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Abstract
Let A and B be sets of nonnegative integers. For a positive integer n let R4(n)
denote the number of representations of n as the sum of two terms from A. Let

sa(z) = max Ra(n) and da p(x) = max la; — b¢|. In this paper we
n<z ttagg<zorb <z
study the connection between sa(x), sp(z) and da p(z). We improve a result of

Haddad and Helou about the Erdds - Turdn conjecture.

2000 AMS Mathematics subject classification number: 11B34. Key words and phrases:
additive number theory, representation functions, Erdos - Turan conjecture.

1 Introduction

Let N denote the set of nonnegative integers. Let A = {aj,as,...},0<a; <az < ...,
B = {b1,bs,...}, 0 < by < by < ... be infinite sequences of nonnegative integers. Let
R4(n) denote the number of solutions of the equation

a;+a;j=n, a,a; €A, i<y,

where n € N. Let A(x) denote the number of elements of the sequence A up to z. A
(finite or infinite) set A of positive integers is said to be a Sidon set if all the sums
a+ b with a,b € A, a < b are distinct. Let sa(x) = I}Llé‘i;(RA(n) and s4 = xh_{]go sa(z),
dap(x) = max la; — by|, dap = lim da p(x). Throughout the paper we
tra, <zorb <zx T—00

use the following usual notations. If f and ¢ are real functions, then f < ¢ means that
f = O(g). If there exist positive constants ¢; and ¢y such that ¢;g < f < ¢pg then we
write f = ©(g). We write f ~ g if the function f is asymptotically equal to g.

In 1941 Erdés and Turan [7] posed the following conjecture: if R4(n) is positive from
a certain point on, then it cannot be bounded. Despite all the efforts this conjecture is
still unsolved. In [8] and [9] Erdés and Fuchs formulated the following conjecture which
is a little bit stronger then the original conjecture of Erdos and Turan.
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Conjecture 1. For any A = {ay,as, ...} set of nonnegative integers with a, < cn? for
all m and ¢ > 0 real constant, we have limsup R4(n) = co.
n—oo

It is clear that this conjecture implies the original conjecture of Erdos and Turan. How-
ever, a lot of partial results has been made about the Erdés - Turdn conjecture [2, 3, 4, 5,
6,7,8,9,10, 15, 16, 18, 19, 20, 21, 22, 24, 25, 26, 28|, very little progress has been made
about the generalized Erdés - Turén conjecture. In [10], [12] Grekos, Haddad, Helou and
Pihko proved several statements that are equivalent to the generalized Erdos - Turan
conjecture. In particular, they proved [12], [13] that the conjecture is true if a,, = o(n?).
In [16] Haddad and Helou proved the following theorem:

Theorem 1 (Haddad, Helou, 2012). If |a, —n?| = o(y/logn), or in general |a, —q(n)| =
o(vlogn), where q(n) is a quadratic polynomial with rational coefficients, then R(n) is
unbounded.

In this paper we improve on their result by proving that

Theorem 2. For an arbitrary e > 0 if A C N, A = {ay,as,...} such that |a, —n?| =
O( (log 2~ s)loglog"> then Ra(n) cannot be bounded.

We conjecture that this result can be generalized.

Problem 1. Let g(n) be a real quadratic polynomial with positive leading coefficient. Is

g n

it true that for |a, — q(n)| = ( (log 2— 5)‘1og1‘og*n> we have s4 = 00 ?

The aim of this paper is to study the connections between the functions sa(x), da p(z)
and sp(x). We distinguish four cases according to s4 and d4 p are finite or infinite.
Theorem 3. deals with the case s4 and da p are finite. We determine all the possible
triplets (s, sp, da ). Note that the first part of Theorem 3. is Corollary 3. in [12].

Theorem 3. 1. Let A, B C N such that sy < 00, dap < 0o. Then we have

SA
— = < < (4d 1
4dA,B+1_SB_( a5+ 1)sa
2. Let a,b,d € Z* such that
a
< (4
1 = b= ddta

Then there exist A, B C N such that sy = a, sp =0, dap = d.

The following theorem deals with the case when the representation function R4(n) is
unbounded, but the distance d4 g(n) is bounded.

Theorem 4. 1. Let A, B C N such that s4 = +00, dyp < +00. Then
1 .. sp(x)

< lim inf < limsup 55()

_— — < 4d + 1.
ddap+1 7~ 2= sa(x —2dap) rooo SA(T+2dap) — B



2. Let d be a positve integer and o, B positive real numbers such that ﬁ <a<p<

4d + 1. Then there exist A, B C N such that sy = +00, dap = d and

lim inf s5(2) =, limsup s5(2)

v—00 Su(r — 2d) sooo SA(T + 2d) =b

The next theorem shows that for a finite s4 and finite or infinite s the rate of the
unbounded distance d4 g(n) can be arbitrary small.

Theorem 5. Let a € ZT, b € ZT U {oco} and let f : Z* — N be a monoton increasing
function with f(n) — oo. Then there exist A,B C N such that s4 = a, sp = b and
lan, — by| < f(n). The last inequality implies, that dag(n —1) < f(n).

The right hand side of inequality (1) in Lemma 1. implies that for a function f(n) and
for Sidon set A and set B having condition da p(n) < f(n) we have sp(z) < f(x). The
next theorem tells us that this is sharp for f(n) = n!/3.

Theorem 6. There exist a Sidon set (i.e., sa =1) ACN, A= {ay,aq,...} and a set
B CN, B={by,by,...} such that ds p(n) < n'/? and sp(n) > n'/3.

If s4 is finite then a routine calculation gives that A(n) = O(y/n). Hence for da g(n) =
O(n) we get that B(n) = O(y/n), which implies that sg(n) = O(y/n). We pose the
following question.

Problem 2. Is it true that for every 1/3 < a < 1/2 there exist sets A, B C N such that
sa < 00, dap(n) K n® and sg(n) > n*?

The following theorem is about the case when both the representation function R4(n)
and the distance d4 g(n) are unbounded.

Theorem 7. Let A, B C N such that s4 = 00, dap = 0o. Then we have

(x —2d4 p(x))
dA,B(x)

We will prove Theorem 2. from Theorem 7. Starting out from the set of squares
A = {n®: n > 1} we will show that for any ¢ > 0 arbitrary small, we have s4(z) >

max{1, oA } < sp(r) < sa(x +2dap(x))da ().

exp ((logQ — 6)&) for x > wo(¢). This implies Theorem 2. The following three

log log x
theorems deals with cubes.

Theorem 8. Let C be the set of positive cubes. Then we have sc(x) > loglog x.
The next result is a direct consequence of Theorem 7 and Theorem 8.

Corollary 1. Let us suppose that for a sequence a,, we have a,, = n>+o(loglogn). Then
Sp4 = OO

In the other direction we have

Theorem 9. There exists a set of positive integers such that a,, = n*+O(n*5logn), and
Sp < 0Q.



Problem 3. What conditions on o are needed to ensure that there exists a sequence a,
such that a, = n® + O(n%), and s4 < 00 ?

It follows from Theorem 7 that
Corollary 2. Let sa(z) ~ 2%, dap(z) ~ 2°. Then we have
xmax{o,afﬁ} < SB(J:) < xmin{oﬂrﬁ,l}.

Problem 4. Let a, 8 be nonnegative real numbers and max {0, — 5} < v < min{a +
B,1}. What conditions on «, B and v are needed to ensure that there exist A, B C N
such that sa(x) ~ 2%, dag(z) ~ 2 and sp(x) ~ 277

2 Proofs

Lemma 1. For any subsets A and B of N we have

SA(CC — QdA,B(I'»
Adyp(z) + 1 < sp(x) < salz +2dap(z))(4dap(z) + 1). (1)

Proof. Let n < z. If b, + b; = n, then b; < n < x and b; < n < z. By the definition of
da p(r) we have

|a; — b < max |a; — bi| = da,p(bi),
t: ap < b;or by <y

then we have
—dap(b) <a;—b; <dap(b),

thus
b —dap(b;) <a; <dap(b)+ b,

which implies
b —dap(x) <a; <dap(x)+ 0.

Similarly for b;,
bj — dA’B(fI?) < a; < dA7B(.T) + bj.

It follows that
bi + bj — QdA,B(fE) S a; + aj S 2dA7B<1') + bj + bi,

thus
n—2dap(r) <a;+a; <2dap(z)+n.

Then we have
Rp(n) < [{(i,)) :n —2dap(x) < a; + a; <n+2dap(x),i < j}

< > Ra(m) < (4dp(x) +1) max Ra(m)

n—2d ) <m<n+2d x
n—2d, g(z)<m<n+2d4 g(z) 4.5 () <ms 4.5()

< SA(ZE + QdA,B(IE))(éLdA’B(ZL‘) + 1),
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which proves the second inequality of (1). If we replace x by x —2d4 g(z), and A by B in
the second inequality and by using the fact that da p(z —2da p(z)) < da p(z), we obtain
that

sa(x —2dap(z)) < sp(x —2dap(z) +2dap(r —2dap(x)))(4das(x — 2da () + 1))

S SB(I)(4dA7B<$) + 1),
which proves the first inequality in (1). B
Proof of the first part of Theorem 3. It is clear that there exists an x( such that

if x > xo then ss(z) = sa, sp(x) = sp, dap(x) = dap. If we choose x = xy + 2d4 p it
follows from (1) that

sA(xo + QdA,B — ZdA,B(x))
4dAyB(.CEO + 2dA,B) +1

< sp(zo+2dap) < sa(vo+4dap(r))(4dap(ro+2dap)+1),

thus
SA

Adap +1
which proves the first part of Theorem 3. H

<sp < (4dap+1)s4,

Proof of the first part of Theorem 4. The first and the third inequality follows from
Lemma 1 immediately. We prove the second inequality by contradiction. Assume that

. sp(x) : sp()
liminf ——————~—— =¢«, limsu
T—00 SA(Jﬁ — QdA,B) xaoop SA(m + 2dA,B)

=7,

where o > (5. Then for any € > 0 there exist an xy such that for x > x7 we have
sp(x) > (a—¢)sa(x—2da ) and sp(r) < (B+¢e)sa(x+2dap). Let xg < N < M. Then
we have

Y (a—e)salr—2dap) < > (B+e)salr +2dag),

N<z<M N<z<M
thus

> (= — 2¢)sa(x) (2)

N+2dg, p<ox<M-2ds B

< > (B +€)sa(x)
M—QdA’B<a7§M—|—2dA,B

< 4(5 + E)SA(M + 2dA,B)dA,B-
Let ¢ = anB We may choose N such that

s4(N) > %
Then we have
Z (a—ﬁ—?e)sA(:v)zagﬁ(M—N—éldA,B)sA(N)z

N+2dy p<ae<M—-2da B



0= B AB+o)das
3 a—f
It follows from (2) that

4
(M = N —4dap) = 5(B+)4M = N — dda p)da .

4
g(ﬁ + 8)4(M — N — 4dA,B)dA,B S 4(6 + 6)(M + 2dA,B>dA,B,

thus we have 4
g(M_N_4dA,B) < M+2dA,B,

which is a contradiction if N is fixed and M is large enough. B
Proof of Theorem 7. Theorem 7. follows from Lemma 1 immediately. B

Proof of Theorem 2. Let A be the set of positive squares. Consider the sequence
primes q; < g < ... where every ¢; = 1 mod 4. Define

k
Qr = H qi-
i=1

Let Qx denote the maximal ) not exceeding z. It is easy to see from the well known
formula about the number of representations of a positive integer as the sum of two
squares [23] that R4(Qx) = 2571, The well known formula for primorial [27] implies

that
QK — €(1+o(1))KlogK.

It follows that

Ra(Qx) = pllog2+o(1)) lo{;iggK '

It is clear that
10g(@k+1)

log(Qr)

—1

as k — oo. Thus we have

log x
sa(z) > elosFro M Geos

log =

We apply Theorem 7. If b, = n? + O(e(log2_5) lo?ifzx), then dj p(z) = 0(6(1052—6) 1oglogx)_
Then by Theorem 7. we have

(log 2+0(1)) ooB2
sa(z —2dyp(x)) _ e lgloge e(”"(l))“gigz
b

sSplx) > =
5(2) Taple) = s

which implies that s = 00, thus the function Rg(n) is unbounded. W

To prove the second part of Theorem 3. and Theorem 4. we need the following Lemma.

Lemma 2. Let a(n), b(n), d(n) be monotone increasing sequences of positive integers
satisfying
a(n

)
M) 11 < b(n) < a(n)(4d(n) +1).



We put

= " maz{a(k),b(k)}.

k<n

Let ¢, = d(n)(2+10"*T(™). Then there exist sets A, B C N such that the following holds.
(i) sa(cn —2d(n)) = sa(c, +2d(n)) = a(n),
(ii) sp(cn — 2d(n)) = sp(c, +2d(n)) = b(n),
(111) dap(c,) =d(n),
(iv) Alc,) = B(cy) = 2T(n) > 2n.

Proof. We give a construction for the sets A, B, which built up by blocks. Let A =
UzozlA("), and B = Uzole("), where

AR = {agn) 1 <i < 2max{a(n),b(n)}}.

B™ = (3™ : 1 <i < 2maz{a(n),b(n)}}.
Assume that maz{a(n),b(n)} = a(n). Then let

(n) d(n)10n—1+HT(n=1) if 1 <i<a(n)
a:’ = .

' d(n)10"+TM) — q(n)10n—1+i—e)+T0=1) = if q(n) + 1 < i < 2a(n),
therefore a§”> =¢, —2d(n) — f )a( ) for a(n) + 1 <@ < 2a(n). It is easy to see that for
any 1 <i <a(m )andaEA a<al()wehave

10a < a'™. (3)

Let

d(n)10n—1HH+T(=1) _ g(n) — 1 + {ﬁ}) if 1 <i<a(n)
bgn) — d(n)10”+T d(n)lon 1+i—a(n)+T(n)
1+ [ e bln) 1 if a(n) +1 < i < 2a(n).

Assume that maz{a(n),b(n)} = b(n). Then let

w [dm0E T g 1y [WW it1<i < b(n)
d(n>1on+T(n) _ d(n) 1Qn—1+i=b(n)+T(n—1) _ d(n) — 1+ ’7%-" if b(n> +1<:i< Qb(n)7
and
o) _ d(n)10n- 1T =1 if 1 <i<b(n)
) d(n)10mTT0) — d(n)10m AT i p(n) 41 < i < 2b(n).
It is easy to see that for any 1 <i < b(m) and a € A, a < al(-m) we have
10a < a{™. (4)



In the next step we prove that the above sets A and B satisfy the Lemma.
First we prove (7). To do this we show that both sa(c, + 2d(n)) > a(n) and ss(c, +
2d(n)) < a(n) hold. In the first case assume that max{a(n),b(n)} = a(n). It is clear

from the definition of a\™ that a!™ + agi)a(n) = d(n)10"T™ = ¢, — 2d(n) for 1 <

i < a(n). Therefore, Ry <d(n)10”+T(”)> = Ra(c, — 2d(n)) > a(n). Thus we have
sa(c, +2d(n)) > a(n). In the second case we assume that maz{a(n),b(n)} = b(n). Now
we have o™ + az(.i)b(n) = d(n)10"*T™ — 2d(n) = ¢, — 4d(n) for 1 < i < a(n), which
implies that Ra(c, — 4d(n)) > a(n) and so sa(c, + 2d(n)) > a(n). It remains to prove
that s4(¢, +2d(n)) < a(n). Since d(n) is monotone increasing, if maz{a(n),b(n)} = a(n)
then a!"™ = d(n+1)10"1+7®™ > ¢, +2d(n) = d(n)10"*7™ +4d(n). On the other hand,
if max{a(n),b(n)} = b(n) then a\"*" = d(n + 1)10" 70D _ d(n 4+ 1) > ¢, + 2d(n) =
d(n)10"*t7(™ 4 4d(n). Tt is enough to show that Ra(as + a;) < a(n) for any fixed

g, ap € U?:lA(i)

In the next we give an upper estimation to the number of pairs (u,v) such that as + a; =
ay + ay, where a,,a, € A, and we may suppose that a; > a, > a, > a;, and a, € A™
for some m < n. We distinguish two cases.

In the first case assume that max{a(m),b(m)} = a(m). We will prove that if a;+a;, =
a, + a, is a nontrivial solution, i.e., Ra(as + a;) > 2, then

as + a; = d(m)10m+T(m)

We have five subcases depending on how many of a, a;, a,, a, are selected from the set

{a1+10m7 a§+)1oma o agon)wlom

If none of them are selected from the set {a1+10m, ag”j)mm, . ,a%ﬁ?urwm}, then agm) +
a; = ay + a,. It follows from (3) that a, = a§. ), thus as + a; = a, + a, must be a trivial
solution.

If one of the terms as, at, a,, a, are selected from the set {aﬁ)wm, agT)wm, . a(17£2L+107,L}
that is, as = a( , for some a(m) < j < 2a(m) then it is clear that a§ ™ 4 ap > a, + ay, a
contradiction.

If two of the terms Qgy Aty Gy, av are selected from the set {a1+10m, agz)lom, Cees a%)urlom ,

(m

then let a, = a; ) and a, = afﬁ , where a(m) < j < k < 2a(m). Then we have

Cm — 2d(m) - aénj()l(m) +ar=cm— Qd(m) o al(cnj)a(m) + av.
Thus we have

ai; L(m) ta=a™,  +a, (5)

j—a(m)
If £ = j then as + a; = a, + a, is a trivial solution. If j < k then it follows from (3) that

ay = a;ﬁmL(m and a; = a( Z(m therefore ay + a; = a(m) + a( m = d(m)10m+T(m)
(m) (m)

If three of the terms as, a;, ay, a, are selected from the set {alHOm, Qg jomy - - - 1 Qg 1gm

" and a, = agc ) where a(m) < j <k <2a(m). Then we have

a

then let a, = a;

(m)

(m)
A —q(m) T At = Gj_g(m) T Go;

8



where only one term is selected from the set {a; +10m,a§:rf)10m, . alom +10m} which is

absurd.

If four of the terms as, ay, a,, a, are selected from the set {agnj)wm, ST oms - - alm) 10m b
then let ay = agm), y = a,(gm), , = al(m) and a; = agm) where a(m) < j <k <1 <qg<
2a(m). Then

(m) () L m

(m)
O —a(m) T U—a(m) = Lj—a(m) T Lg—a(m)>

which must be a trivial solution.
We have a(m) elements of the set A in the interval

d(;”) 10m+T(m)’ d(m) 10m+T(m) ’

therefore R4(as + a;) < a(m) < a(n).

In the second case assume that maz{a(m),b(m)} = b(m). In this case we prove
that the nontrivial equation as + a; = a, + a, implies the existence of the integers
1 <j <k <b(m) such that a, = ag- ™ a = agmz(m) Ay = a,(gm) and a, = a,(gmi( )

Then we have five subcases as above.

If none of them are selected from the set {a{™)gm, aSThom, - - -, a\in s 1om }, then ag+-a; =
a, + a,, where a; = agm) and 1 < j < b(m). It follows from (4) that a, = a§m), thus
as + a; = a, + a, must be a trivial solution.

If one of the terms ay, at, a,, a, are selected from the set {aﬁ”)lom, ag:rf)wm, . a%ﬁl t10m
that is, a; = a§m), for some b(m) < j < 2b(m) then it is clear that ag.m) +ay > ay + ay, a
contradiction.

If two of the terms as, a, a,, a, are selected from the set {aﬁ”j)lom, agf)lom, ey a%’% L10m S
then let ay = ag.m) and a, = al™, where b(m) < j < k < 2b(m). Then the equation
as + a; = a, + a, means that

ﬂmﬂm”””—ﬂmﬂml“fwmﬂm”—dmw—1+w_hg?ide+@
aim

= ()10 — 10D ) — 1 [ g,

that is
t

— d(m) 10T =) | [k — b(m) + a(m)w _ [j —b(m) + a(m)w

d(m) 1Om—1+k—b(m)+T(m—1) +a

2a(m) 2a(m) ’
therefore, s e — b(m)
d(m) 10m = LHe=bm)+ —d(m) — 1+ [W] +ay
= dm)10" T ) 4 [L ) (l’;??)] ta,
g ]~ o 1+ sy = gy



ie.,

(m)

A _p(m) +a; = a( ™)

kQ—a(bTEﬂ:)n)w N W{: —b(m) + a(m)w

pi=bm)T g = bm) + a(m)

([ 2a(m) -‘ + { 2a(m) -D
If k = j then a5 + a; = a, + a, is a trivial solution. Since b(m) < a(m)(4d(m) + 1) and
b(m) < j <k <2b(m), if j < k then we have

b(m )+av+[

k —b(m) b(m) (4d(m) + 1)a(m)
1< [ 1 < [ W < { } — 24 1,
1 2a(m) | = 12a(m)! — 2a(m) (m) +
and k—1b 4d 1
| < [Em o+l o) + Dol + )y )y
2a(m) 2a(m)
It follows from (4) that a, = a,(c b(m) a0d by the definition of a( = d(m)10m 1+ —bm)+T(m=1)
it follows that a; = a§_g(m). Fix the elements a, and a;. The equation s + ar = a, + ay
can be written in the form ag- m) + ag l))( ) = aé m) + a,(C i(m).

If three of t}ze ;cerms as ) ag, ay, G, are selected from the set {ag@wm, aé@lom, . a%ﬁi +1om
m m

then let a; = a; ", a, = a5, and a, = al(m) , where b(m) < j < k <1< 2b(m). Then we
have
a(-m) +a < a™ +a™

Y

where only one term is selected from the set {al L10ms agﬂom, . alom Hom} which is
absurd as we have seen earlier.
(m) (m) (m)
If four of the terms as, at, a,, a, are selected from the set {a; 1gm, @5 gms - - -5 Qigmy1om |

then let a, = agm), Ay = a,im), ay = al(m) and a, = o™ where bm) < j<k<l<q<

2b(m). Then by definition the equation ag ™ 4 al™ = a,(gm) + al(m) means that

Am )10 T 17RO )y 4 [LZ 00 alm)]

d(m) 10T ()10 et m+Ten=1) _ gy 1 ¢ [q —b(m) + a(m)w

= d(m)10™+70" — d(m)10m T gy 1 4 ["" —b(m) + a(m)w

+d(m)10m+T(m) . d(m)lom—1+l—b(m)+T(m—1) - d(m) — 1+ ’V

Therefore,

d(m)10m b m)+T(m=1) _ [] - b(zm() +a(m )" d(m) 10 b+ T(m—1) _ [q —b(m) + a(m)w

)
:d(m)lomukb(m)w(ml)_ﬁ b;?()ﬂ:r)“( )}rd(m)mm1+lb<m>+T(ml>_[l—b(2722 n-;a(m)w

10



which implies that ¢ = [ and j = k, a trivial solution.
If R4(as+ a;) > 1 then for the nontrivial solution as + a; = a, + a, we have integers
: _ (m) (m) (m) _ (m)
1<j<k< b(m)‘such that as = a; " a t = @ p(my Qu = Qg5 Gy = Qg
By the definition we have

Am L0 T 17RO ) 4 [LZ 00 alm)]

. —-b
+d<m>10m71+]fb(m)+T(mfl) o d( ) — 1+ " (m -‘

a(m)

[\3

= d(m)10m+T(m) _ d(m)10m71+k7b(m)+T(m71) —d(m) —1+ [k b(m ) +a(m )-‘
b

+d(m)10m IR mFTIn=1) _g(m)) — 1 + {—k > (7;7;1)}'
Thus we have
e Rl bl s o Rl
Let j = (I — 2)a(m) 4+ hy and k = (I3 — 2)a(m) + hs, where 1 < hy, hy < a(m). Then we
have
ot ] = e _ = et ] ol 1)

hence

ll —1 ll lz —1 l2
Sl Bl =Pl B

that is {; = ly, which implies that the number of suitable pairs (u,v) is at most a(m) <
a(n).

Changing the role of a(n) and b(n), the proof of (ii) is the same as the proof (i) thus
we omit it and leave the details to the reader.

Now we prove (iii). Assume that maz{a(m),b(m)} = a(m), where m < n. Then if
1 <i<a(m), then

m m /l.
o™ — b = d(m) + 1 — [Qb(m)]

As 1 <i<a(m) < (4d(m) + 1)b(m), then we have

i (4d(m) + 1)b(m)
= [2b(m)w <| 2b(m) [ = 2dm) + 1,
then —d(m) (m) _ bgm) <d(m). If a(m) < i < 2a(m), then

o™ — pim = dim)+1— F — a(ZZL()r:) b(m)w

Since a(m) < (4d(m) + 1)b(m), then

i — a(m) +b(m)w - {a(m) +b(m)1 < P‘ld(m) + 1)b(m) *b(m)w = 2d(m) + 1,

1<| 2b(m) 2b(m) 2b(m)

11



thus —d(m) < a!™ — ™ < d(m). As d(m) is monotonous increasing and |al™ — b™| =
d(m), it follows (iii). If maz{a(m),b(m)} = b(m), changing the role of a(m) and b(m),
the argument is the same.

The statement (iv) follows easily from the construction. By the definition of A™ it
is clear that it has at least two elements. Therefore, up to ¢, the set A has at least 2n
elements. The same argument works for the set B as well. B

Proof of the second part of Theorem 3. If we put a(n) = a, b(n) =0, d(n) = d in
Lemma 2, the Theorem follows immediately. B

Proof of the second part of Theorem 4. Let us suppose that the monotone increasing

sequences {u,} and {v,} satisfy
lim = = a,
n—oo Un

and u

lim —* = 3.

n—oo U,
Let b(2n — 1) = u,, b(2n) = Upy1, a(2n — 1) = a(2n) = v, and d(n) = d4 p in Lemma 2.
then by the construction we have

SB(Czn—1) Unp,
=" = aq,
sa(con—1 —2dap) vn
and (e2)
SB(Con Unp+1
= — 8.
sa(con +2dap) Uy, b

If con—1 < k < cop, then sa(con—1 —2dap) = sa(k —2dap) = sa(k +2dap) = sa(can +
2d4 5) = v,. It follows that

sg(can—1) sg(k)  sg(k) sp(C2n)

o _
sa(con—1 —2dap) ~ sa(k—2dap) sa(k+2dap) = sa(con +2dap)

— .

If con < k < copya, then sp(con, — 2dap) = sp(k) = sp(cant1 + 2da ) = upq1. It follows
that

o 5B<C2n+1) < SB(k) < SB(k) < SB(Czn) )

sa(cony1 —2dap) — sa(k+2dap) — sa(k—2dap) ~— sa(con +2dap)

which completes the proof. B

Proof of Theorem 5. First assume that b is a positive integer. Let a(n) = a. Without
loss of generality we may assume that a < b. Let

a, if f(n) < [g-‘
b(n) =
b if f(n) > [2].

and let d(n) = f(n) in Lemma 2. Since A(c,) > 2n, dag(c,) = d(n) = f(n), then if
k < 2n, this implies that |ax — bx| < f(n), therefore |a, — b,| < f(n).

12



On the other hand, if b = +o0, then let a(n) = a, b(n) = a
Lemma 2. It follows that sp = +00, s4 = a, A(c,) > 2n, da p(c,)
implies that |a, — b,| < f(n). A

f(n), d(n) = f(n) in
=d(n) = f(n). This

Proof of Theorem 6. We give a construction for the sets A and B recursively.
Define the sets A and B in the following way. Fix a nonnegative integer m
and we will choose the distinct positive integers 200 - 1000™ < 5™ ... '™ < 300 -

1000™. Define 67y by b7 0m = 1000m — p™ where 1 < i < 10™. Let B™ —

(2

el b)) Tt s ecasy to see that Rp(1000m+1) > 10m >
(1000’”“)1/3. This implies that SB(n) > n'/%. Now We define the sets A in the
following way. Let a(m) b(m) , and q, H)Om = bZ 4iom, Where 1 < 4 < 10™. Let

Am) = {agm), a%ﬁ,a(ﬁlﬂ, . alomﬂom} Define the sets A = UX_ A™ and B =
ux_, B and let A ={ay,aq,... } a; < ay < ...and B = {bl,bg,...}, by < by < ....
It is clear that |ay — by| < N and ay = O(N?) for every N, therefore d4 p(n) < n'/3.
In the next step we prove that A may be chosen for a Sidon set. Our strategy is the
following. It is clear from the definition that A is built up from blocks. We use the
greedy algorithm to construct the set A. Assume that we have already constructed the
first few blocks, and we have already chosen some elements to obtain the next block.
Suppose that this set satisfies the Sidon property. By the definition of a block, A
contains two different type of elements, therefore in each step we have to add two new
elements to the set had already been constructed. We have to guarantee the Sidon prop-
erty. Since we have two new elements, we will need an extra condition to ensure that
the sum of the two new elements does not destroy the Sidon property either. More for-
mally, let By = {200,800} and Ay = {201,800} and assume that we have already chosen

blocks A©, AW A@)  AMm=1 and integers agm), e ,aiml), aﬁ’g‘%ﬂ, e ,a%ﬁ?uri,l, where
1 <i<10™. For 0 <1 <i—1, define
-Al(m) = U AV U {agm), : az(m) @%32417 e 7a§1(7)121+l :

We prove by induction on [ that the integers a§m) , aéﬂom may be selected such that Al(m)

satisfies the Sidon property, that is a +a # a" +d, where a,a’,d”,a" € Al(m) except
for the trivial solutions and the extra condition

a+a #1000mH + 4,

where a,d € Alm, and for every [ < j < m. It is enough to prove that we may
(m

add integers a; ) and aZ +10m to the set AE’”l retaining the Sidon property and the extra
condition.

a+a #1000mH + 5,
where a,a’ € Agm) , for any i < 5 < 10™. In order to guarantee it we distinguish six
) and az(»_Tl)Om to the set A"™. We have to
and {7}, to the set A" does not destroy its

cases. Let a, ', d € AET_”l) , and we put a
guarantee that adding new elements agm)
Sidon property i.e.,

™ +a#d+a (6)

and
ETl)Om—ira;éa +a, (7)
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and

o™ + T #atd, ®)
and
af" +a#ally +d. (9)
Moreover, by the extra condition we have
al™ + a #1000 + 5, (10)
and
7).+ a #1000™ + j, (11)

where ¢ < 7 < 10™.
It is easy to see that the number of elemets of AETl) is less than 10™ + ... + 1,
thus the number of possibilities to choose triplets (a,a’,a") in (6) and (7) is at most

3
m 10 m
(10 +...+1)3-2<<3-10 ) 2.

In the next step we show that inequality (8) holds. It is clear that agm) + az(Tl)Om =

1000™*! + i and the extra condition a + a  # 1000™*! + j for any a,d’ € Ang) and
i—1 < j <10™. In the special case j = i we have a + a # 1000™*! + i, which proves
(8). In equation (9)

’

al™ +a# a o +d =1000"" +i—al™ +d,
implies that
2a{™ #1000 +i+a — a.

It is clear that the number of possibilities to choose pairs (a,a’) is at most (1 4+ ... +
10m)% < (F10m)2

It is easy to see that in inequalities (10) and (11) the number of possibilities to choose
pairs (a, j) and is at most 2+ (14 ... +10™)-10™ < 2. (10™)2.
(m)

It follows that the number of wrong a, ~ is at most

10 310 20
2(-10’”) F(10™)2 + 2L (10M)2 < 100 - 1000™.
9 9 9

This shows that we may choose elements which does not destroy the Sidon property. l
Proof of Theorem 8. It is enough to prove that for every k > 1, there exists an integer

n < 1001°°° such that Rc(n) > k. To prove this we use the well-known formulas of Vieta:

Let us suppose that

23 4P = as®

then we have
(z(2® +2¢°))° + (—y(22° + ¢°))* = a(a® — y*)°2°.
After repeating we get

(z(2® +2y°) (2 (2® + 2¢°)® — 2¢°(22° + y3)3))3

+ (y(22° + ) 203 (2% + 2°)° — pP(22° + ¢*)?))°

14



3
=a(z® — y°)® (® (2 + 20°)° + y?(22° + ¢°)*)" 2.
We define the sequences u;, v; and w; recursively as follows. Let u; = 4"~ v; = 1 and
w; = 1 and let

wirr = (g +207) (45 (4 + 207)° — 207 (205 + 7))
vier = 0;(207 + 07) (2 (v + 207)° — 0} (207 + v})°)
win = (u; —v7) (uf (uf + 207)° + v} (2u] +v7) )y,
fori=1,2,...,k — 1. Then we have
up + v = (64" + Dw?
and w;|wy. Let z; = g—iwk, Yi = ij—lwk and z; = w;, for 1 <14 < k. Hence
a3+ P = (64571 + D

It is enough to show that 0 < y; < z;, the vectors (z;, y;) are different and (64! +1)w} <
100" Obviously

3 3 30,3 3\3 3(9,,3 1 1,3)3
Tipr Ui ug w207 wg(up 4+ 207)° — 207 (2u + v))

Yier  Vigr v 2ud + 0 . 2ud (ud + 203)3 — v (2ud +v3)3

(12)

We will show by induction that u; > 4*~*v; (and therefore u; > v;) and w;, v; > 0. This
is trivial for i = 1. Let suppose that u; > 4*~%v; > 4v; for some 1 < i < k. Then we have

uP(uf + 202) — 203 (2u} +v3)? > 0

and therefore by (10) we have
Uit1 > u; 11

Vi+1 Ty 2 2’
which shows the inductive step. On the other hand in view of (10) we can see that

Z—E < %, and therefore we have k different vectors (z;,y;). To finish the proof we have

to verify (6451 + 1)w? < 100", We know w;4; < 54u'®w; and therefore
wy, < 545 L ulw, < 54k’1u,1€5_(f_1)
Since u;; 1 < 81ul%, we get

2. .1 1ak—2 16k—1
up, S 811+16+16 +--+16 S 81 5

Y

thus
(6451 + Dwy, < (64571 4 1)54+ 181116 < 100100",

which completes the proof. B

Proof of Theorem 9. To prove Theorem 9 we use the probabilistic method due to
Erdés and Rényi. The method is standard therefore we does not give the probabilistic
background here (see e.g. the excellent book of Halberstam and Roth [17]). We denote
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the probability of an event by P, and the expectation of a random variable ¢ by E(().
Let €2 denote the set of the strictly increasing sequences of positive integers. Theorem
13. in [17], p. 142. shows that one can obtain a valid probability space (£, X, P), where
the events £ = {A: A € Q, n € A} are independent for n = 1,2,.... We denote the
characteristic function of the event €™ by o(A,n):

1,ifne A
Q(A’n):{(), ifn¢ A

Furthermore, for some A = {ay,as,...} €  denote by A(n) the number of elements of

A up to n, ie.,
An)=> 1.

acA
a<ln

It is clear that

n

Am) =3 o(A, )

j=1

is the sum of Boolean random variables. We need two basic results of probability theory.

Lemma 3. (Borel-Cantelli) Let X1, Xo, ... be a sequence of events in a probability space.

If
+00
> P(X;) < o,
j=1
then with probability 1, at most a finite number of the events X; can occur.

See [17], p. 135. The next tool is the well-known correlation inequality of Chernoff.

Lemma 4. (Chernoff’s inequality) If t;’s are independent Boolean random variables and
X =t +... +t,, then for any 6 > 0 we have

P(|X — E(X)| > JE(X)) < 2¢~min(0*/43/2BX),

See in [1]. Define the random sequence A by P({A: A€ Q,ne A}) =P(ne A) = 155
for every positive integer n. It is easy to see that

T

11 r1
E(A@) =Y 3 :/1 Sy Py + 0(1) = %+ O(1).

n=1

As A(x) is the sum of independent Boolean random variables, it follows from Chernoff’s
inequality with 0 = ﬁ\/ log x, that

3 —241/610g T
P(|A(x) -~ E(A())] = —75 V/Iog aE(A(x))) < 2¢7 17" 1rEAG)

1/3(log x)(x/34+0(1)) —2logz ~

9,

< e 4" > )
2

Xz

<e
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if x is large enough. By the Borel - Cantelli lemma we have

Az) = E(A(x)) + O(2"/5y/log z).

with probability 1 for every x > 2. It is clear that

n = Aa,) = a,'”® + 0(a}/%\/log a,).

It follows that

al/® = n 4+ O(y/nlogn),
an = n® 4+ 0(n*?\/logn).

thus we have

On the other hand we put

ra(An) = Y oA d)e(An - j),

1<j<n/2

which is also a random variable. It is easy to see that

1 1 1 1 1 n2
_ 1t _ —2/3 7. ~1/3
E(ra(A,n)) = 9 E : 2/3(n — §)2/3 < n2/3 2 : j2/3 T2/ (/1 J d]+0(1>) <n .

1§j<n/2j 1<j<n/2

Let E; be the event
E,={ic An—icA}.

It is clear that the events E;’s are mutually independent. Thus we have

P(ry(A,n) > 3) < > P(E, N...NE;,) = > P(E;,)...P(E;,)
1<41 <i2<ig<ia<n/2 1<i1 <io<iz<ia<n/2
1 1 4 _ 4 —4/3
<(5 X sgogpm) “EeAm) <o
1<j<n/2

It follows from the Borel - Cantelli lemma that with probability 1, for n > ng, r9(A,n) <
3. This implies that R4(n) is also bounded and so does s4(n). B
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