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Abstract

Let A = {a1, a2, . . .}, 0 ≤ a1 ≤ a2 ≤ . . . be an infinite sequence of nonneg-

ative integers, let h ≥ 2 be a fixed positive integer and denote by rh(A,n) the

number of solutions of n = ai1+. . .+aih . Min Tang proved that
N∑

n=0

rh(A,n) =

cN + o(N1/4) cannot hold for any constant c > 0. In this paper we prove the

existence of a sequence A satisfying
N∑

n=0

rh(A,n) = cN +O(N1− 1.5
h ).

1 Introduction

Let h ≥ 2 be a fixed integer, let A = {a0, a1, . . . } be an infinite, increasing
sequence of nonnegative integers and write

rh(A, n) = #{(i1, i2, . . . ih) : ij ∈ N, j = 1, . . . , h; ai1 + ai2 + · · ·+ aih = n}.

A theorem of Erdős and Fuchs [1] asserts that r2(A, n) cannot behave very regularly,
namely

N∑
n=0

r2(A, n) = cN + o(N
1
4 (logN)−

1
2 )
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with c > 0 is impossible. Jurkat (seemingly unpublished), and later Montgomery
and Vaughan [2] improved this theorem to

N∑
n=0

r2(A, n) 6= cN + o(N
1
4 ).

Vaughan asked whether a further improvement is possible, or in other words, whether
there is a sequence such that

N∑
n=0

r2(A, n) = cN +O(N
1
4
+ε).

Ruzsa [3] showed the existence of such a sequence. In fact, he showed that there
exists a sequence A of integers such that

N∑
n=0

r2(A, n) = cN +O(N
1
4 logN)

holds.
Already the Erdős-Fuchs theorem has been extended in various directions. Tang

[4] showed that rh(A, n) cannot behave very regularly: for h > 2

N∑
n=0

rh(A, n) = cN + o(N
1
4 )

with c > 0 is impossible.
After this result we asked a similar question as Vaughan and we obtain the

following result:

Theorem. For every h > 2 there exists a sequence A of integers such that the
following equation is true

N∑
n=0

rh(A, n) = N +O
(
N1− 1.5

h logN
)
. (1)

2 Probabilistic construction of the sequence A

At first we define an infinite increasing sequence S = {s0, s1 . . . } of nonnegative
integers. We will choose the n-th element of A from {sn, sn+1, . . . , sn+1} by proba-
bilistic method. Denote by En the expectation number that how many times occurs
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the number n in A. We choose these values that

E(rh(A, n)) = 1 ∀n ∈ N

hold. If we don’t care with the independece, then we get

E(rh(A, n)) ≈
∑

(i1,...,ih)
i1+···+ih=n

Ei1Ei2 · · ·Eih

So we have to solve the following system of equations:

∑
(i1,...,ih)

i1+···+ih=n

Ei1Ei2 · · ·Eih = 1 ∀n ∈ N

Then

(
∞∑
n=0

Enz
n

)h

=
∞∑
n=0

 ∑
(i1,...,ih)

i1+···+ih=n

Ei1Ei2 · · ·Eih

 zn =
∞∑
n=0

zn =
1

1− z

So
∞∑
n=0

Enz
n = (1− z)−

1
h =

∞∑
n=0

(
− 1

h

n

)
(−z)n

Hence a natural choice of En is

En = (−1)n
(
− 1

h

n

)
=

1

h

h+ 1

2h

2h+ 1

3h
· · · (n− 1)h+ 1

nh

Now we can define the sequence S. Denote by sn the following

sn = min

{
m :

m∑
k=0

Ek > n

}
.

From this we get the random sequence A in the following way:

P(an = a) =



sn∑
k=0

Ek − n if a = sn

Ea if sn < a < sn+1

(n+ 1)−
sn+1−1∑
k=0

Ek if a = sn+1

0 otherwise
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We will show that with probability 1 this sequence satisfies Theorem.

3 PROOF

The following lemma gives a precise estimation of integer sn.

Lemma 1. There exist real numbers c1 = c1(h) > 0 and c2 = c2(h) such that the
following equation holds:

sn = c1(n− c2)h +O(1). (2)

Proof. Clearly, E0 = 1 and for k ≥ 1 we have

Ek =
1

h

h+ 1

2h

2h+ 1

3h
· · · (k − 1)h+ 1

kh
= exp

{
k∑

i=1

log

(
1− h− 1

ih

)}
=

= exp

{
−

k∑
i=1

h− 1

ih
− 1

2

k∑
i=1

(h− 1)2

i2h2
− 1

3

k∑
i=1

(h− 1)3

i3h3
− · · ·

}
=

= exp
{
h− 1

h

(
− log k + C1 +O

(
1

k

))}
= C2k

−h−1
h +O

(
k−2+

1
h ,
)

that is
Ek = C2k

−h−1
h + ek, where ek = O

(
k−2+

1
h

)
. (3)

Using this approximation we obtain

m∑
k=0

Ek = 1 +
m∑
k=1

(
C2k

−h−1
h + ek

)
= C2

m∑
k=1

k−
h−1
h + C3 +O

(
m−

h−1
h

)
Obviously,

m∑
k=1

1

k
h−1
h

=

∫ m+1

1

1

bxch−1
h

dx =

∫ m+1

1

1

x
h−1
h

dx+

∫ m+1

1

(
1

bxch−1
h

− 1

x
h−1
h

)
dx =

=
[
hx

1
h

]m+1

1
+

∫ ∞
1

x
h−1
h − bxch−1

h

x
h−1
h bxch−1

h

dx−
∫ ∞
m+1

x
h−1
h − bxch−1

h

x
h−1
h bxch−1

h

dx = hm
1
h+C4+O

(
m−

h−1
h

)
.

(4)

Hence
m∑
k=0

Ek = C2hm
1
h + C5 +O(m−

h−1
h ).

By definition of integer sn we have n <

sn∑
k=0

Esn ≤ n + Esn , therefore C2hs
1
h
n =
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n+O(1), that is
sn � nh,

therefore

sn∑
k=0

Ek = C2hs
1
h
n + C5 +O

(
s
−h−1

h
n

)
= C2hs

1
h
n + C5 +O(n−(h−1)).

On the other hand, using again the definition of integer sn and equality (3) we have

n <
sn∑
k=0

Ek ≤ n+ Esn = n+O
(
n−(h−1)

)
,

that is
sn∑
k=0

Ek = n+O
(
n−(h−1)

)
.

Our statement follows from the equality

C2hs
1
h
n + C5 +O

(
n−(h−1)

)
= n+O

(
n−(h−1)

)
�

We will need the following Bernstein-type inequality of Hoefding [5].

Lemma 2. Let X1, X2, . . . Xn be independent bounded real random variables, ui ≤
Xi ≤ vi and

n∑
i=1

(ui − vi)2 ≤ D2

Write Sn =
∑n

i=1Xi. For every y > 0 we have

P(Sn − E(Sn) ≥ yD) ≤ exp{−2y2}.

We will choose ai, how we write it in section 2. From the definition of sequence
an we easily get that the following properties are true:

∞∑
l=0

P(an = l) = 1 ∀n ∈ N (5)

and
∞∑
n=0

P(an = l) = El ∀l ∈ N (6)
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Fix an integer N and define δi1,...,ih and di1,...,ih in the following way

δi1,...,ih =

1 if ai1 + ai2 + . . .+ aih ≤ N

0 if ai1 + ai2 + . . .+ aih > N

and

di1,...,ih =
∞∑

j1=0

. . .

N−j1−...−jh−1∑
jh=0

P(ai1 = j1)P(ai2 = j2) . . .P(aih = jh)

Then

∑
(i1,...,ih)

δi1,...,ih = #{(i1, . . . , ih) : ai1 + ai2 + . . .+ aih ≤ N} =
N∑

n=0

rh(A, n)

and by (5) and (6)

∑
(i1,...,ih)

di1,...,ih =
∞∑

i1=0

. . .
∞∑

ih=0

∞∑
j1=0

. . .

N−j1−...−jh−1∑
jh=0

P(ai1 = j1) . . .P(aih = jh) =

=
∞∑

j1=0

. . .

N−j1−...−jh−1∑
jh=0

∞∑
i1=0

. . .
∞∑

ih=0

P(ai1 = j1) . . .P(aih = jh) =

=
∞∑

j1=0

. . .

N−j1−...−jh−1∑
jh=0

∞∑
i1=0

P(ai1 = j1) . . .
∞∑

ih=0

P(aih = jh) =

=
∞∑

j1=0

. . .

N−j1−...−jh−1∑
jh=0

Ej1 . . . Ejh =
∑

(j1,...,jh)
j1+...+jh≤N

Ej1 . . . Ejh = N + 1

Further

δi1,...,ih = di1,...,ih =

1 if si1+1 + si2+1 + . . .+ sih+1 ≤ N

0 if si1 + si2 + . . .+ sih > N
(7)

So we get the following

N∑
n=0

rh(A, n)− (N + 1) =
∑

(i1,...,ih)

(δi1,...,ih − di1,...,ih) =

=
∑

(i1,...,ih)
si1+1+...+sih+1≤N

(δi1,...,ih − di1,...,ih) +
∑

(i1,...,ih)
si1+...+sih≤N<si1+1+...+sih+1

(δi1,...,ih − di1,...,ih)+

+
∑

(i1,...,ih)
si1+...+sih>N

(δi1,...,ih − di1,...,ih) (8)
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Because of (7) the first and the third sums are equal to 0.
We will show that

∑
(i1,...,ih)

si1+...+sih≤N<si1+1+...+sih+1

(δi1,...,ih − di1,...,ih) =

= h!
∑

(i1,...,ih)
0≤i1<...<ih

si1+...+sih≤N<si1+1+...+sih+1

(δi1,...,ih − di1,...,ih) +O
(
N1− 2

h

)
(9)

In order to prove (9) we have to calculate the number of h-tuples (i1, . . . , ih), where
is = it for some 1 ≤ s < t ≤ h. We may suppose without loss of generality that
s = h− 1 and t = h. By Lemma 1 for some constants C6 and C7 we have

#{(i1, . . . , ih) : si1 + . . .+ sih ≤ N < si1+1 + . . .+ sih+1, sih−1
= sih} =

= #{(i1, . . . , ih−1) : si1+ . . .+sih−2
+2sih−1

≤ N < si1+1+ . . .+sih−2+1+2sih−1+1} ≤∑
(i1,...,ih−2)

#{ih−1 :

h−2∑
j=1

c1(ij−c2)h+2c1(ih−1−c2)h−C6 ≤ N ≤
h−2∑
j=1

c1(ij+1−c2)h+2c1(ih−1+1−c2)h+C7} ≤

∑
(i1,...,ih−2)

#

ih−1 : h

√√√√N − C7

2c1
− 1

2

h−2∑
j=1

(ij + 1− c2)h + c2 − 1 ≤ ih−1 ≤

h

√√√√N + C6

2c1
− 1

2

h−2∑
j=1

(ij − c2)h + c2

 ≤
∑

(i1,...,ih−2)

 h

√√√√ N

2c1
− 1

2

h−2∑
j=1

(ij − c2)h − h

√√√√ N

2c1
− 1

2

h−2∑
j=1

(ij + 1− c2)h +O(1)

 =

=
∑

(i1,...,ih−2)

 h

√√√√ N

2c1
− 1

2

h−2∑
j=1

(ij − c2)h − h

√√√√ N

2c1
− 1

2

h−2∑
j=1

(ij + 1− c2)h

+O(N
h−2
h )

The last sum contains telescopic sums. The number of telescopic sums is O
(
N

h−3
h

)
and a telescopic sum is O

(
N

1
h

)
, which proves formula (9).
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By the Borel-Cantelli lemma, it is enough to show that for some constant C8

P



∣∣∣∣∣∣∣∣∣∣∣
∑

(i1,...,ih)
0≤i1...<ih

si1+...+sih≤N<si1+1+...+sih+1

(δi1,...,ih − di1,...,ih)

∣∣∣∣∣∣∣∣∣∣∣
≥ C8N

1− 1.5
h logN

 = O
(
N−

h+2
h

)

(10)
To prove this we will decompose the sum in (10) to a sum of independent variables

(because the variables δi1,...,ih are not independent).
Let (i1, . . . , ih−2), 0 ≤ i1 < i2 < . . . < ih−2 be a (h− 2)-tuple and let

Ii1,...,ih−2,ih := {ih−1 : 0 ≤ i1 < i2 < . . . < ih−1 < ih,
h∑

j=1

sij ≤ N ≤
h∑

j=1

sij+1}

These Ii1,...,ih−2,ih ’s are intervals. We will show, there exsists an integer K so that if
ih ≡ i,h (mod K) and ih < i,h then Ii1,...,ih−2,ih ∩ Ii1,...,ih−2,i

,
h
= ∅. In order to prove it

let K be an integer and let us suppose that for some (h−2)-tuple (i1, . . . , ih−2) there
exist integers ih and i,h so that ih ≡ i,h (mod K), where ih < i,h and Ii1,...,ih−2,ih ∩
Ii1,...,ih−2,i

,
h
6= ∅. Using the definition of Ii1,...,ih−2,ih and Ii1,...,ih−2,i

,
h
we get

h−1∑
j=1

sij + sih ≤ N ≤
h−1∑
j=1

sij+1 + sih+1

and
h−1∑
j=1

sij + si,h ≤ N ≤
h−1∑
j=1

sij+1 + si,h+1

But sih+K ≤ si,h , therefore

si1 + . . .+ sih−1
+ sih+K ≤ N ≤ si1+1 + . . .+ sih−1+1 + sih+1

By Lemma 1 we get

h−1∑
j=1

c1(ij − c2)h + c1(ih +K − c2)h − C9 ≤

≤
h−1∑
j=1

c1(ij + 1− c2)h + c1(ih + 1− c2)h + C10 (11)
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To rearrange (10) and estimate

c1h(K − 1)(ih + 1− c2)h−1 ≤ c1(ih +K − c2)h − c1(ih + 1− c2)h ≤

≤
h−1∑
j=1

(
c1(ij + 1− c2)h − c1(ij − c2)h

)
+ C11 ≤ hc1(ih−1 + 1− c2)h−1 + C12,

a contradiction, if K is large enough.
For a (h− 2)-tuple (i1, . . . , ih−2) let

D2
i1,...,ih−2

=
∑
ih

∣∣Ii1,...,ih−2,ih

∣∣2
It is enough to show that

∑
(i1,...,ih−2)

D2
i1,...,ih−2

= O
(
N

h−1
h logN

)
, (12)

because by Cauchy-Schwarz inequality we have

D =
∑

(i1,...,ih−2)

Di1,...,ih−2
≤
√ ∑

(i1,...,ih−2)

D2
i1,...,ih−2

#{(i1, . . . , ih−2)} =

=

√
O
(
N

h−1
h logN

)
O
(
N

h−2
h

)
= O

(
N1− 1.5

h

√
logN

)
and therefore by Hoeffding’s inequality we have

P



∣∣∣∣∣∣∣∣∣∣∣
∑

(i1,...,ih)
0≤i1<...<ih

si1+...+sih≤N<si1+1+...+sih+1

(δi1,...,ih − di1,...,ih)

∣∣∣∣∣∣∣∣∣∣∣
≥ DK

√
2 logN

 =

= P



∣∣∣∣∣∣∣∣∣∣∣
∑

(i1,...ih−2)
0≤i1<...<ih−2

∑
(ih−1,ih)

ih−2<ih−1<ih
si1+...+sih≤N<si1+1+...+sih+1

(δi1,...,ih − di1,...,ih)

∣∣∣∣∣∣∣∣∣∣∣
≥

∑
(i1,...,ih−2)

Di1,...,ih−2
K
√

2 logN

 ≤
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≤
∑

(i1,...,ih−2)
0≤i1<...<ih−2

si1+...+sih−2
<N

K−1∑
k=0

P



∣∣∣∣∣∣∣∣∣∣∣∣∣
∑

(ih−1,ih)
ih−2<ih−1<ih
ih≡k (mod K)

si1+...+sih≤N<si1+1+...+sih+1

(δi1,...,ih − di1,...,ih)

∣∣∣∣∣∣∣∣∣∣∣∣∣
≥ Di1,...,ih−2

√
2 logN

)

≤
∑

(i1,...,ih−2)
0≤i1<...<ih−2

si1+...+sih−2
<N

K−1∑
k=0

exp{−2 logN} = O
(
N−1−

2
h

)

and we may use the Borel-Cantelli Lemma.
In order to prove (12) let (i1, . . . , ih−2), 0 ≤ i1 < . . . < ih−2 be a fixed (h − 2)-

tuple. Recall the definition

Ii1,...,ih−2,ih = {ih−1 : si1 + . . .+ sih ≤ N < si1+1 + . . .+ sih+1}.

Denote by k′ the maximum value of ih. Let

H = Hi1,...,ih =
N

c1
−

h−2∑
j=1

(ij − c2)h

It is easy to see that
H � N, (13)

and H > 0 if N is large enough.
To prove Theorem it is enough to verify

Lemma 3. 1. k′ = h
√
H − (ih−2 − c2)h +O(1)

2. |Ii1,...,ih−2,ih| = O(N
h−1

h2 ) for every (h− 2)-tuple (i1, . . . , ih−2)

3. |Ii1,...,ih−2,ih| = O

(
N

h−1
h

(H−(ih−c2)h)
h−1
h

)
, if H − (ih − c2)h) ≥ 1.

because if C is a fixed constant and N is large enough then

∑
(i1,...,ih−2)

D2
i1,...,ih−2

=
∑

(i1,...,ih−2)

ih−2≤CN
h−1
h2

D2
i1,...,ih−2

+
∑

(i1,...,ih−2)

ih−2>CN
h−1
h2

D2
i1,...,ih−2

,

where for ih−2 ≤ CN
h−1

h2 by Lemma 2 and (13) we have
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D2
i1,...,ih−2

=
∑
ih

|Ii1,...,ih−2,ih |2 =
∑

ih>
h√H+c2−1

|Ii1,...,ih−2,ih |2+
∑

ih≤ h√H+c2−1

|Ii1,...,ih−2,ih|2 =

O(N
2(h−1)

h2 ) +
∑
r≥1

|I
i1,...,ih−2,

h√H+c2−r|
2 =

O(N
2(h−1)

h2 ) +
∑
r≥1

(
O(N

2(h−1)
h )

(( h
√
H)h − ( h

√
H + c2 − r − c2)h)

2(h−1)
h

)
=

O(N
2(h−1)

h2 ) +O(N
2(h−1)

h H−
2(h−1)2

h2 )
∑
r

1

r
2(h−1)

h

= O(N
2(h−1)

h2 ), (14)

therefore

∑
(i1,...,ih−2)

ih−2≤CN
h−1
h2

D2
i1,...,ih−2

= O(N
(h−2)(h−1)

h2 )O(N
2(h−1)

h2 ) = O(N
h−1
h )

If ih−2 > CN
h−1

h2 , where C is a large fixed constant and N is large enough, then

H − (ih − c2)h ≥ 1,

because

c1

h∑
j=1

(ij − c2)h − C13 ≤ N,

that is

1 ≤ (ih−2 − c2)h −
C13

c1
≤ (ih−1 − c2)h −

C13

c1
≤ H − (ih − c2)h

thus by Lemma 2 we have

k′ = h
√
H − (ih−2 − c2)h +O(1) =

h
√
H

h

√
1− (ih−2 − c2)h

H
+O(1)

≤ h
√
H

(
1− (ih−2 − c2)h

hH

)
+O(1) ≤ h

√
H − (ih−2 − c2)h

hH
h−1
h

+O(1) ≤

h
√
H + c2 −

ihh−2

2hH
h−1
h

Hence
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∑
(i1,...,ih−2)

0≤i1<...<ih−2

ih−2>CN
h−1
h2

D2
i1,...,ih−2

=
∑
ih−2

ih−2>CN
h−1
h2

∑
(i1,...,ih−3)

0≤i1<...<ih−3
ih−3<ih−2

D2
i1,...,ih−2

=

∑
ih−2

ih−2>CN
h−1
h2

∑
(i1,...,ih−3)

0≤i1<...<ih−3
ih−3<ih−2

∑
ih

|Ii1,...,ih−2,ih|2 =

∑
ih−2

ih−2>CN
h−1
h2

∑
(i1,...,ih−3)

0≤i1<...<ih−3
ih−3<ih−2

∑
ih

O

(
N

2(h−1)
h

(H − (ih − c2)h)
2(h−1)

h

)
≤

∑
ih−2

ih−2>CN
h−1
h2

∑
(i1,...,ih−3)

0≤i1<...<ih−3
ih−3<ih−2

∑
r≥

ih
h−2

2hH
h−1
h

O

(
N

2(h−1)
h

(H − ( h
√
H + c2 − r − c2)h)

2(h−1)
h

)
≤

∑
ih−2

ih−2>CN
h−1
h2

∑
(i1,...,ih−3)

0≤i1<...<ih−3
ih−3<ih−2

N
2(h−1)

h H−
2(h−1)2

h2

∑
r≥

ih
h−2

2hH
h−1
h

O
(
r−

2(h−1)
h

)

where

∑
r≥

ih
h−2

2hH
h−1
h

r−
2(h−1)

h = O

∫ ∞
ih
h−2

2hH
h−1
h

x−
2(h−1)

h dx

 = O

(
i2−hh−2

N
(h−1)(h−2)

h2

)

Therefore

∑
(i1,...,ih−2)

0≤i1<...<ih−2

ih−2>CN
h−1
h2

D2
i1,...,ih−2

= O


∑
ih−2

ih−2>CN
h−1
h2

∑
(i1,...,ih−3)

0≤i1<...<ih−3
ih−3<ih−2

N
2(h−1)

h N−
2(h−1)2

h2 i2−hh−2N
(h−1)(h−2)

h2



The inner sum has O(ih−3h−2) member, therefore

∑
(i1,...,ih)

0≤i1<...<ih−2

ih−2>CN
h−1
h2

D2
i1,...,ih−2

= O


∑
ih−2

ih−2>CN
h−1
h2

N
h−1
h i−1h−2

 = O
(
N

h−1
h logN

)
.
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Proof of Lemma 3 (1): It is easy to see that the maximum value is at

k′ = max{l : si1 + . . .+sih−2
+sih−2+1+sl ≤ N ≤ si1+1+ . . .+sih−2+1+sih−2+2+sl+1}

and using Lemma 1 a routine calculation gives the statement.
(2), (3): By Lemma 1 there exist constants C14 and C15 such that

|Ii1,...,ih−2,ih| = #{ih−1 : si1 + . . .+ sih ≤ N ≤ si1+1 + . . .+ sih+1} ≤ #{ih−1 :

c1(ih−1 + 1− c2)h ≥ N −
h−2∑
j=1

c1(ij + 1− c2)h − c1(ih + 1− c2)h − C14;

c1(ih−1 − c2)h ≤ N −
h−2∑
j=1

c1(ij − c2)h − c1(ih − c2)h + C15},

therefore for some constant C16

H − (ih − c2)h − C16N
h−1
h ≤ (ih−1 − c2)h ≤ H − (ih − c2)h +

C15

c1
, (15)

which implies part (2).
To prove part (3) we distinguish two cases: If

N

c1
−

h−2∑
j=1

(ij + 1− c2)h − (ih + 1− c2)h < 0,

then
H − (ih − c2)h = O(N

h−1
h ),

thus by (16)

|Ii1,...,ih−2,ih| = O( h
√
H − (ih − c2)h) = O

(
N

h−1
h

(H − (ih − c2)h)
h−1
h

)

If
N

c1
−

h−2∑
j=1

(ij + 1− c2)h − (ih + 1− c2)h ≥ 0,

13



then

|Ii1,...,ih−2,ih | ≤

≤ h
√
H − (ih − c2)h − h

√√√√N

c1
−

h−2∑
j=1

(ij + 1− c2)h − c1(ih + 1− c2)h +O(1)

≤
H − (ih − c2)h − (N

c1
−
∑h−2

j=1 (ij + 1− c2)h − (ih + 1− c2)h)

(H − (ih − c2)h)
h−1
h

+O(1) ≤

≤
∑h−2

j=1

(
(ij + 1− c2)h − (ij − c2)h

)
+ (ih + 1− c2)h − (ih − c2)h

(H − (ih − c2)h)
h−1
h

+O(1) =

O

(
N

h−1
h

(H − (ih − c2)h)
h−1
h

)

�
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