 143-171 (2004).

J. Fritz and B. T6th. Derivation of the Leroux system as the hydrodynamic limit
of a two-component lattice gas. Commun. Math. Phys. 249, 1-27 (2004).

T. Gallouét and R. Herbin. A uniqueness result for measure-valued solutions to
nonlinear hyperbolic equations. Int. Diff. Equations 6, 1383-1394 (1993).

G.C. Guo, G. Papanicolau and S.R.S. Varadhan. Nonlinear diffusion limit for a
system with nearest neighbor interactions. Commun. Math. Phys. 118, 31-59
(1988).

C. Kipnis and C. Landim. Scaling Limit of Interacting Particle Systems, volume
320 of Grundlehren der Mathematishen Wissenschaften. Springer Verlag, Berlin
(1999).

S. N. Kruzkov. First order quasilinear equations in several independent vari-
ables. Mat. Sbornik 81 (123), 228-255 (1970). English translation: Math. USSR
Sbornik 10:217-273.

F. Murat. Compacité par compensation. Ann. Sci. Norm. Sup. Pisa 5, 489-507
(1978).

O. Oleinik. Discontinuous solutions of non-linear differential equations. Usp. Mat.
Nauk 12, 3-73 (1957). English translation: AMS Translations Ser. II, 26:95-172.

S. Olla, S. R. S. Varadhan and H.-T. Yau. Hydrodynamical limit for a Hamiltonian
system with weak noise. Commun. Math. Phys. 155, 523-560 (1993).

E.Y. Panov. Uniqueness of the Cauchy problem for a first order quasilinear equation
with one admissible strictly convex entropy. Mat. Zametki 55, 116-129 (1994).
English translation: Math. Notes 55:517-525.

F. Rezakhanlou. Hydrodynamic limit for attractive particle systems on z%.. Com-
mun. Math. Phys. 140, 417-448 (1991).

F. Rezakhanlou. Continuum limit for some growth models. Stoch. Proc. Appl. 101,
1-41 (2002).

L. Saloff-Coste. Lectures on finite Markov chains, volume 1665 of Lectures on
Probability Theory and Statistics. Lecture Notes in Math. Springer Verlag, Berlin
(1996).

T. Seppéldinen. Existence of hydrodynamics for the totally asymmetric simple
k-exclusion process. Ann. Probab. 27, 361-415 (1999).

T. Seppélédinen. A variational coupling for a totally asymmetric exclusion process
with long jumps but no passing. In Hydrodynamic Limits and Related Topics,
volume 27 of Fields Institute Communications, pages 117-130. American Math-
ematical Society (2000).

D. Serre. Systems of Conservation Laws, volume 1-2. Cambridge University Press,
Cambridge (2000).

L. Tartar. Compensated compactness and applications to partial differential equa-
tions. In Nonlinear analysis and mechanics, volume IV of Heriot-Watt Sympo-
sium, pages 136-212. Pitman, London (1979).

B. Té6th and B. Valké. Onsager relations and Eulerian hydrodynamic limit for
systems with several conservation laws. J. Statist. Phys. 112, 497-521 (2003).



392 Jézsef Fritz and Katalin Nagy

B. T6th and B. Valké. Perturbation of singular equilibria of hyperbolic two-
component systems: a universal hydrodynamic limit. Comm. Math. Phys. 22,
63-80 (2005).

S.R.S. Varadhan. Nonlinear diffusion limit for a system with nearest neighbor
interactions ii. In Asymptotic Problems in Probability Theory, pages 75-128.
Longman Sci. Tech., Harlow (1993).

S.R.S. Varadhan. Large deviations for the asymmetric exclusion process. Advanced
Studies in Pure Mathematics 39, 1-27 (2004).

A. Vasseur. Strong traces for solutions to multidimensional scalar conservation
laws. Arch. Rational Mech. Anal. 160, 181-193 (2001).

H.-T. Yau. Relative entropy and hydrodynamics of Ginzburg—Landau models. Lett.
Math. Phys. 22, 63-80 (1991).

H.-T. Yau. Logarithmic Sobolev inequality for generalized simple exclusion pro-
cesses. Probab. Theory Rel. Fields 109, 507-538 (1997).



