Horvath, M., and M. Kiss. (2010) “Stability of Direct and Inverse Eigenvalue Problems for Schrédinger
Operators on Finite Intervals,”

International Mathematics Research Notices, Vol. 2010, No. 11, pp. 2022-2063

Advance Access publication December 12, 2009

d0i:10.1093/imrn/rnp210

Stability of Direct and Inverse Eigenvalue Problems
for Schrodinger Operators on Finite Intervals

Miklos Horvath and Marton Kiss

Department of Mathematical Analysis, Institute of Mathematics,
Budapest University of Technology and Economics, H 1111 Budapest,
Miegyetem rkp. 3-9, Hungary

Correspondence to be sent to: horvath@math.bme.hu

We consider the inverse eigenvalue problem for Schrodinger operators on finite inter-
vals. Among others, we show that if the potential is in L, then the perturbation of the
potentials can be estimated by the [;-norm of the sequence of the eigenvalue differences
only if p> 2. As a consequence, we give estimates if only finite number of eigenvalues

are known with an error < e.

1 Introduction

Consider the eigenvalue problem

-y +qXxy=1y onl0,n], (1.1)

y(0)cosa + Y (0)sina =0, y(w)cosB + ¥y (r)sinpB =0. (1.2)

The set of eigenvalues is denoted by o(«a, 8) or o(«a, 8, q). The inverse Sturm-Liouville
problem aims to identify the operator from a set of eigenvalues. Since the fundamental
work of Borg [2], we know that in most cases two complete spectra are needed for the
unique recovery of the operator (i.e., of the potential g). Later it became clear that a suf-

ficiently large part of more than two spectra also implies uniqueness; a brief account

Received June 24, 2009; Accepted October 30, 2009
Communicated by Prof. Nikolai Makarov

© The Author 2009. Published by Oxford University Press. All rights reserved. For permissions,

please e-mail: journals.permissions@oxfordjournals.org.

TTOZ ‘9T UY2Je uo YNO130HVE 3d VIWONOLNY LVLISHIAINN ¥e f10°s[euinolpiojxo uiwi woly papeojumod


http://imrn.oxfordjournals.org/

Stability of Direct and Inverse Problems 2023

of this topic is given, for example, in [10]. The idea of taking the eigenvalues from
infinitely many spectra appears first in Gesztesy, del Rio, and Simon [5]. In Horvath
[10], a necessary and sufficient condition for the uniqueness is given, which covers most
of the former results. The aim of the present paper is to study the stability of the ope-
rator reconstruction using eigenvalues from infinitely many spectra. However, many of
our results are new also in the classical case where two complete spectra are known.
Finally, we present stability estimates if only finitely many noisy data are available.

We will use the following notations throughout: 1 < p < o0, %J + % =1, qand g*
are two real valued potentials, g, ¢* € L'(0, 7). Sometimes we assume that |q| 1, |lg*[1 <
D; c¢(D) always means a positive constant, possibly different in different occurrences,
depending only on D. The eigenvalues corresponding to the potential g and g* are de-
noted by A, and 1}, respectively. If A}, € o (an, 0, g*), An is the corresponding element of
o(an, 0, @), that is, their indices inside the spectrum o (ay, 0) are the same (we can relax
this assumption, see the remark after Theorem 5.9).

In this paper, we investigate relationships between the LP-norm of the potential

perturbation
IAqllp=llg —q"llzr
and the [P -norm of the perturbation of eigenvalues

IAM p = lIAn — AZllp

+
-

=1, 1 < p < oco. Roughly speaking, we will prove that

he ]l

ALy < cllAgllp for p <2 but not for p > 2

related to the stability of the direct problem of determining the eigenvalues correspon-

ding to a potential and

Aqlly < cllAAllp for p <2 but not for p > 2

concerning the stability of the inverse problem of reconstructing the potential from a set
of eigenvalues. More details are given below. Unless p = 2, these results are new also in

the classical situation where the A,'s run over o (0, 0) U (%, 0).
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The above stability estimates for the nonlinear relation between the potential
and the eigenvalues are reduced to simple continuity properties of the linear mapping
(1.4) below, see Theorems 1.1-1.2. The main tool in proving stability results is Lemma
6.1. Finally, we extend two results of Marletta and Weikard [19] concerning the situation

where only finitely many eigenvalues are known with errors.

1.1 General results

We present two general theorems, which will essentially imply the subsequent more
specialized results.

Consider the system
CA)={pn:n>0}, ogo=1, ¢p=cos2/Aix:n>1 (1.3)
and the mapping
T: b (ben) (n=>0) b e L0, n]. (1.4)
In what follows, Lg denotes the subset of LP = L (0, 7) in which fg b=0, 1P
denotes the infinite sequences beginning from the Oth index with the usual p-norm,
while lé’ consists of sequences whose 0Oth coordinate is zero. If g* is fixed, let AA(Q)
denote the sequence (fy (@ — g*), (An — A} n=1)-
Theorem 1.1. Let q* € L'[0,7], ¢ —q* € L(l) and consider the eigenvalues 0 # A}, — oo,
A € o(an, 0; g*). Suppose that A, € o(ap, 0; q) are the eigenvalues corresponding to A},
The (nonlinear) mapping

q—q" — AA(Q) (1.5)

is continuous from L{ to I° (1 < r, s < o0) at ¢ = g* if and only if the (linear) mapping (1.4)

restricted to Ly is L™ — [° continuous, that is,

(X 1ngnr) " <cinly. neL; (.6

(with the usual modification for s = o0).
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Moreover, if the mapping (1.4) from L" — I (1 <1, s < o0) is bounded by a con-
stant C, then

» |-

(Z Jon — A";AS) <cD)Clig—q"|r. (1.7)

provided that |igll1, lg*ll; < D and A, > —D. .

The general answer to the question of the stability of the inverse problem

depends on whether the inverse of the mapping defined in (1.4) is bounded.

Theorem 1.2. Let g* € L[0, 7], g —q* € L(1) and consider the eigenvalues 0 # A}, — oo,
A} € o(an, 0; g*). Suppose that A, € o(ap, 0; g) are the eigenvalues corresponding to A},

The following statements are equivalent:

A) The (possibly multivalued) inverse of the mapping (1.5)
AN q—q" (1.8)

with domain {(c) € [§|3q € L':q—qg*e L{ and ¢y = Ay — A}, VN > 0} is a (non-
linear) I — L" continuous mapping at g = q*, that is, A,(q) — A}, — 0 in [®
impliesq—qg* — O0in L".

B) The inverse of (1.4) with domain {(c,) € [§|3h € L( : Ync, = (h, ¢n)} is a (lin-

ear) IS — L" continuous mapping (1 <r,s < o), that is,

i < ¢ (Llthonr) . nerp (1.9

with obvious modification for s = co. The right-hand side is allowed to be

infinite.

Moreover, in this case

lg —q*llr < c(D)C (Z |An — )\ZIS) , (1.10)

provided that g1, lg*]l1 < D, g — q* € L and A, > —D. The upper bound in (1.10) can

again be infinite. O
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Remark. If the restriction of the mapping (1.4) to Lj is continuous, then it is continuous
on the entire L”. However, their bounds can be different. Similarly, if (1.9) holds, then the

same inequality hold for all h € L" with a different constant, see Lemma 8.1. O

Remark. Instead of the condition A}, # 0, we could require A}, # u for any u € C. In that
case, we would have defined ¢o(x) = cos 2ux and we would have restricted the mapping
(1.4) to the subspace orthogonal to cos2ux (instead of Lf), and for the estimates we

would have had to require || < D. O

Remark. The estimate (1.10) shows that there are no different potentials g with the
same eigenvalues A, € o (ap, 0, ). This (and more) has been previously known: in Horvath
[10] it is proved that the completeness of the system (1.3) is necessary and sufficient for
the unique recovery of g from the eigenvalues. By definition, the completeness means
that no nontrivial L"-function can be orthogonal to all the elements of (1.3), that is, the
mapping b +— ({b, ¢p)) is injective. To ensure stability of the recovery of the potential we

need more, namely that the inverse mapping is bounded. O

1.2 Frames
The system {¢,} in a separable Hilbert space H is a frame if there exist two constants
0 < m M < oo such that

miRl? <> |(h, ¢n)l* < M|RI* he H. (1.11)
We know that (see [3] and references therein) in this case for all h € H the series

Fh=) (h ¢n)¢n (1.12)

converges in norm and the operator F—the frame operator—is a bounded bijection of H.

The left inverse of (1.4) is then given by

T (Cn) > ZCnF_I(pn (n> 0). (1.13)
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By left inverse, we mean that T~ T = idy, while TT!(c,) = (cy) if (cn) € RanT. By F, we

can express the constants in (1.11) as follows:

m= ;, M= ||F|. (1.14)
IF=1
The system {F !¢y} is known to be another frame, the inverse frame in H.

If only the first inequality holds in (1.11), then we say that {¢,} satisfies the lower
frame condition with constant min H. If only the second inequality holds in (1.11), then
{¢n} is called Bessel system in H.

The system {¢,} is called a Riesz basis in H if it is the image of an orthonormal
basis under an isomorphism of H. The system v, is biorthogonal to the Riesz basis
{on} if

It is known that every Riesz basis is a frame and every minimal frame is a Riesz basis.
We see from the first inequality (1.11) that a frame is necessarily complete, so it is either
a Riesz basis or it contains “superfluous” terms (which are in the closed linear hull
of the others). In a Riesz basis, the biorthogonal system is the inverse frame, that is,
Y = F~lg,. Consequently, if the system (1.3) is a Riesz basis in L (0, 7) then the inverse

of (1.4) as an L% — 1% operator exists and has the form (1.13).

1.3 Positive results

The following theorems require almost the same set of assumptions. For the convenience
of the reader, we collect them in the condition (C):

(C) ligli, lg*llh < D, 0 # 25, — 00, —D < A}, € 0(atn, 0,q"), and A, € 0(an, 0,q) are
the eigenvalues corresponding to A}, and limy_. |A}, — An| = 0.

The latter condition turns out to be equivalent to fg (@ — q*) =0, see Lemma 6.3.

Theorem 1.3. Assume condition (C) and suppose that {¢,} is a Bessel system in L?(0, 7),
that is,

> 1k gn)1* < MIIRI3 he Lo,
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Then for1 < p< 2,

1

o

1
< c(D)M? ||qg — q*| p- (1.15)

(3ree)

Theorem 1.4. Assume (C) and suppose that the system ¢, satisfies the lower frame

condition with a constant min L2(0, 7). Then

mlg —q*l3 < eD) Y Ihn—A5l% (1.16)
n

Remark. The first estimate of type (1.16) is implicitly given in a proof in Borg’s funda-
mental paper [2] where the A, run over ¢ (0, 0) U (0, 8) and if the right-hand side of (1.16)
is small. A similar estimate with explicit constants is proved in Hald [6] for the Dirichlet
spectrum of a symmetric potential but only in a small neighborhood of the zero poten-
tial. More precisely, let g € L! be symmetrical, that is, g(x) = g(x — x) a.e. and denote
An = An(q) the Dirichlet eigenvalues. Hald verified ||g — q*[|3 < ¢ [An(q) — An(g*)|?> with
an explicit constant if 3 [A4(q) — An(0)]? and 3 [An(q*) — An(0)|? are small. It is easy to
see that the Dirichlet eigenvalues of a symmetric potential run over o (0, 0) U o (r/2, 0) if
the operator is defined on the half-interval [0, 7/2]. So Hald's result is equivalent to a
local version of (1.16) for nonsymmetrical potentials. Ryabushko [23] then proved (1.16)

in full generality for the set of eigenvalues 1}, € o(/2,0,q) Uo (0, 0, g). O

Theorem 1.5. Assume (C). Suppose that the system ¢, is a frame in L?(0, =) with frame
operator F and assume there exists a constant C such that for the elements of the inverse

frame

IF  pnlloc <€ (n20). (1.17)
Thenfor1 < p<2
1
L p
lg —q"lly < (D) (Cﬂ—2||F—1||) 7 (Z |An— x;yp) . (1.18)
n O
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Remark. In [2], Borg proved among others the following statement. Let g € L' be
symmetrical and denote A, = An(q) the Dirichlet eigenvalues. If )" |An(q) — An(0)|P < o0
for some 1 < p<2, then g € L¥. By the last remark, this result of Borg is almost
the same as Theorem 1.5 in the special case where g* = 0 and the eigenvalues are
An€0(0,0)Uo(r/2,0). For p=1, several special cases have been known. About sym-
metric non-Dirichlet boundary conditions and symmetric potential, see Theorems 2 and
3 in Hald [7], see also Hochstadt [8]. A local version for nonsymmetric potential with two
spectra o («, 0) U o («, w/2) is given in part 8.1 in Yurko [26]. O

Remark. If we consider a spectrum defined by y’'(0) — hy(0) = 0 = y/(7r) + Hy(r) and the

norming constants o, = fé’ y(x, An)? dx, where y(x, A) is the solution started from y(0) =

1, ¥ (0) = h, the following local result is given in Mizutani [21]: if

A=Y (P = Fonl + v/l — )

is small enough then ||g — §|lcoc < CcA. For the Dirichlet spectrum, an analogous statement
can be found in McLaughlin [20]: if

A= \/Z <|)\n - in|2 + n6|01n - 51n|2)

is small then ||g — gGll2 < cA. For the stability of reconstruction from the spectral func-
tion, see also Marchenko and Maslov [18]. If we have to reconstruct the potential from
one spectrum and from the constants |y(w, A,)/y(0, Ap,)|, stability is proved in Isaacson
and Trubowitz [12], P6schel and Trubowitz [22], and Chelkak and Korotyaev [4]. [l

Theorem 1.6. Suppose (C) and let the system ¢, be a frame in L?(0, 7) with frame ope-
rator F. Assume that there exists a constant C such that for the elements of the inverse
frame

IF 'gnlly <C  (n>1). (1.19)

Then for p/ > 2
Ig—q*lp < cD)C Y In— Ayl (1.20)
n |
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Remark. Comparing with Theorem 1.5, we get here from a weaker assumption ((1.19)
instead of (1.17)) a weaker statement (since the [P-norms are decreasing in p). 0
1.4 Negative results

Theorem 1.7. Suppose (C), let the system ¢, be a frame in L?(0, =) with frame operator
F and assume there exists a constant C such that the elements of the inverse frame
satisfy (1.17). Then ||q — g*||y — 0 does not imply ), A, — A;,|P — 0if 1 < p < 2. That is,
the mapping (1.4) from Lg to lé’ is not continuous at g = g*. O

Theorem 1.8. Suppose (C) and that the system ¢, is a frame in L?(0, ). If the elements
of the inverse frame are not bounded in L¥, then either > nlAn— A% < oo does not imply

lg—q*llpy <ocor) ,|in— Ayl — 0does notimply g — q*|ly — 0if p' > 2. O

Theorem 1.9. Suppose (C) and that the system {¢,} is a Bessel system in L2(0, 7). Then
Y onlAn— )»*,‘L|P/ — 0 does not imply ||g — q*|l, > 0if 1 < p < 2. O

1.5 Resultsin L2
Consider the system

e(A) = {l,eﬂim":nz 1}. (1.21)

It is easy to see that if e(A) is a frame or a Riesz basis in La(—m, ), then also is the
system (1.3) in L2%(0, 7), with similar constants (see Lemma 8.3). Using this observation,
for p = 2 the following useful stability result (a special case of Theorems 1.3 and 1.4)

can be stated:

Theorem 1.10. Let ||g*|l; < D, —D < A}, € o(an, 0,g*) (n> 1) are given such that A}, # 0,
limy, . Afy = +o00. If |iglli <D, [y (@—g*) =0, A, are the corresponding elements of

o(an, 0, @) and the system (1.21) is a frame in Ly(—m, ), then
cDymlqg —q*l5 < Y 1hn— 25> < c«(D)Mllq — g*|13 (1.22)

with the constants in (1.14). O
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1.6 Special eigenvalues

For efficient Riesz basis tests of e(A), see for example Hruscev, Nikolskii, and Pavlov [11].
We recall the following useful result: if 8, € C, §, — 0 for |[n| — oo and if (n+ J,) is sepa-
rated, that is, infyzm|(n+ 8n) — (M+ 8m)| > O then the system {&*)¥} is Riesz basis in
Ly(—m, ). Now let {A; ,:n> 1} =0(/2,0), {Azn:n> 1} =0(0,0) and list in a common
sequence {A,: n> 1} the union of the two spectra. We know that 2\/)Tﬂ =2n—14o0(1)
and 2,/Az, = 2n+ o(1), see for example [15]. Since o (7/2,0) N (0,0) =¥, we see that
the exponents 0, £./A,, are separated and give a o(1)-perturbation of Z. Consequently,
(1.21) is a Riesz basis in La(—m, ) and the following statement is a special case of
Theorem 1.10:

Corollary 1.11. Define {Ap:n> 1} =0(n/2,0,q) Uo (0,0, g) and analogously for g* and
A%. Then (1.22) holds in the same sense as in Theorem 1.10. O

Using Theorem 1.5, Theorem 1.9 and Theorem 1.15 , we can state

Corollary 1.12. Let |qll1,llg*lli <D, 1< p<oo. Define {Ap:n>1}=0(7/2,0,q) U
0(0, 0, g) and analogously for g* and A}. Then the value of

lga—q*lp
(Zn M” - )\;ﬂp’)?

(1.23)

—

is locally bounded for p=> 2, while for p< 2 it can be arbitrarily large even if
lg —q*llp — O. 0

1.7 Finitely many known eigenvalues

For a practical point of view, one can measure only finitely many eigenvalues, hence
we need a theorem which gives an estimate tending to zero if an increasing number of

eigenvalues are equal.

Theorem 1.13. Suppose condition (C). If the system (1.21) is a frame in L?(—x, 7) and

the L°°-norm of the elements of the inverse frame is bounded by C, then

(D)
su I/ ( Ol=cC Ay (1.24)
nggr 174 Z vV 1A% |

TTOZ ‘9T UY2Je uo YNO130HVE 3d VIWONOLNY LVLISHIAINN ¥e f10°s[euinolpiojxo uiwi woly papeojumod


http://imrn.oxfordjournals.org/

2032 M. Horvath and M. Kiss

The previous theorem has an immediate consequence:

Theorem 1.14. Assume (C) and that ||g — g*||2 < D. Suppose further that |A, —1}| <¢
if 1 <n< N, for a given ¢ > 0. If the system (1.21) is a frame in L%(—n, ) with frame
operator F and the L°°-norm of the elements of the biorthogonal system is bounded by
C, then

o 3
sup | (q q)|<0c(D)sZ\F+Cc(D)I|F||§( > /\*I) . (1.25)

O<x<m JO n=N-+1 g

If, for example, the first N Dirichlet eigenvalues and the first N Dirichlet—
Neumann eigenvalues are given (i.e., there are 2N pair of eigenvalues and \/A} = %n+
o(1)), then ||F| and C depend only on D, and this estimate gives c(D)(elog N + N_%),
which is the main result of Marletta and Weikard [19]. Remark that for the operators
defined on the half-line, an analogous estimate is obtained in Marchenko and Maslov
[18]. Theorem 1.13 also contains the corresponding result in Marletta and Weikard [19].
To verify it, we need that the system biorthogonal to (1.19) is uniformly bounded if the
A} run over o(0, 0) Uo(r/2, 0). We prove more:

Theorem 1.15. Let 0 # u, =n?>+0(1), n>1 be arbitrary different real or complex
numbers. Then the system {1, e*V#n*: n> 1} is a Riesz basis in L%(—x, ) and its

biorthogonal system is uniformly bounded in L*° (-, ). O

2 Structure of the Proofs

First, we summarize the proof of Theorems 1.1-1.2. It consists of three comparisons

between the norms

g — g*ll < 14q(q — g")Il < [I({Aq(g — @), cos 2\/A3x)) | < [AA(QI, (2.1)

(where the operators A, are defined in (4.5)). The first comparison is based on the fact
that the operators A, are of Volterra type. This is verified in Section 4. The third one is
contained in Lemma 6.2, which is a consequence of a series of estimates in Section 5.
Thus, we reduce the comparison between ||Ag| and ||AX| to a comparison between
h= A4(q — q*) and (h, cos 2,/A%x)). The continuity of the mapping (1.4) or its inverse
guarantees the stability of the direct or the inverse problem, respectively. In order to

show that this continuity is an equivalent condition to the stability, we need to prove
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that the range of A;(q — g*) contains a common part of a ball and a dense set. This is

also found in Section 4.

Remark. There are some straightforward extensions of the above listed stability and
instability results. In Theorems 1.4, 1.5, 1.6, 1.7, 1.13, and 1.14, we can suppose that
the set of eigenvalues A} contains a subsystem with the desired properties while in
Theorems 1.3 and 1.9 we can suppose that {A}} can be extended to a system with the
prescribed properties. Secondly, since the LP-norms are increasing (apart from constant
factors) and the [P-norms are decreasing, a simple corollary of Theorems 1.5 and 1.9
is that |Aqllr < c||AX||s holds for 1 <r <2, 1 <s<r/(r—1) and does not hold forr > 2,

s >r/(r —1). Analogously, we infer from Theorems 1.3 and 1.7 that ||A)X||s < c||Aq]lr is

true forr > 2, s>r/(r—1)andisnottrueforl <r<2, 1<s<r/(r—1).

3 Extensions to Complex-valued Potentials

If we allow the potentials to take complex values, the main difficulty is the appearance
of algebraically multiple eigenvalues. More precisely, let g and g* be two potentials in
L, and gs(x) = sq*(x) + (1 — 5)q(x) be the linear deformation of the potential from g to

q*. Introduce the (characteristic) function
F(x,s) =cosayz(m, A; gs) + sinay,(w, A; gs)

where the solution y, is defined at the beginning of Section 5. Clearly, A € 0(0, «; gs)
if and only if F(,s) = 0. It is known that if A = A(0) € 6(0, «; qo) then there exists a
continuous branch of eigenvalues A(s) € (0, «; gs). Suppose, for example, that A(0) is an

algebraically double eigenvalue, that is,
Fj(1(0),0) = 0.

Expanding F(%, s) around (1(0), 0) at the point (A(s), s), we see that for small s, (A(s) —
1(0))? is proportional to s (if F/(1(0), 0) # 0), consequently no inequality of type [A* — A| <
cllg* — qllp can be true if A is a multiple eigenvalue. Thus, no direct stability estimate
|[AA]lp < cllAgllp holds in this setting. The negative inverse stability results obviously
remain valid. The positive inverse stability results listed in Section 1 can be proved if all
the values 1}, are different. We need the following interpretation of the corresponding

eigenvalues. If we are given eigenvalues A}, € o (ap, 0; ¢*), n>0, we say that A, € o (ap, 0; q)
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is the eigenvalue corresponding to A}, if 1}, can be continuously shifted to A, by the linear
deformation of the potentials, that is, if there exists a continuous function i(s) with
A0) =4}, A(1) = Ap, and A(S) € o(ap, 0; gs). We choose a correspondence A}, +— A, such
that every value A, occurs in the sequence no more than its multiplicity. The condition
(C) is substituted by

(CC) ligll1, lg*li < D, g — q* € L}, 0 # A% € o (an, 0, ¢*) are different values, —D <
MAY — oo and Ay € 0(ap, 0,q) are the eigenvalues corresponding to A} in the above
defined sense.

The following inverse results hold for complex potentials:

Theorem 3.1. Let g* € L;(0,7) and consider the different eigenvalues 0 # A} €
o(an, 0,q"), —D < R} — oo. Then the implication B = A of Theorem 1.2 holds and B
implies (1.10) if |q|l1 < D, llg*|l1 < D, and q — g* € Ly, O

Theorem 3.2. The statements of Theorems 1.4, 1.5, 1.6, and 1.13 hold if (C) is substi-
tuted by (CC). O

The counterpart of Theorem 1.14 is as follows:
Theorem 3.3. Assume (CC) and suppose that |A, — 1}| <¢if 1 <n < N, foragivene > 0.

If the system (1.21) is a frame in L?(—x, =) with frame operator F and the L>-norm of

the elements of the biorthogonal system is bounded by C, then

X N
1
sup /(q—q*) < Cc(D)e (3.1)
O0<x<m |J0O ngl,/Mm
1
%} 1 2 5 2
3

+CC(D)( > Wﬁl) (Zmn—,\,ﬂ) . O

n=N+1 n

Unfortunately, this statement does not contain the Marletta—Weikard result if

the union ¢ (0, 0) U o (r/2, 0) contains multiple eigenvalues.

In the proofs, we cannot use the variational calculus: the formula i, = |g,21| cor-
responding to (5.8) holds only for simple eigenvalues. Instead, we apply the representa-
tion (5.6) and some Lipschitz properties of its kernel function. More details are given at

the end of the paper.
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4 Integral Operators

As before, c¢(D) denotes constants, depending only on D, possibly different in each
occurrence. Let A € C, z= +/A. Introduce the function v(x, 1) as the solution of (1.1) with

the initial conditions

v(r,A) =0, V(T A)=-1.

We need the following lemmas:

Lemma 4.1. (Lemma 5.2 of Horvath [10]) Let /g1, lg*|l1 < D. Then there exists a conti-

nuous kernel function M; such that

X
1 — 227 — x, )v* (T — X, \) = cos 2xz+f cos 2tzM; (x, t, q, q*) dt, (4.1)
0
and
|Mi(x,t,q,q%)| < c(D), (4.2)
|Mi(x,t,q1,q") — Mi(x,t,q2,q")| < c(D)lq1 — gzl (4.3)
O

Corollary 4.2. Let h e LP(0, 7). Then

/On h— 27 fon h(x)v(x, Mv*(x, 1) dx = /Oﬂ Aq (h(r — x)) cos 2xz dx, (4.4)

where
(Agh) (%) = h(x) + /: M(x, yht)dt  he L1(0, 7). (4.5)
with M(x, t) = My (¢, %). O

Proof. Multiplying (4.1) by h(wx — x), integrating from 0 to = and changing the order of

integrations give the formula (4.4). [ ]
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Substituting z = 0 to (4.4) gives

Corollary 4.3.

/ Agh = / h (4.6)
0 0 0

and using 1 — cos 2xz = 2 sin? xz we get the following:

Corollary 4.4. Let h e LP(0, 7). Then

T T : 2
/ h(x)v(x, Mv*(x, A) dx = f Aq (h(x — %) (SmXZ> dx. 4.7)
0 0

Z
Substituting h(x) = g(r — x) — q*(;w — x) to (4.4) gives
Corollary 4.5.

/ (@-q) - 222/ (@(x) — g"(@))v(x, Mv*(x, 1) dx (4.8)
0 0

= /n Aq(q(r — x) — g*(m — %)) cos 2xz dx.
0

Lemma 4.6. Let g* € L1[0, 7] be fixed. If ||g|l; < D, lg*|l1 < D, then Aq: LY — LY is con-
tinuous, linear and invertible, and both of A; and A;l are bounded with a bound de-

pending only on D. Moreover,

[Aq — Ag,llp = c(D)llq1 — g2ll1 = c(D)]Iq1 — gzl p- (4.9)

Proof. Let ||k||; < D. By the first estimate on M; (and M),

c(D)" c(D)"
ki < =
n n

1

—I(T = 4™ hilp < (I = A)™ M hlloo < Al p, (4.10)
which implies the continuity of A; and (by the convergence of the Neumann series) of A,;l
from LP to L? with a norm depending only on D. By (4.6), Aq restricted to Lé’ is also an

isomorphism with the same norms. Finally, the second estimate on M; implies (4.9). W
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Lemma 4.7. [10] Let B; and B, be Banach spaces, and let for all g € B;
Ag: By — By

be a continuous, linear operator. If

(i) for some fixed go € B; Ag, is one-to-one and its inverse is continuous,

(ii) the mapping g — Ag has the following property: for all h € B;

(Agq, — Agp)hll = c(qo)llgr — q2lllIRIl, if liqull, gzl < ligoll + 1, (4.11)

where c(qo) is a constant independent of g,g* and of h,

then the set {A4(q — qo) : g € B1} contains a ball in By, centered at the origin. O

For the sake of completeness, we provide a (new) proof with a lower bound for
the radius of the ball.

Proof. Suppose that
I Agoll. 145 Il < K and c(qo) < K

for some K > 1, where c(qo) is the constant from (4.11). Consider two vectors q, G € B;
with

~ 1
—_ J— < _—
lg = qoll. 1g = qoll = 57

Then
-1 2 1
and
-1 -1 1o
14 =1 (1 + 43} (Ag - 4ap))  Aglll = 2K.
Finally,

I1A7" — A < A7 11 Ag — AgllI Ag'll < 4K°1g — qll.
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Let g2 € By with |gz| < 8%. Define F(q) by

Aq(F(@) — qo) = g2,

that is, F(q) = qo + A,;lqz. Then F is defined on the ball ||g — qo|| < ﬁ and maps into

this ball since || A;g2]| < %7 F is a contraction on this ball since

. _ _ g 1 .
IF@ - F@I < 147" = Ag'lllg2ll < 4K°1Ig — glll gzl < Sla—all.

By the Banach fixed point theorem, F has a fixed point g, that is, the equation

Aq(q — qo) = g2 has a solution g for every ||gz2| < |

1
8K3"
By the previous lemma, we obtain the following special cases:

Corollary 4.8. Fix g* € L. Define the operators A; as in Corollary 4.2 and let |q|1,
lg*ll1 < D. Then the set {A;(q—q*): q—q* € L(l)} contains a ball of radius > ¢(D) > 0

around the origin in L}. O

Corollary 4.9. Fix g* € L. Define the operators A; as in Corollary 4.2 and let |q|1,
lg*lli < D. Let X be a function space on [0, 7] equipped with such a norm | -|x that
the operators A; are isomorphism on (XN Ll |l - | x) with a bound depending only on D.
Then the set {44(q — q*) : ¢ — q* € XN L]} contains the intersection of X and a ball of
radius > ¢(D) > 0 around the origin in L}. O

Proof. We know from the previous corollary that the set {Aq(q — g*) : ¢ — g* € L{} con-
tains a ball of radius > ¢(D) > 0 around the origin in Lé. Let h be an element of this
ball, then h = A4(q — g*) for some q — g* € L(l). If also h € X, then (q — g*) € X for Ag is an
isomorphism on X N L}. [ |

5 Derivative with Respect to the Potential

0, A 1 0, A
Let y1 and y» are two solutions of (1.1) such that <YI( )> = < ) and <YZ( )) =
710, %) 0 750, )
0
L)
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Statement 5.1. [13, 22, 27] For q € LY(0, )

Vi .

B—’Z(x) = YOO R® - RON®xon®  j=1.2, (5.1)

oy, _

T = HOMOKBE - ROK@Ixe® =12 (5.2)
[

Lemma 5.2. Let i =z>> —D, |q|; < D. Then

1 (x, )| < c(D), (5.3)
ly2(x, )| < o) . (5.4)
14 |2 -

Proof. By a well-known representation

X
yx,A) = cosxz+/ K (x,t)costzdt, (5.5)
0
sin xz X sintz
ya(x, 1) = 2 +/ Ko(x,t) . dt, (5.6)
0

where the kernel K;, K, are continuous and |K;(x, t)| < c¢(D), see [10], Lemma 5.1. Thus,

c(D)

sin xz
| cos xz| < ¢(D) and *2* < Tz

gives the statement. |

Using this lemma, an elementary estimate of the supremum of the derivative
yields that

Corollary 5.3.

c(D
ly2(x, &, @) — yo(x, A, @")| < (D) lg —q*l:. (5.7)

T 14 A

Statement 5.4. [13,22,27]Letq € L1(0,7), A\ = An(q) € o(a, B, q). Then A, is an analytic

function of q and

— =gp(t 5.8
3q (D), (5.8)

where gy, is the normed eigenfunction corresponding to Ay,. O
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Lemma 5.5. Suppose ||g|l; < D. Then

b T
/ V2 (x, A, q) dx < c(D)/ va(x, A, 0) dx, (5.9)
0 0
T T
/ Va(x, A, q) dx > e(D)/ Va(x, A, 0) dx, (5.10)
0 0
for some numbers ¢(D) and €(D) > 0, independent of g and of A. O

Proof. Taking into account that v(x, q) = y»(7 — x, q(r — x)), we can substitute h(x) = 1
and q(r — x) instead of g and g* into (4.7) and using the L™ — L continuity of the

operator Ag:

z

T T : 2
/ P2 (x, ) dx5||Aq||/ (Smxz> dx. (5.11)
0 0

Since A4 : L™ — L is an isomorphism bounded by a constant c(D), there exists h € L™
with Ag—xh(mr — x) = 1. Substituting it into (4.7) gives

g : 2 T
/ (Smxz> dx < ||A;1||/ Y2 (x, ) dx, (5.12)
0 0

z
which proves the lemma. |

Corollary 5.6. Let A € R, ||gll1 < D. Then

ly2(x, A, )12 o(D), if » >0,
< ] (5.13)
ly2(x, X, @5 c(D)(1 + |z]), if A <O. .
Proof.
A D) || si
[y2(x, A, )| - c(D) || sin xz|| xe[0.7]. (5.14)

ly2(x, 2, @ll2 ~ e(D) lsinxzz

which is bounded if A — 0 or A — +00, and O(|z|%) in the case of A — —o0. [ |
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By v(x, A, @) = y2 (7 — x, A, q(m — x)) and by |&ZXZ| < C(D)l for » > —D, we have:

1+|z

Corollary 5.7. ForA > —D, |q|li <D

e(D)
1+ |7

c(D)
1+ |A

</ vz(x,k,q) dx <
0

Theorem 5.8. Denote by A, the nth element of o(«, 0). If p,q € L', ||pl|1, llqll1 < D,N >0
and An(q + t(p— q)) > —N? for every t € (0, 1), then

[An(P) — An(@)| < c(D)(N + D)||p—qll1, (5.16)
where c(D) is independent of «, n, N, p, and q. O
Proof.
1 4d
[An(p) — An(@)] < /0 Iakn(q +t(p—q)| dt, (5.17)

and taking into account the bound of Corollary 5.6

d T
5@+ 1o -l = | /0 G2(x.q + t(p— )(p— ) dx]
< D) + Dllp—aqll1,

which implies the statement. |

Theorem 5.9. Denote by A, the nth element of o («, 0). If An(q) = —D, p,q € L' and ||pl||1,
llgll1 < D then

[An(P) — An(@)| < c(D)||p — qll1, (5.18)

where ¢(D) is independent of «, p, g and n. O

Proof. Choose N = N(D) so large that 2Dc(D)(N + 1) < N? — D for the constant c(D)
appearing in Theorem 5.8. We claim that An(p) > —N? at every point | p|l; < D (and
then Theorem 5.9 follows from Theorem 5.8). Suppose indirectly that there is a point

p for which A,(p) = —N?. If there are points in the segment (g, p) for which A, = —N?,
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we redefine p as the point closest to g with this property. Thus, we can suppose that
An > —N?on (g, p). Applying Theorem 5.8, we get |.n(p) — An(@)] < c(D)(NV + Dl|p—qll1 <
2Dc(D)(N + 1) < N? — D. But this contradicts to A,(q) > —D and in(p) = —N?. Thus, the

statement follows by contraposition. |

Remark. We will not use directly that the indices of A, and A}, are equal, only the result
of Theorem 5.9, that is, |An — A}| < c(D)|lg — g*||1. O

Corollary 5.10. Let A}, € o(e, 0, g*) and let A, be the corresponding element of o («, 0, g).
If 45, > =D, liglh, llg*/ly < D then 0 < &(D) < {2 < (D). O

Proof.

1+ A Ay — A%
 [Anl <1 ] < c(D), (5.19)
1+ A% 1+ A%

and similarly

105 .
is also bounded. [
1+|Anl

Lemma 5.11. Let A, A* > —¢(D), A = 22, A* = z*2, ¢* = q, and ||q|l; < D. Then

c(D)

X, ) —v(x, AM)| < |A —AF - . 5.20
0063 = w08 A < b= 2 ( D)
Proof. Again by the well-known representation
sin xz X sintz
v —x,A) = + K(x,t) dt, (5.21)
zZ 0 zZ

where the kernel K is continuous and |K(x, t)| < ¢(D). Indeed,

sin xz &
eloz\n

c(D)
<7 < s
21 T4 A T 14 A

d sinxz XCOS XZ —
dr =z ) - ‘

c(D)
1 +min(A[, |A*])°

z z*

sinxz sinxz* X
| | < i—2

which, using (5.21), leads to (5.20). [ |
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6 The Main Tool
All estimates in the previous section were made in order to prove the following:

Lemma 6.1. If |gllp, llg*llp <D, X},>—D, and A, are corresponding elements of
o(a,0,q), then

D) [An — A% (6.1)

‘/ (@(x) — g"(X))v(x, Av*(x, Ay) dx| < T+ n

There exist further constants depending only on D such that if “‘fjrf;”‘p < c(D), then

o(D)
‘/ (@(®) — g* (0)v(x, A5v*(x, 1% dx )_ Lol = 6.2

Especially, this inequality holds either if U = |lq — g*||, is appropriately small, or if
Z; > c(D). d

Proof. If (and only if) A, and A}, are both in the spectrum o («, 0),

0= / 4 [v/(x, Ap)v* (%, 1) — v(x, Apv™ (2, 13)] dx
0 dx

T
=/0 (An— A5+ @ (x) — g v(x, V™ (x, A}) dx,
hence

/0 " (@ — ¢ @y At (x AL dx
- /0 " (@) — g* @ (x Db %) — v(x, An)] dx
+ (An— X:l) /” v¥(x, Afl)[v(x, An) — V(X )\:l)] dx
+ (Ap — )/ U(XA.)U(XA.*)_U(X)\.)]dX

+()~n_)\;)/ V) dx =0+ L+ L+ La
0

We will give estimates for all of these terms. By Corollary 5.10, dividing each of

1+ |z,| and 1 + |Z}| leads to the same estimate.
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By Lemma 5.2 and Lemma 5.11

c(D) oy — A lgx) —g* @l _ (D) hoy — A ||Q(X)_q*(X)”p'

= = (6.3)
= T A NPT gy
By that again and by Theorem 5.9
c(D) c(D) 19 — "Xl p
An— A ——————=. (6.4)
12 |—1+|z*|3|” l” —1+|/\|| nl 14|z
By Lemma 5.2 and Corollary 5.3
D - q* D -q*
L] < c(D) D) lg(x) — g"(x)I < c(D) o — A% 19(x) —q"X)lp (6.5)
1+ A% 1+ |z 1+ A% 1+ |z
Finally, according to Corollary 5.7
c(D c(D
D)kl = 1l = 22— 2, 6.6)
1+ [A%) 14 |A%)
which implies the formulated estimates. |

Corollary 6.2. Let A}, € o(an, 0, g*) and let A, be the corresponding element of o (ay, 0, g).
If lIgll1, 11g*ll1 < D, 0 # A% > —D, limy o0 A}, = 400, and limy o0 [Af, — An| = 0, then

‘/ﬂ Aq(q(r — x) — g*(m — %)) cos 2Z;x dx| < c(D)|An — Ajl.
0

There exist further constants depending only on D such that if la=q"lp < c(D), then

|25

‘/Oﬂ Aq(q(r — x) — g*(m — %)) cos 2Z,x dx| > c(D)|An — Ajl. (6.7)

Especially, this inequality holds either if z; # 0 and U = ||qg — g*|p is appropriately
small, or if Z}, > c(D). O

Proof. According to Riemann’s Lemma,

/” Aq(q(r —x) — g*(m — %)) cos 2zyx dx — 0.
0
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Then, by (4.8), [ (g —g*) =0and

/ Aq (q(r — x) — g*(m — x)) cos 2Zx dx
0
T
= —22; / (q(x) — g*())v(x, AYv*(x, Ay) dx, (6.8)
0
thus the formulated estimates follow from the previous lemma. |

Lemma 6.3. Let g, ¢* € L1(0,7), A}, »> oo, where 1} € o(an, 0,g*) and let A, be the

corresponding element of o (ay, 0, @). Then

An—2Ap—>0 (n—o0) <& /(q—q*):O. (6.9)
0 D
Proof. By (4.8)
/0 (@—-q" - 2)»2/0 (@) — @* (0))v(x, A)v*(x, Ap) dx
= / Aq (q(rr —x)—q*(r — X)) cos ZMX dx. (6.10)
0

Here the right-hand side tends to zero by the Riemann lemma and the second summand

on the left has the exact order A, — A}, for large n. This proves Lemma 6.3. |

7 Proof of the General Results

Proof of Theorem 1.2. By (4.6), Aq(q(mr — x) — q* (7 — x)) € Lj. If the inverse of (1.4) is

continuous, then

lg — q*llr < c(D)Aq (g — %) — q"(x — ) IIy

< c¢(D)C (Z

n

/” Aq (q(r — x) — ¢*(r — %)) cos 2/Akx dx
0

1
S>s

< aD)C (Z An— A;;P) : (7.1)
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which implies the continuity of (1.8) at g = g*. In contrast, if the inverse mapping is not

bounded, we can choose a sequence hi € L{ such that ||hll» = 1 but

o
) =0. (7.2)

Now Corollary 4.9 implies that for appropriately small y = y (D) > 0 there exist poten-

k—+o00

T
lim (Z ‘/ hx(x) cos 2\/)T§X dx
0
n

: 1
tials gk € L*, gk — q* € L{, such that

Ag (qr(mr — %) — ¢* (7 — %)) = y (). (7.3)

We can choose y (D) > 0 so small that (6.7) holds for all gx. Then

1 1
kEI—Poo (zn: [An — AZ|S> ’ <c(D,U) kEIlloo (; "/On yhk(x) cos 2,/A%x dx S) ) =0, (7.4
but
gk — q*llr = c(D) || Aq (qr(r — %) — @* (7 — X)) l|lr = yce(D) > 0, (7.5)
thus (1.8) is not continuous. [ |

Proof of Theorem 1.1. For s = oo the statement follows from Theorem 5.9. Assume now

s < oo. If the mapping (1.4) is continuous, then

. 1 1

s
(ZMn—A;F) <[ > ma-nlf| DD —aF

n |z| <c(D) zi>c(D)

©
©

|-

< (D) (#lz] < c(D)})

P>

zp>c(D)

lg —q*ll +

/n Aq (q(r — %) — g*(m — %)) cos 2,/Ax dx
0

< e(D) (#1Z) < cD))* g — g*lly +
+a(D)C | Aq (q(n — %) — g*(x — 0) |1
< aD) (#IZ;) < aD))* g — g*ll- +
+c(D)Cllg = q"llr. (7.6)

In the second sum, we applied Corollary 6.2 and Lemma 6.3.
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To complete the first part, we need only the following

Statement 7.1.

1
s

(#1z] < c(D)})* < c(D)C,

where C is the norm of the mapping (1.4).

Proof. Observe that if kis an integer and |2z}, — k| < % then

T 1 1 1
coskxcos2xz’ dx| = = sinn(2zf — k
/0 XZ, X’ 2|22;kl+k+22;§—k| (22, — k)|
>l|smn(22;‘l—k)| >l
4 2z-K 2

by the concavity of the sine function on [0, %]. For fixed k

1
<#{|2z;§—k|<l}) <2 [(cos kx, ¢n)|*

2z —Kkl<

[N}

1
s

2 (Z |(cos kx, gon>|~"> < 2C|| cos kx|l < 4C.
n

IA

hence

#iz <cD) = Y #{|zz;3_k| - l}

|k|<e(D) 2
< c(D)(4C)® = (c(D)C)’.

2047

(7.7)

To prove the second part, if the mapping (1.4) is not bounded, there is a sequence

hi € L{ such that limg, « [|hkll- = O but

b
/ hx(x) cos 2\/)7,"1X dx
0

1
S\ s

b

(7.9)
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holds. If ||h|- (and then |hg|/;) is small enough, by Corollary 4.9 there are potentials
gk € L', g — q* € L], such that

Ag (qr(r — x) — q*(m — %)) = hi(x). (7.10)

Then by Corollary 6.2 and Lemma 6.3,

1
s

(Z Akn — x:;P)
n

|-

1

) (7.11)

v

c(D)
(7.12)
but
JHm lgx—g7llr = c(D)| Ag, (qe(r — %) = ¢"(r = %)) I =0, (7.13)
thus (1.5) is not continuous. n

8 The Proof of Theorems 1.3-1.10

Proof of Theorem 1.3. The linear operator (1.4) is bounded by ¢(D) as an L! — [* map-
. . 1
ping, and by the Bessel system property of C(A), is bounded by Mz as an L? — [?
mapping. From the M. Riesz convexity theorem [24], it follows that the operator has
1
to be bounded by C(D)%’MP/ as an LP — [P mapping, if 1 < p < 2. Hence, the statement

follows from Theorem 1.1. [ |

Proof of Theorem 1.4. The lower frame condition with constant mon (1.3) ensures that
statement B of Theorem 1.2 holds with r = s = 2 and C = m. Thus, the theorem follows
from (1.10). [ |

Proof of Theorem 1.5. Condition (1.17) ensures that (1.13) is bounded by C from I! to
L, while the frame property of (1.3) gives its continuity from I2 to L2, with bound .
Then by the M. Riesz convexity theorem, (1.13) is [P — LY continuous. Thus, the state-

ment follows from Theorem 1.2. [ |
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Proof of Theorem 1.6. Condition (1.19) ensures the boundedness of F~lg,’s in L7,
which is equivalent to the continuity of the inverse of (1.4) from lé to LP, hence

Theorem 1.2 gives the norm estimate. |

Proof of Theorem 1.7. By the frame property of (1.3), the operator 7! in (1.13) is conti-
nuous from /2 to L?; the uniform boundedness of the inverse frame implies its continuity
from I! to L>. By interpolation (1.13) is continuous from IP to LP.

Suppose that ||g — g*||y — 0 implies ) A, — A}|? — 0. Then by Theorem 1.1, the
operator T is bounded from LP tolP and hence T is an isomorphism of L on to a (closed)
subspace of [P. But this is impossible if 1 < p < 2, see the monography of Banach [1]
concerning the linear dimension. It is impossible for p = 1, for I! is separable, while L™

is not. u

Proof of Theorem 1.8. This theorem is not a formal consequence of Theorem 1.2, but
we can prove it with similar arguments. Assume that ) |(h, ¢,)| < co for some h € L(l).
Corollary 4.9 implies that for appropriately small y = (D) > 0 there exists a potential
ge L', q—q* € L} such that

Aq(q(r — %) — g*(r — %) = yh(x). (8.1)

We can choose y(D) > 0 so small that (6.7) holds for q. Then by Corollary 6.2 and

Lemma 6.3,

< Q.
1

I(AA@)]1 < oD, U)y H ( / " h(x) cos 2,/Rix dx>
0

If h¢ LY, then q — g* € LY either, thus > nlAn— A% < oo does not imply g — g* € LP,
Otherwise, if the finiteness of )_ |(h, ¢p)| implies that h e 24 , then, in particular, the
elements of the dual basis for n> 1 are also in h € Lg/. Assume in contrast with the
statement of the theorem that ), |1, — A;;] — O implies ||g — g*||y — 0. This is statement
A of Theorem 1.2 with r = p/ and s = 1, thus also statement B holds. If we substitute the
elements of the dual basis to (1.9), we get these bounded, in contrast with the conditions
of the theorem. |

Lemma 8.1. Suppose that

1
1hlr < o (Y Ithgal®)* ke L, 8.2

Then (with a possibly different constant) the same inequality holds for every h € L”. O
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Proof. Let h=ho+y with hpe L and y € R. Now (h,¢o) =my implies |y|=<
1/7|ITh|s. This implies |[Tholls < IThls + |yIIT1lls < cllThlls and hence ||kl < [lhollr +

¥ llr < c(Tholls + |y|) < cl|Th|s. Thus, (8.2) holds forall h e L". [ |

Proof of Theorem 1.9. From the Bessel property of ¢, we infer that the operator T in
(1.4) is continuous from L? to I2. The L! to I*® continuity being immediate, we get by
interpolation that T is LP to P continuous.

Suppose that )", [An — A;V’ — 0 does imply [|g — g*||p — 0. Then by Theorem 1.2

1/p
1hlp = (3 1t 0n)l7) hetLl. 8.3)

By Lemma 8.1, the same inequality holds for every h € LP. This implies that T is an
isomorphism of LP on to a (closed) subspace of IP. But this is impossible if 1 < p < 2,

see Banach [1]. For p = 1, the contradiction follows from the next lemma. [ |

Lemma 8.2. Let the sequence A} be bounded from below, u, = 2,/A% and d > 0. Then
IRl < cll((h, cos unx))|leo could not hold for all A € L'[0, d]. O

Proof. Suppose d =1, for other values d the same proof works with obvious modifica-
tions. We shall construct a sequence hy(x) € L! such that |(hy, cos w;x)| is bounded but

|Anlly — oo. Consider the Rademacher system:

1 if 0<x<1

> Ro(x+1) = Ro(%), Ra(x) = Ro(2"x). (8.4)

—-1if J <x<1,

Ro(x) = {
If 4 is real, let 250 <y < 2%0+1 Using Re(x + §/c1+—1) = —Ri(x),

1 JoFT
/ Ry(x) cos ux dx = / Ry(x) cos ux dx
0 0

- 5T 1
—/0 Ryx(x)cos X—i-zkﬁ dx,
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2k1+1
<| Ry(x) cos ux dx|
0

1
2 ‘f Ry (x) cos ux dx
0

+

1
/ Ry (x) cos ux dx
1- 2

T ok+I

-5t 1
/(; Ry(x) [ cos ux —cos X—i-ﬁ dx

1 1 2
2k TR = o5k

If k < ko,
1 24! - k+2
12 2 4
/ Ry(x)cos ux dx| < E /,2 ’ Ry(x)cosuxdx| < — < —4——
0 , j-1 2ko—k
j=1 2k+1

Let hy(x) = > ;_o Rk(x). Then

1 1
‘f hp(x) cos ux dx / Ry(x) cos ux dx
0 0

o
=
k=0

5
k=0
For a purely imaginary pu,

cosh |u|

S 2k s

=

1
'/ Ry(x) cos ux dx
0

1
/ Ry(x) cosh |u|x dx
R

thus

1
f hy(x) cos ux dx| < 2 cosh |u/,
0

which is also bounded, if 1}, are bounded from below. However, R,(x)'s as random vari-
ables, are independent and identically distributed with expectation zero and variance

one. According to the central limit theorem,

n
o R
p (Zk_o k

= < t) — d(D),
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where ®(t) is the distribution function of the standard normal distribution. In particular

P(¥Vn+1=<hy<2Vn+1) > ®2)— d(1) >0,

hence
1
| o ax= [ IhaG0)] dx
0 (VA T<hy<2y/nt1)
>Vn+1P(vVn+1=<hy<2Vn+1),
which tends to infinity while n — oo. [ |

Proof of Theorem 1.10. The next lemma shows that the system (1.3) is a frame in

L?[0, 7], and then the statement appears as a special case of Theorems 1.3 and 1.4. W

Lemma 8.3. Assume that the system (1.21) is a frame (resp., a Riesz basis) in L%[—7, 7).
Then both (1.3) and the system

S(A) = {sin2/Aix:n> 1} (8.5)

are frames (resp., Riesz bases) in L?[0, ]. If the elements of the inverse frame of (1.21)
are bounded by C in a p-norm, then the elements of the inverse frame of (1.3) and of (8.5)

are both bounded by 2C in the same norm. O

Proof. Let us denote the elements of e(A), C(A), S(A) by e, (n€ Z), opn (N> 0), s, (n> 1).
Let the (supposed) frame operators be F,, F;, and Fs, respectively. If h e L?[0, 7], let
us denote its even and odd extensions by h. and h,, that is, let he(x) = h(|x]), ho(x) =
sgn(x)h(|x|). Then

Fe(he) = ) (he.enlen="4| Y (h gn)gn| = 4(Fch)e,

nez n>0

Fe(ho) = Z(ho, en)en = —4 Z(hv swsn | = —4(Fsh)o,

nez n>1 o
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thus
—1 1 -1 -1 1 —1
Fe (he) = Z(Fc h)ev Fe (hD) = _Z(Fs h)O
This implies that both F; and F are frame operators with
1 -1 -1
1Fel = 2N Fell.  IIF: 1l < 4l Fe I,
1 -1 -1
IFsl = g1 Fell.  IIFs Il < 4l Fe |l

Moreover,

IE Y onllp = 27 VP (F5 on) , Il p = 227 VP Fs (pndell p

< 2" VPIF e+ Fo el p < 227Y/PC,
and similarly,

I F5 tsnllp < 227 YPC.

9 Finitely Many Known Eigenvalues

Proof of Theorem 1.13. From [; Aq(q — g*) = 0, we obtain

‘/ﬂ [[XAq(q(n —t)—q*(r — 1) dt] -sin2,/Akx dx‘
0 0

= /nAq<q(n—x>—q*(n—x>>C°SZ X x| < C2 .
0 2,/ A%

Using the fact that (8.5) is a frame and its inverse frame is bounded by C in L°°,

A

‘/ Ag(@—qH)| =
0
C(D)
Z /|)\'* |

Comparing that with the next lemma, the proof will be complete.

2053
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Lemma 9.1. Let h e L{[0, 7]. Then

/ h’ < sup
x€[0,7]

up
c(D) xe[0,7]

/XAqh‘ < c(D) sup
0

xe[0,7]

/Xh’. 9.1)
0 O

Proof. Let us denote H(x) = f(f h. By (4.6) Agh e L}, hence

to T
/ Aqh = H(t) — / / M(x, t)h(t) dt dx
0 fh Jx

T t
—Hw + [ H© [M(t, o+ [ Mo dx] dt
to to
= (I + B)H(%).
It is known that f;) M;(x, t) dx is continuous (see Marchenko [16] and Horvath [10]) and

then the integral operator B has a kernel uniformly bounded by a constant cy(D). Using

a standard argument, we get by induction on n that

(mcp(D)"
1B < 0
n!
Consequently, the Neumann series (I + B)"! = I — B+ B2 — ... converges in the co-norm
and ||(I + B) !l < c(D). This proves Lemma 9.1. [ |

Consider the case when we know the eigenvalues 1} € o (ay, 0, ¢*), of which the
first N may contain an error &, while the others can contain unknown errors tending

to zero.

Proof of Theorem 1.14. By Theorem 1.13 and a Cauchy-Schwartz inequality,

(D)
<c
Sup. / q@-q" Z W* A%l

< Cc(D)e

e
+CC(D)< i : ) (me )

n=N+1 ”

N

1
00 2

1 1
< CC(D)SZF+CC(D)||F||2< > 7 |)

n=N+1
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Lemma 9.2. Let {e,} be an orthonormal system in L?, and f;, = e,, + 85, where don ||5n||§ =

¢ < 1. Then for an arbitrary sequence {ay} € [2,

S = L[S 02
Proof.

> andn s\/DanF\/Znanu%,

n 2 n n |
hence

=

Zanfn

D_onen| — | b
n 2 n

= IZ|O‘R|2_ Z“ngn
>(1-0 [y lanl.

Proof of Theorem 1.15. The Riesz basis property of

2 2

2

¢ = {1, VX n>1}

can be verified as in the beginning of Section 1.6. The remaining part of the proof is

decomposed into several steps.
Step 1. The system ® is not complete in C[—n, r].
If it were complete, then the system {1, e*™ (N > n> 1), eFviX, (n > N)} also would

be complete, since the completeness of an exponential system is unaffected if finitely

many members are replaced by other exponentials (see Young [25]). Thus every odd
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function, in particular the function x, could be approximated uniformly by the functions

{sinx, sin 2x, ..., sin (N — 1)x, sin ,/u,x : n> N}. Consequently,

e
o(y) [T

()

Here, we applied the previous lemma to show that the finite sums Y_ |a,|? have a bound

IA

TR Z O Sin /unm
n>N

IA

independent of N. The resulting inequality # = O(N~!/?) is nonsense, the contradiction

proves Step 1.

Step 2. @ has deficiency 1, that is,
@y = {1, x, eFViX > 1)

is complete in C.

Indeed, the system
X
/f+c: felLy ceC
0

is clearly complete in C. Approximating f by Lin(®) in L2-norm gives uniform approxi-
mation of f; f by Lin(®;). So Lin(®,) is indeed dense in C.

Step 3. There exists a function of bounded variation 8 € BV[—n, n] such that

the entire function

e

0+# G(z) = / ¢*dB(x)

-7

satisfies 0 = G(0) = G(£,/1in).

Indeed, since @ is not complete, there is a nontrivial functional 0 # F € C* with
0 = F(1) = F(e*"WiX), By the Riesz representation theorem F has the form F(f) =
J7_ f(x) dB(x) and this verifies Step 3.
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Step 4. The functions of the system biorthogonal to ® have the form

e—i)\X / ei)utdﬂ (t)

-7

1
iG'(L)

where ). = 0 or £+ /1in.
Indeed, /7 e*tdg(t) = 0 implies

T
Gz 1 i(z—Mx  iAx
vy /e e*dp(x)

-7

X b
— % g=mx / e*tdp(t)
T -

. x
—i / gHehx / é*Mdp(t) dx

—7T
-7

X

/ eizx . %e—ikxf ei)“tdﬁ(t) dx.

-7

—TT
For z = A, the left-hand side is G(2)/(z— 1) = G’().) which proves Step 4.
Step 5. The biorthogonal system is uniformly bounded in C.

Indeed, apart from the factors 1/G’().) the biorthogonal system is clearly uniformly
bounded; it remains to give a uniform lower estimate |G’(1)| > ¢ > 0. This is verified by
an infinite product representation of G. First of all, the only zeros of G are 0 and +,/ii,
and these zeros are simple (otherwise ®; is not complete in C). Since G(2) is bounded

along the real axis, the following representation is valid:

G(2) = cé'V?. z]_[ (1 — é)
1 MUn

with some y € R and c # 0, see Levin [14], Chapter V. From u, = n? + 0(1), it follows that

| log |G (z)e 1?| — log|sin nz||
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is uniformly bounded apart from the §-neighborhood of the zeros, that is, for z with
|zt n| > 6, |z£ /inl > 8, where § > 0 is an arbitrary constant, see Horvath [9], Lemma

2.6. In particular, if A is a zero of G then

Z— A
vz

Z— A ‘
G(2

<ol
sInmwz

except for the §-disks around the zeros. Consider a connected neighborhood of z= 1 in

the union of these disks for small §. On the boundary of this neighborhood, we have

G (Z)

independently of the zero A. This extends by the maximum principle to the point z= A
giving that 1/|G’(1)| < c. This finishes the proof. [ |

10 Proofs for Complex Potentials

Consider again the representation

(10.1)

sinv/Ax ¢ sin /At
A) = —— Kx,t d
y2(x, 1) i +/ (x,t) 7

By standard arguments borrowed from [17] and [10], Lemma 5.1 we easily obtain the

following estimates: if ||qll p, |g*[|p < D then

IK(x,?)| <c(D), |K(x,t)—K"(x,t)=<cD)qg—q"lp. (10.2)
1 x4+t 1 x—t1
[Kax ) = 24 ( ) +34 (T) | <), (10.3)
‘K (x.t) — KE(x. ) — lq X“ Lo (X=t
* 4 2
1 (x+t 1 ,(x—1t *
+ 24 (T) — 24 <T) ) <cD)llg—q |l p (10.4)
1 1
‘Kt(x -3 <X+ t) - 4 (X t) < o(D), (10.5)

2
Ko )~ K7 e 1) — 2 (X t)—l
4 2 4—
1 +t t
+ 40 (X ) (Xz )) D)la - ¢l (10.6
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Now integrating by parts in (10.1) gives that

_sinVax| _ aD) 5k
V2(x, A) 7 < T , (10.7)
_ cD)  svilx
‘}/Z(X, A) cosﬁx) < T |Me , (10.8)
c(D) |5
7205 2) = Bk ] = 1@ g~ gl (10.9)

We have seen in Section 3 that |A — A*| < ¢(D)llq — q*||p is impossible if A is a multiple

eigenvalue. However, the weaker estimate |[A — 1*| < ¢(D) is valid:
Lemma 10.1. Let ||gllp, lIg*llp < D and A* € 0(0, a; g*) is an eigenvalue corresponding
to A € 0(0, «; q) (that is, there is a continuous function A(s) € 6 (0, @; gs = sq* + (1 — 5)q)
with A(0) = A, A(1) = A*). Then

A — A*| < e(D) (10.10)

where ¢(D) is independent of «, g, g*, A, and 1*. O

Proof. Let F(w)= F(w,s) = cosay:(w, w;qs)+ sinay,(mr, w;qs) be the characteristic

function whose zeros are the eigenvalues in ¢ (0, «; gs). Then F(w) = Fo(w) + R(w) with

Fo(w) = sinw cos(ﬂn)%—cosasm(—m, (10.11)
Jw
o sin(y/wr) r sin(y/wt)
R(w) = sina | K(, n)—ﬂ +[KX(71, t)—ﬂ dt
0
r sin(y/wt)
+Cosoe/K(n, t)Tdt. (10.12)
0

By (10.7) and (10.8), the remainder term can be estimated by

exp(|Sy/w|m) exp(|Sy/w|m)
_ D)y— .
Tl + co(D) ol

|R(w)| < |sina| - cp(D) (10.13)
The idea is to draw a contour I' around the eigenvalue A at a distance of order ¢(D) such
that along I', |Fo(w)| > |R(w)| for every potential g;. Then the eigenvalues corresponding

to gs cannot cross I' and hence remain in the domain bounded by I', which proves the
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lemma. The construction of the contour needs elementary but tedious considerations,
we give only the rough ideas. First choose a number c¢(D) much larger than cy(D) in
(10.13) in a sense to be specified later and draw a circle around X with radius R of order

c(D) such that |w| > ¢(D) be true along the circle. If the circle crosses the domain

100 . 0.01
> sino >

Vvl Viwl

and if | sina|™! < c(D) then take a larger radius to avoid this domain. Now if |sina| >
|lw|~1/3 then

|R(w)| < e(D)|w|~V? exp(|3VA|m),

|Fo(w)| > clw|™Y/2 exp(|3vA|7) if [Vw —n—1/2| > 0.1 Vn

with a universal constant c, since the first term is dominating in Fy. By small modifica-
tions in I', we can avoid the domains |,/w — n— 1/2| < 0.1 thus for ¢(D) large enough we

have |Fo(w)| > |R(w)|. If [w|71/3 > | sina| > 100|w|~1/2, then we get similarly

|IR(w)| < e(D)|w| 2713 exp(13v/aln),

|Fo(w)| > clw| ™2 exp(|3vA|7) if [Vw —n—1/2| > 0.1 Vn.

If 100/w|™'/? > |sina| > 0.01|w|~Y/2, then w is large, that is, |w™1/2—-x71/?|<

c(D)|w|~32 < |w|~! and hence

|IR(w)| < c(D)|w| ™! exp(|3VA|7),
| Fo(w) — sina cos(v/wr) — cos @ sin(vwm)i_1/2| < |w|~! exp(|3valr),

| sin e cos(v/wm) + cos a sin(v/wm)r~1/?|

= |\/sin2 o + cosZar~l - |sin(vwm + )|

> clw|"Y2 exp(|3V/A|n) if |[vw + /7 —n| > 0.1 Vn.
Finally, if 0.01|w|~'/? > | sin«| then the second term dominates in Fp hence

|IR(w)| < e(D)|w| ™" exp(I3v/Aln),

|Fo(w)| > clw|~? exp(|3vA|7) if [Vw — 1| > 0.1 Vn.
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The above estimates show that if I' does not get too close to the zeros of appropriate
trigonometric functions then |Fg| > |R| along I'. So the eigenvalues corresponding to A

cannot cross I and the proof is complete. |

Corollary 10.2. Let ||gllp, < D and consider some eigenvalues Ay € o (ap, 0; g). If RN, >
—D then

13v/Anl < (D). 0

Proof. Under the linear deformation of g into the zero potential g* = 0, the correspon-
ding eigenvalues A} € o(an, 0; ¢* = 0) are real and A}, > —c(D) by the previous lemma.
Thus, |Sin| < c(D), Rryn > —D and then |34, < c(D). [ ]
Lemma 10.3. If g, < D, A € 0(e, 0; ), |SA| < D, and |A| > ¢(D) with a sufficiently large
constant independent of g, «, then X is a simple eigenvalue. The multiplicity of eigenva-

lues |A| < ¢(D) is bounded by c; (D). O

Proof. If the characteristic function F(w) has multiple zero at A, then

V2(0) V4 (1) — Y4 () o () = 0.

From the representation (10.1), we obtain the estimates

ya(m) = % +007Y),  p(r) = cosVar + 03,
) cos /A B . sin /A B
YZ(”)Z%-FO()\ 3/2),5/&(71):_%4_0@ 1

with implicit constants cy(D), thus

V() ¥ (m) — Y(m) () + 2”7 < (D) %2,

Consequently, if |A| > ¢(D) is sufficiently large with respect to cp(D) then A is a simple
eigenvalue. The multiplicity of an eigenvalue |A| < ¢(D) can be estimated by drawing a

contour around A as in the previous lemma and by applying the Rouché theorem. |
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Now the estimates (6.1) and (6.2) and the theorems listed in Section 3 can be proved just

like for the real potentials.
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