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Abstract

Let A ={ay,as2,...},0<a; <ay <...be an infinite sequence of nonneg-

ative integers, let h > 2 be a fixed positive integer and denote by r,(A,n) the
N

number of solutions of n = a;, +...+a;,. Min Tang proved that Z rn(A,n) =

n=0
cN + O(N1/4) cannot hold for any constant ¢ > 0. In this paper we prove the
N
existence of a sequence A satisfying Z rp(A,n) =cN + O(le%).
n=0

1 Introduction

Let h > 2 be a fixed integer, let A = {ag,aq,...} be an infinite, increasing

sequence of nonnegative integers and write
rh(A,n) = #{(il,ig,...ih) . ij € N,] = 1,...,h;a7;1 +a7;2 —|-"'—|—(Zih :n}

A theorem of Erdés and Fuchs [1] asserts that ro(A, n) cannot behave very regularly,

namely
N

ZTQ(A, n) =cN + O(N%(log N)_%)

n=0
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with ¢ > 0 is impossible. Jurkat (seemingly unpublished), and later Montgomery
and Vaughan [2| improved this theorem to

=

ZTQ(A,TL) #cN +o(N1).

n=0
Vaughan asked whether a further improvement is possible, or in other words, whether

there is a sequence such that

N
> ra(An) = eN + O(NT+).
n=0
Ruzsa [3| showed the existence of such a sequence. In fact, he showed that there

exists a sequence A of integers such that

N
ZTQ(A, n) =cN + O(N% log N)
n=0
holds.
Already the Erdés-Fuchs theorem has been extended in various directions. Tang

[4] showed that 7,(A,n) cannot behave very regularly: for h > 2

N
> (A n) = eN + o(N7)
n=0
with ¢ > 0 is impossible.
After this result we asked a similar question as Vaughan and we obtain the

following result:

Theorem. For every h > 2 there exists a sequence A of integers such that the

following equation is true

ﬁ:rh(/l,n) =N+0 (Nl-%’logzv). (1)

n=0
2 Probabilistic construction of the sequence A

At first we define an infinite increasing sequence S = {sq, s1 ... } of nonnegative
integers. We will choose the n-th element of A from {s,,s,+1,..., 8,11} by proba-

bilistic method. Denote by FE,, the expectation number that how many times occurs



the number n in A. We choose these values that
E(rn(A,n)) =1 VneN
hold. If we don’t care with the independece, then we get

E(”l(A» n)) ~ Z EilEiz o Eih

So we have to solve the following system of equations:

EilEig"'Eihzl vn € N

(#1,+s0n)

i1++ip=n
Then
o h oo o]
(Z Enz”> => | Y E.E,E,|=) 2= !
n=0 n=0 | (i1,.in) n=0 1—2
i1+ +ip=n
So . . )
S Bt ==t =Y ()
n=0 n=0

Hence a natural choice of E,, is

—l) ~1h+12h+1  (n—=1h+1
n

E,= (-1 )= :
”(>( h 2h  3h nh

Now we can define the sequence S. Denote by s, the following

m
sn:min{m:ZEk>n}.
k=0

From this we get the random sequence A in the following way:

( sn

Z E,—n if a=s,

k=0

E, if s, <a<sp
P(a, =a) = smi1—1

(7’L—|—1)— Z Ek if a = Sp+1

k=0
k0 otherwise



We will show that with probability 1 this sequence satisfies Theorem.

3 PROOF

The following lemma gives a precise estimation of integer s,.

Lemma 1. There exist real numbers ¢; = c¢i1(h) > 0 and ¢y = co(h) such that the

following equation holds:
sn = c1(n — c)" + O(1). (2)

Proof. Clearly, Fy = 1 and for £ > 1 we have
Lh+12h+1  (k—1)h+1 i h—1
. - log (1 — -
B = =n ih eXp{Z 8 ih
k k k
B h—1 1ga(h—1? 1 (h—1)® -
I I
h—1 1 - o
:exp{T (—logk—I—Cl—kO(E))}:Cgk_hh +O(k¢ 2+i,>

that is
E, = CQ B h + ek, where e = O (k?—2+%> . (3)

Using this approximation we obtain

Bo=1+ i(Czkz_ o) = 0221@ G0 (m)
k=1

m

m 1 m+1 1 m—+1 1 m+1 1 1
Zm:/ ﬁ@:/ de+/ i~ | de =
o ko 1 || " 1 Tm 1 || " TR

) metl 0o h=1 . h—1 0o h—1 . h—1 ) .
= [hxﬁ] +/ ° hh_1 Lxﬂ_f dx—/ rr =] lh dz = hm»+Cy+0 (m’hT).
Tl o mil x|z
(4)

Hence

ST B = Cohmt + Cs + O(m™ 7).

-

By definition of integer s, we have n < ZEsn < n + E,,, therefore Cyohsh =
k=0



n+ O(1), that is
Sp X",
therefore
o 1 _h-1 1
N B, = Cohsh +C5+ 0 <sn 0 ) — Cyhsh + Cs + O(n~ D),
k=0
On the other hand, using again the definition of integer s,, and equality (3) we have

Sn

n < ZEk <n+E, =n+0 (n_(h_l)) ,
k=0

that is \
Z E.=n+0 (n_(h_l)) )
k=0

Our statement follows from the equality
Cahsh +C5+ 0 (1) =n+.0 (") m

We will need the following Bernstein-type inequality of Hoefding [5].

Lemma 2. Let X1, X5,... X, be independent bounded real random variables, u; <
X; <w; and

n

Z(Uz —v;)? < D?

i=1
Write S, =Y i, X;. For every y > 0 we have

P(S, — E(S,) = yD) < exp{—2y}.

We will choose a;, how we write it in section 2. From the definition of sequence

a, we easily get that the following properties are true:

> Pla,=1)=1 VneN (5)
=0

and .
> Pla,=1)=E VIEN (6)
n=0



Fix an integer N and define ¢;, _;, and d;, . ;, in the following way

1 if ai1+ai2+...+aih§N

11,...,ih -
0 if ail+a¢2+...+aih>N
and
00 N—ji—...=jn-1
diy, ... Z Z P(ai, = j1)P(ai, = ja) - .. P(ai, = jn)
1=0 Jn=0
Then
N
Z 5@1’.”,% = #{(Zl, . ,ih) Qg + Q;, 4+ ...+ a;, < N} = Zrh(A,n)
(Z'l,“.,ih) n=0
and by (5) and (6)
00 N—ji—..—jn-1
S =3 Y Bl = ). Bla, = i) =
(21’ 7/Lh) 11=0 ip= 0]1 0 jhzo
ele] N—j1—...—=Jp-1 o0
=S > > ZP%:' L Plag, =) =
j1:0 ]h 0 11 =0 Zh =0

N—ji—w.=jh-1 o0

= D> D Plan =) ) Play, =ju) =

71=0 Jn=0 11=0 1, =0
) N—ji—.=jn—1
=S Y E,.E,= Y E..E,=N+1
J71=0 Jjn=0 (J15+-5Jn)
Ji+..+in<N

Further
1 if Si1+1 + Sig+1 + ...+ Sip+1 S N

0 if si1+8i2+'-'+3ih>N

So we get the following

N
Zrh (N+1) = Z (Oir,oin, — iy i) =

n=0 (i1t
- E (5i17--~7ih - di17-~-7ih) + E (5i1,-~-7ih - dilv--aih)_'_
(415050R) (41,50+50n)
Sip+1t+-+8i, 41<N Siqtet8i, SN<Sip 41+ +8i, +1
+ E (52'17~~-7ih - dilvmvih) (8)
(/L'ly"'zih)

Siq +---+5ih>N



Because of (7) the first and the third sums are equal to 0.
We will show that

Z (Oiy,in, — diyiyy) =

(1,0-58R)
sil+...+81‘h§N<S¢1+1+...+Sih+1

= h! Z (0iy,ip — iy i) + O <N17%> (9)

(91 ye-ip)
0<i1<...<ip
SiqgtetSiy SN<Si 1+ F8ip +1

In order to prove (9) we have to calculate the number of h-tuples (iy,...,4), where
is = i for some 1 < s <t < h. We may suppose without loss of generality that

s =h—1and t = h. By Lemma 1 for some constants Cs and C7; we have

#{(il, . ,ih) TR T Sip, <N Sip4+1t...+ Sip+1ySip_, = Sih} =
= #{(21, - ;ih—l) DSyt -+Sih_2+28ih_1 <N Sip41 -+ Sip_o41 +28ih—1+1} <

Z #H{ip—1

(1:1,...,7:]1_2)
h—2 h—2
ZCl(ij—02>h+201(ih71_02>h—06 < N < ZCl(ij+1—62)h+261(Z'h,1+1—02)h+07} <
J=1 j=1
h—2
N -C 1
> # i) o 7—5 (i;+1 =) +ep—1<ipy <
(i1 eesin—2) ! =1
-2
N+Cs 1
\ 20, 24 (=) +e <
j=1
h=2 h—2
N 1 , N 1
Z h%_§ (Zj_cz)h—h%—§ (Z]+1_02)h+0<1) =
(i15esin_2) 1 j=1 1 =1
h—2 h—2
N 1 _ N 1 _ n—2
RN R\ ? DA Pt POUAS S RS
(ilv""ih72) ! j=1 1 7j=1

The last sum contains telescopic sums. The number of telescopic sums is O (N %>

and a telescopic sum is O (N %>, which proves formula (9).



By the Borel-Cantelli lemma, it is enough to show that for some constant Cg

g Z (Oirin — iy )| = CsN" % log N | =0 (N*%)
(ilv“uih)
OSi1-~<ih
Siqtet i, SN<Si p1+F8iy 41
(10)

To prove this we will decompose the sum in (10) to a sum of independent variables

(because the variables d;, ., are not independent).

iR

Let (i1,...,ip-2), 0 <iy < iy <...<iy_ 9 bea (h—2)-tuple and let
h h

Ly i iy = {in—1:0 <y <o < ... <y < ip, Zsij <N Zsz‘jﬂ}
P j=1

These I;,
i, =14, (mod K) and i), < i} then I[;,

's are intervals. We will show, there exsists an integer K so that if
N1

yersth—2,th

= (). In order to prove it

yeeeslh—2,Th Lyeenslh—2,1,

let K be an integer and let us suppose that for some (h—2)-tuple (i1, ...,4,_2) there

exist integers ¢, and i) so that i, = i) (mod K), where i, < i, and I;, N

I; # ). Using the definition of I, _;, ., and I

yersth—2,Th

Tyeeyth—2,0, joonsip—2,iy, WE get

h—1 h—1
E si; + 85, <N < E Sij+1 T+ Sip+1
=1 j=1

and

h—1 h—1
E Si; + Siy, <N < E Sij+1 T S +1

Jj=1 Jj=1
But s;, +x < Siy therefore

Siy + ...+ Sip_1 + Sip+K < N < Si1+1 + ...+ Sip_1+1 + Sip+1

By Lemma 1 we get

>

1
ci (i — )" + e1(in + K — )" — Cy <
1

.
Il
=

-1
< cr(ij+1—co)" +ei(in+1—c)"+Cp (11)
1

.
Il



To rearrange (10) and estimate

Clh(K — 1)(Zh + 1 — CQ)h_l S Cl(ih -+ K — CQ)h — Cl(ih + 1-— CQ)h S

>
—_

< (ci(ij +1— )" —e1(ij — o)) + Cix < hey(inor + 1 — )"

1

.
Il

a contradiction, if K is large enough.
For a (h — 2)-tuple (iy,...,i5_2) let

It is enough to show that

> DL =0(N'TogN),
il ..... 7‘h 2
because by Cauchy-Schwarz inequality we have

D= > Di i, S D2 i)} =

(150yin—2) (150yin—2)

+ 0127

(12)

=¢o (¥ a0 (') =0 (v viog)

and therefore by Hoeffding’s inequality we have

P Z 04y, — diy i) = DK+/2log N

(#1,50e50n)
0<i1 <...<ip,
Siq +.. +51h <N<511+1+ +Szh+1

=P E E (611 ..... i dil ~~~~~ ih)
(i1, in—2) (th—1,in)
0<i1<...<@p_o ip—2<tp—1<ip

Sip o F8i, SN<si 41+ +8ip 41

Z D;, . i, K/2logN | <

(11,0-sh—2)

v



IN

K-1
>, 2P
(i1,sin—2) k=0

0<41<...<ip_9
Sil +'“+sih—2 <N

IN

2.

(i1, sin—2)

Z (51'1,---,2'}1

 (fh—1sin)
1h—2<th—1<%h
in=k (mod K)

Sip+otsiy §N<3i1+1+~~-+5ih+1

K-1

Z exp{—2log N} =0O (N’l’

k=0

0<i1<...<tp_9o
Siq +...+8ih_2 <N

and we may use the Borel-Cantelli Lemma.

In order to prove (12) let (iy,..

tuple. Recall the definition

—d

i1,

'7ih)

)

> Dy, \/210g N)

.,ih_Q), 0<i1 < ... <1po be a fixed (h—2)—

]ila---7ih—27ih = {ih—l 18y 4+ ...+ Sip, S N < Sii+1 + ...+ Sih-l-l}'

Denote by &' the maximum value of i;,. Let

H =

It is easy to see that

h—2

N —
Hiyn = = > (65— )"

1

<

and H > 0 if N is large enough.

To prove Theorem it is enough to verify

Lemma 3. 1. K = {L/H—

2. |I;

17--~7ih72»ih‘ -

H—(ip—c2)h)

because if C' is a fixed constant and N is large enough then

>

(41,0estn—2 (41,0sTh—2)
21

h
ih—2>CN h2

E 2 _
Dil:-n,ih—Q -

(115 sin—2)

where for 7;,_o < CN'Z by Lemma 2 and (13) we have

h—1

ip—2<CN hZ

(ih_g — CQ)h + O(l)

> Do+

h—1

10

O(N%) for every (h — 2)-tuple (i1, ...,in—2)

8. Ly, in_ayin] = O ((N—hhl>; if H— (i, —c2)") > 1.

2

(13)

Ulyeesip—2)



2 _ E 2 _ § ) . |2 § ) . 12 =
Dil ..... ihoo |‘[7:17-~~77;h—27’ih| - ‘I’Ll’~--»lh72ﬂh| + |I7417---alh72a1h -
ip,

in> VHAco—1 in< ¥H4co—1
2(h—1) 9
2 I
O<N h ) + § : |Ii1,..‘,ih72, W+02—T| o
r>1

R T
N L (W~ WA s e

r>1
_ B L X )
O™ + O ) Y i = ON"=), (14)
TR
therefore
(h=2)(h—1) 2(h—1) -
Z D; . iy = O(N%)O(N};—Q) _ O(N%)
(i1,nsin_o
h—1
ip_o<CN h2

Ifip,_o >CN %, where C'is a large fixed constant and N is large enough, then

H— (ih_c2)h Z 17

because ,
C1 Z(Zg - Cz) —Ci3 <N,
j=1
that is
C . C )
1< (ipg—co)" — % < (ipg — )" — % < H — (i, — co)"
1 1

thus by Lemma 2 we have

H:vﬂ—umfﬂmwuanVEh1—@£lﬁﬂ+ou)

sVﬁ@—ﬁhﬁﬁﬁ)+mngVﬁ—gﬂ%?f+om§

Hence

11



Z Dl21, aih—2 T Z Z D121, ) -

th—2
(i1,yin—2) th—2 » (11,-sh—3)
0<i1<...<ip—2 0<i1<...<tp—3
h—1 ip_2>CN h2 ih_3<in_o
in_o>CN h2
E E E 2 _
|Ii17---aih—27ih -
ih—2 (11,-5in—3)  th
1 0<in<...<ip—3
Th— 2>CN ih_g<ip_o
2(h—1)
N =
2. 2. ZO <
] By 2D =
th—2 (%15e-ytn—3) ih (Zh _CQ) ) h
1 0<i1<..<ip_3
ih_o>CN h2 ih_3<in_o
2(h—1)
N =
) 2 20 vE oy | <
Z'h72 (7,17 Ah_ 3) ( + Co—T — CQ) ) h
1 0<ii<...<ip— 3r>ﬁ
ip—2>CN h ih_3<ip_o 2hH h
2(h—1) ___ 2(h—1)2 _2(h—1)
Y SN E Y O(rT>
th—2 (i15esin—3) i
21 0<11< <7'h 3 Tzihzl
ip—2>CN h ih3<in_o 2hH h
where

00 -2—h
_2(h-1) _ 2(h—1) 1
E r— & =0 /,h xr kh dx | =0 h=2

iy (h=1)(h=2)
i, — hT h2
__h—s h
r> w2 2hH

Therefore

2(h=1) __2(h—1)2 (h=1)(h=2)
§ D; , =0 § § N " N w2 2N

P)
th—2 "
(1150 yip—2) ih—2 (i1yesih— 3)
0<i1<...<tp—9
h1 bh— 2>CN i3 <in-s
ip_o>CN h2

The inner sum has O(ZZ:;) member, therefore

> D=0 X NTilL|[=0(NTeN).

(31504n) ih—2 .
0<i1<...<tp_9 h-1
h—1 ip_o>CN h2

ip—o>CN 2

12



Proof of Lemma 3 (1): It is easy to see that the maximum value is at
K'=max{l s +...+si,_,+8i, o1+ SN <sipato 80, o1+ 80, 2t s}

and using Lemma 1 a routine calculation gives the statement.
(2), (3): By Lemma 1 there exist constants C4 and Cj5 such that

\Liyinniin] = F{in—1 185 + oo+ 5, SN <spp+...+ s} < #{ip:

h—2
c1 (i 1+1—02) > N — ch zj+1—cg) —Cl(lh+1—C2) — Chy;
Jj=1
h—2
c1(ipq —c)" < N — c1(i; — co) — e1(in — )" + Cis},
j=1
therefore for some constant C'g
. . h C(15
H—(Zh—CQ) —ClGN " (lh 1_02) SH_<Zh_02> +C_’ (15)
1

which implies part (2).
To prove part (3) we distinguish two cases: If
h—2
N
=) i +1-c)" = (in+1—c) <0,

J=1

then

thus by (16)

N5
|Ii1,---7ih—27ih| = \/H Zh - 62 ) =0 <(H ( A1 >

—_ ih _ 02)h)T

It

>

-2
— ) (i +1—c)" = (in+1—c)" >0,
1

N

C1

.
Il

13



|Il1 ~,7;h72774h| <
N h—2
<\/H Zh—CQ h C_ Z(Zj‘i‘].—CQ) —Cl<ih+1—02)h+0<1)
1 -
7j=1

H— (i — )" — (X =302+ 1 — )" — (i, + 1 — 2))
- (H — (in — e)®) ™
h= — Co i'—CQh ih —CQh_ih_C2h
Sz] 1((%"‘1 )" = (i ))"‘(hj‘l ) ( ) +O(1) =
(H — (in —co)h) ™

o) <
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