On Sidon sets which are asymptotic bases of order 4
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Abstract

Let h > 2 be an integer. We say that a set A of positive integers is an asymptotic
basis of order h if every large enough positive integer can be represented as the sum
of h terms from A. A set of positive integers A is called a Sidon set if all the sums
a+bwith a,b € A, a < b are distinct. In this paper we prove the existence of Sidon
set A which is an asymptotic basis of order 4 by using probabilistic methods.

2000 AMS Mathematics subject classification number: primary: 11B13, secondary:
11B75.

Key words and phrases: additive number theory, representation functions, Sidon set,
asymptotic basis

1 Introduction

Let N denote the set of nonnegative integers. Let A = {a, aq,...} (a1 < az < ...) bean
infinite sequence of positive integers. For h > 2 integer let R;(A,n) denote the number
of solutions of the equation

ai1+a‘i2+‘..+aih:n7 ai1€A7...,aih6A, allgazzggal}ﬂ (1)

where n € N. A (finite or infinite) set A of positive integers is said to be a Sidon set if
all the sums a + b with a,b € A, a < b are distinct. In other words A is a Sidon set if
for every n positive integer Ro(A,n) < 1. We say a set A C N is an asymptotic basis
of order h, if every large enough positive integer n can be represented as the sum of h
terms from A, i.e., if there exists a positive integer ng such that Ry, (A, n) > 0 for n > ny.
In [3] and [4] P. Erdés, A. Sarkozy and V. T. Sés asked if there exists a Sidon set which
is an asymptotic basis of order 3. The problem was also appears in [10] (with a typo in
it: order 2 is written instead of order 3). It is easy to see [5] that a Sidon set cannot be
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an asymptotic basis of order 2. A few years ago J. M. Deshouillers and A. Plagne in [2]
constructed a Sidon set which is an asymptotic basis of order at most 7. In [8] S. Kiss
proved the existence of a Sidon set which is an asymptotic basis of order 5. In this paper
we will improve this result by proving that there exists an asymptotic basis of order 4
which is a Sidon set by using probabilistic methods.

Theorem 1. There exists an asymptotic basis of order 4 which is a Sidon set.

Note that at the same time Javier Cilleruelo [1] has proved a slightly stronger result
namely the existence of a Sidon set which is an asymptotic basis of order 3 + . He
obtained his result independently from our work by using other probabilistic methods.
Before we prove the above theorem, we give a short survey of the probabilistic method
we are working with.

2 Probabilistic tools

The proof of Theorem 1 is based on the probabilistic method due to Erdés and Rényi.
There is an excellent summary of this method in the Halberstam - Roth book [6]. We
use the notation and terminology of this book. First we give a survey of the probabilistic
tools and notations which we use in the proof of Theorem 1. Let €2 denote the set of
strictly increasing sequences of positive integers. In this paper we denote the probability
of an event E by P(FE) and the expectation of a random variable £ by E(£).

Lemma 1. Let 01,605,605, ... be real numbers satisfying
0<60,<1 (n=12,...).
Then there ezists a probability space (Q, X, P) with the following two properties:

(i) For every n € N, the event £&™ = {A : A € Q,n € A} is measurable, and
P(EM) = 0,.

(i) The events EV, €@ ... are independent.

See Theorem 13. in [6], p. 142. We denote the characteristic function of the event
EM by t(an) Or we can say the the boolean variable ¢4 ,) means that:

. o 1,ifne A
() = T 0,ifn ¢ A.

Furthermore, for some A = {aj,as,...} € Q we denote the number of solutions of
ay, +ap,+...+a;, =nwithay,...,a;, € A, 1<a; <a;,...<a;, <nbyr,(A,n). Let

ri(A,n) = > taant(Aa) - - - EAa)- (2)

(ail Aig 7~-~,az‘h)
1<ai, <...<aj, <n
Ay +0ig+..tag, =n



Let 7} (A,n) denote the number of those representations of n in the form (1) in which
there are at least two equal terms. Thus we have

Ri(A,n) = (A, n) + i (A, n). (3)

It is easy to see from (2) that 7,(A,n) is the sum of random variables. However, for
h > 2 these variables are not independent because the same ?(4,,) may appear in many
terms. To overcome this problem we need deeper probabilistic tools. Our proof is based
on a method of J. H. Kim and V. H. Vu. We give a short survey of this method.
Interested reader can find more details in [7], [11], [12], [13]. Assume that t1,%s,..., 1,
are independent binary (i.e., all ¢;’s are in {0, 1}) random variables. Consider a polynomial
Y =Y (t1,...t,) inty,tg, ..., t, with degree k (where the degree of this polynomial equals
the maximum of the sum of the exponents of the monomials). We say a polynomial Y is
totally positive if it can be written in the form Y = ) e,I';, where the e;’s are positive
and I'; is a product of some ¢;’s. Furthermore, Y is regular if all of its coefficients are
between zero and one. We also say Y is simplified, if all of its monomials are square-free
(i.e. do not contain any factor of t?), and homogeneous if all the monomials have the same
degree. Thus for instance a boolean polynomial is automatically regular and simplified,
though not necessarily homogeneous. Given any multi-index o = (ay,...,a,) € N* | we
define the partial derivative 0%(Y") of Y as

Y = (%)al e (8%)% Y(ty,...t,),

and denote the order of o as |a] = a3 + -+ + «a,. For any order d > 0, we denote
Eq(Y) = maxq.o=qE (0Y). Thus for instance Eo(Y) = E(Y) and Eq(Y) = 0 if d
exceeds the degree of Y. We also define E>4(Y) = maxg>4Eqs (Y). The following result
is due to Kim and Vu.

Lemma 2. (J. H Kim and V. H. Vu) Let k > 1 and Y = Y (ty,...,t,) be a totally
positive polynomial of n independent boolean wvariables ty,...,t,. Then there exists a
constant Cy, > 0 depending only on k (which is the degree of the polynomial) such that

P (|Y —E(Y)| > Cp\* \/E>0 JE>q( )) = Oy (e_%ﬂk_l)log”)

for all X > 0.

See [7] for the proof. Informally this theorem asserts that when the derivatives of Y are
smaller on average than Y itself, and the degree of Y is small, then Y is concentrated
around its mean. Finally we need the Borel - Cantelli lemma:

Lemma 3. (Borel-Cantelli) Let X1, Xo, ... be a sequence of events in a probability space.
If

+00

> P(X

j=1
then with probability 1, at most a finite number of the events X; can occur.

See in [6], p. 135.



3 Proof of Theorem 1

Define the sequence 6,, in Lemma 1 by

~o

0,=n"7, (4)

that is P({A: A€ Q,ne A}) =n"7, for n € N. For a given set A € Q let the set B be
the following

B={b:be A 3d,d",d" e A:b+d =d" +d" d d" d" <b}. (5)

Thus A\ B is a Sidon set. We will prove that A\ B is an asymptotic basis of order 4
with probability 1. This means that there exists integer Ny such that with probability 1,
ro(A\ B,n) > 0 for n > Ny. Since

ro(A\ B,n) =rqy(A,n) — (ry(A,n) —ry(A\ B,n)),

if we get a lower bound for r4(A,n) and an upper bound for (ry(A,n) —ry(A\ B,n))
then we will have a lower bound for r4(A\ B,n). So formally we will show that there are
positive constants C; and N; such that with probability 1,

T4(A, n) > Cln%7 n 2 N17 (6)
and there are positive constants Cy and N, such that with probability 1,
ra(A,n) —r(A\ B,n) < Cy(logn)®, n> N,. (7)

In order to prove (6) and (7) we use Lemma 2.
We need the following Lemma (see in [9], p. 134., Lemma 5.3). For the sake of complete-
ness we sketch the proof.

Lemma 4. Let N > 3, o, 8 > —1. Then
N-1
S0 (N = n)? =045 (NOTT)
n=1

Proof.

Z_na(N —n)? = n*(N —n)? + Z n*(N —n)’ =

1<n<

S

%<n<N

:@a,ﬁ N7 Z n® +®a,,6’ N¢ Z (N—n)ﬂ =

1§n§% %<n<N

el N
= @a,ﬁ (Nﬁ/ xadx> + @a,ﬁ (Na/ xﬁdx> — @a,ﬂ (NoHrﬁJrl) n
1 N

2

In the first step we prove (6) by using Lemma 2. To do this, we need the following
Lemma.



Lemma 5. Assume that all of the variables y;’s are different and the t,,’s are random
boolean variables.

1. For every nonzero integer ay and for every integer m

E{ Y t,|=0.,(0).
Y1

airyi=m

2. For every nonzero integers ay,as and for every integer m

E Z tyity, | = Oaya (1).

(y1,y2)
ai1yitazy2=m

3. For every nonzero integers ai,as,as and for every integer m

E Z by tystys | = Oa1,a2,a3 (1> :

(y1,92,y3)
a1y1ta2y2+azyz=m

Proof. (1):
5
m) T _ it m ezt
E E ty1 = <a1> Oal (1) if a1 €z
Y1 0 if n Q/ Z+
alryi=m ai

(2): We distinguish two different cases.
Case 1. Assume, that a; > 0, ay > 0, thus m > 0. (Since y1, y2, a1, a are nonnegative,
therefore m can not be negative, at this case.) Thus applying Lemma 4 we get

m

al s m—alyl —
s[5 0w (St (2o )

a2
(y1,y2) y1=1
ai1yit+agy2=m

ENI[eg

m

ay m—1
Oal,az Z(alyﬁi? (m - alyl)_ = Oal,tm <Z yi (m - y)7> =

o
~lo

y1=1 y=1

= Ouy 0z (m*%) = Ouya, (1) -

Case 2. Now assume that a; > 0, az < 0 and m > 0. (If m is negative, then consider the
equation —ayy; — agys = m.) We apply Lemma 4 again.

0o _5
E Sty | = O, (ZQQ? (M) 7) _

(yl 7y2) y2=1
ai1yitazy2=m



= Oay 00 (Z y_170> = Oay0, (1)
y=1

The other cases can be deduced from the aboves. So we leave the details to the reader. (
The case a; < 0, as > 0, either m > 0 or m < 0 is almost the same like Case 2., we have
to change the role of a; and as. The case a; < 0, ay < 0, thus m < 0 is almost the same
like Case 1., we have to get —a; and —ay instead of a; and as. )

(3): We distinguish three different cases.

Case 1. Assume, that a; > 0, as > 0, ag > 0 thus m > 0. (Since y1, ya2, y3, a1, ag, az are
nonnegative, therefore m can not be negative, at this case.) Thus applying Lemma 4 we
get

m m—ajyjy
a 5 ag 5 _%
§ Z —% Z -2 (M — a1Y1 — G2Y2
— 7 7 -
E tyl tyztys - Oa17a27as yl y2 < as -
(y1,y2,y3) y1=1 yo=1

a1yi1+azy2+azyz=m
nz—al y1
ag

o
- _5 _3
= Oay 02,05 Z () Z (a2y2)™7 (m — aryr — asyn) 7 | =

y1=1 y2=1

~yjot

=

m
1 s 3

_ E 7 -5 _ —

= Oa1,a27a3 A (m - alyl) Y - Oa17a2,a3 (m

y1=1

) = Ourazas (1).

Case 2. Now assume that a; > 0, as > 0, a3 < 0 and m > 0. Thus applying Lemma 4
again we get

~o

L5 o~ 5 (m—asys —ayr \
E Z bytystys | = 0‘111@7‘13 Z Y3 ' Z n < 5] ) -

(y1,92,93) y3=1 y1=1
a1y1+az2y2+azys=m

o0
= Oa1,a27a3 E , Ys

m—a3ys
al

_5 5
Z (a1y1)"7 (m —azys —aryr) 7 | =

~ot

ys=1 y1=1
o 5 3 o
-2 _3 _s
= Ouy 05,03 Z Ys (m—agys) 7 | = Oayaz,05 Zy 7| = Oy 02,05 (1).
y3=1 y=1
Case 3. Now assume that a; > 0, as > 0, ag < 0 and m < 0. By Lemma 4 we get
m—a3y3 5
- -2 . 3 (m—agys—ayr\ 7
E Z tyltyQtys = Oal,a2,a3 Z Ys Z Y1 a
(v1,2,93) yo=[ 22 | +1 n=1 2
a1yitagy2+azys=m
mfa3y3
s _5 ‘ 5 5
= Ouwrzas | D Y5~ (a1y1)"7 (m —asys —a1yn) 7 | =
ys=|_~ =1



5

= Oa17a2,a3 Z Ys ! (m - a3y3)7% = Oahaz,a:a (Z y_g) = Oa17a2,a3 (1) :

ya=17; ) y=1
The other cases can be deduced from the aboves again. We leave the details to the reader.
(The case a; > 0, ay < 0, a3 < 0, either m > 0 or m < 0 is almost the same as Case 2.
and as Case 3. The case a; < 0, ay < 0, ag < 0 thus m < 0 is almost the same as Case
1.. In both we have to get —a;, —as and —as instead of a;, as and a.) B
Now we are ready to prove (6). In view of (2) define Y by

Y = T4(Av n) = Z Loy baglaglay -
(z1,02,73,74)
1<z1<--<x4
T1tze+x3+Ta=n
We want to use Lemma 2. To do this we have to estimate the expectation of the variable
Y and its partial derivatives. Let a = (o, ..., a,) be a multi-index. In the first step we
prove that for a =0

E (04Y) = E(Y) = O(n7), (8)

and for a # 0
E (0%Y) = O(1). (9)

Let a = 0. By using Lemma 4 we have

E(02Y) =E(Y)=E D tatatats, | =
(z1,72,23,74)

1<z <<y
r1t+x2+T3+Tra=n

5

n—3 s n—xp—2 5 n—xry1—xo—1
=0 E xy 7 E T E 3T (n—a) —xg —x3) 7 | =

~ot

r1=1 xo=1 x3=1
n—3 s n—ry—2 s n—3 s
=0 (Z zy 7 Z zy " (n—xy — x2)$> =0 (Z z; " (n— xl);> =0 (n%> :

r1=1 xro=1 r1=1
which shows (8).
Now assume that a = (ay,...,a,) # 0. If there exists an index ¢ such that a; > 2
or |la] = Y7, a; > 5, then 0¢Y = 0. It means that in this case E(0¢Y) = 0. So
we may assume that for every index i, oy < 1 and |a| < 4. Let I} < Iy < -+ < Iy,
for which oy, = ... =g, =1, 1 <w <4 If1 <k <... < Kyy <4, kj €N, then
{1,2,3,4}\{k1,. .-, Ka—w} ={r1,..., 70}, wherer; < --- <ryandx,, =1;,..., 2., = ly.
It means that the variables z, ,...,x,, occur in the partial derivative of Y and the

variables x,,, ...,z , do not. Thus

E (92Y) = > E > ton, - tan,

(K1yeeshid—w) 4 ($n1:-~~7$l~a47w)
< _w< _
R OO e 3y

7



Since w > 1, thus 4 — w < 3. Since the number of the tuples (ky,...,k4_y) is bounded,
by Lemma 5 part (2) we get that the expectation is

E (0%Y) = > 0(1) = O(1),

(H17---7K47w)
1<k1<...<K4— <4

which proves (9).
From (8) and (9) we get that

E=o(Y) = maxgsoBae (V) = E(Y) = O(n7),

and
EZI(Y) = maxd/ZIEd/(Y) = 0(1)

Now apply Lemma 2 with A = 20logn and k& = 4. We get that

P <|Y CE(Y)| > Cy(20log n)3'5\/E20(Y)E21(Y)) ~0 ( ! ) | (10)

n2

Thus by (10) and Lemma 3 we get that if n is large enough, with probability 1,

Y =E(Y)+0 ((log n)3'5\/EZO(Y)E21(Y)> —E(Y)+O (nﬁ(log n)3‘5> — O(n?),

which means, that (6) holds.

In the next step we will prove (7), which shows us that the number of those representations
in which there is at least one element from the set B is not too big. Using the definition
of the representation functions and the definitions of the sets A and B we get

ra(A,n) —ry(A\ B,n) = > taita;tayta, (11)

(as,a5,ak,a1)
a;<aj<ap<a;
ajtajtapta;=n
Imed{i,g,k,l},Fay,av,a, €A
Ay, Oy, 0z <Om
am~tay=ay+az

To make the analytic calculations easier we estimate (11) and we have that

1
ra(A,n) = ra(A\ Bon) = > taita;tayta =
(as,aj,ak,a;)

a;,aj,a,,00€A  are distinct
a;taj+ag+a;=n
Elme{ivjvkvl}75|au ;A Az €A
Ay ,0p,0z<Am
Am+ay=0y+az

4 1
- ﬂ E taita]-taktal S 6 E taitajtaktaltautavtaz
(ai,aj,ak,a1) (@i,05,08,01,00 00,02 )
a;,aj,a,0)€A  are distinct a;,05,01,0],0y,0v,0: €A are distinct
a;tajtagt+a=n aitajtag+a;=n
Jay,ay,a, €A QAy,Q0,02<0a]
A, 0y ,02 <Ay ajtay=ay+az

ajtay=ay+az



Using the variables x;-s we can write this in the following form

ra(A,n) —ry(A\ B,n) < > tay ooty (13)
(.1’1,.1'2,1‘3,1‘4,])5,7)6,3}'7)
T1+T2+x3+T4=n
T1,r2,r3,r4are distinct
Ta+T5=T6+T7
T5,26,T7<T4
So this estimation means, that always x4 will be the element in the 4-tuple (x1, z2, x3, 4)
which hurts the Sidon property. It is easy to see that in the product t,, ...t,, the ¢,
variables are not necessarily independent. So we need to transform (13). For any 7-tuple

(1, o, T3, X4, T5, Tg, T7) With condition w5, xe, x7 < x4 let {x1, 20, 23} N {25, 26, 27} =

{i, ...,z }, where 1 <iy < --- <y <3. Let {ws5, ¢, 27} \ {24y, ..., xi.} = {xny, . 20, }s
where 5 < hy < -+- < hy, < 7 and u < 3 —s. Then for every fixed s-tuple (iy,...,1is)
there exist s + w tuple (d;,,...,d; ,bn,,...,bp,) such that we can write the condition

x4 + x5 — x5 — v7 = 0 in the following form:
Ty +dyzi, + ...+ dix, +bpxp, + .o 4 by, xp, =0, (14)

where x4, 2;,,..., i, Thy, ..., T, arve different. In (14) d;; # 0,5 = 1,...,s, by, #
0,7 = 1,...,u, there is only one positive coefficients, which is equal to 1 and the sum
of the negative coefficients is equal to —2. Since t& = t,, if k > 1 then t,, ...t,, =

totstagtostay, - toy, -

Thus (13) is equal to the following

) > > by e bl -y

(4150s15) (diq seosig DRy 5esDhy,) (T1,82,23,84,8h 5 rThy, )
1<i1<...<is<3  only one term is positive and=1 T1+w2+x3+T4="N
the sum of the negative terms is—2 Ta+diy Ti; +...+di; Tis+bpy Thy +...4+bny, Th, =0
xi].<z4,j:1 ..... s;:ch]_/<z4,j’:1,...,u

T1,%2,23,T4,Thy ;- Thy are distinct

Let the inner sum be

}/dil,---,dis,bhl 77777 bp, — § : tﬂvl .- 'tutwhl .. 'tl'hu'

(T1,82,23,84,Thy 5 Thy, )
T1+T2+r3+Ta=n
$4+di1l‘i1 +---+di5$i5 +bh1$h1 -‘r...-‘y—bhuxhu:()

i <z4,j:1,...,s;xhj, <w4,j'=1,...,u

T1,22,%3,L4,Thy s---,Thy, are distinct

Since the number of the variables Yclil,...,dis,bhl,m,bhu is bounded, it is enough to show that
for every s + u tuple (d;,,...,d; , by, .., by,) with probability 1,

Ydil,...,dis,bhl,...,bhu =0 ((log ”)6'5) . (15)

Let’s fix an s 4+ u tuple (d;,,...,d;,,bp,,...,bn,). We will use Lemma 2. So we have to

estimate both the expectation of Ydil,.u,dis,bhl,...,bhu and its partial derivatives. First we
will show that for every a = (aq, ..., ),

E (ag}/;lilwwdis 7bh17---,bhu> = 0(1) (16)



holds.

Let & = (v, ..., ). If there exists an index i such that o; > 2 or |a| =" | @; > 5+u,
then angil7-~~7disybh17---7bhu = 0. So we may assume that for every index i, a; < 1 and
la| <44 u. Let’s fix a = (ay,...,a,) and let 8= (B1,...,0n), 7= (71, -,7n), Where
B; €N, v € Nand a = § + . Here § shows the partial derivatives of the variables
T1, Ta, 23, 24 and ~ shows the derivatives of the variables Thyy---,Th,. SO We can write

the partial derivatives of }/;lil,---,dis,bhl,---,bhu in the following form

04Yy

iq 5e5igsOhy 5e-sOny,

= Z Z (aﬁtx1 .. ‘tr4) Z altmhl X -tzhu

(év"/) ($17$27$37$4) (l’hl 7"'7a;hu,)
B+y=a wl+m2+m3+x4:'n x4+di1x’i1+"‘+d’ismis+bhlmh1+‘“+bhu‘rhu:0
= - r1,r2,r3,x4are distinct . .
i <l'47]:17---75;1’hj,<x47] =1,...u

T1,T2,T3,T4,Thy »---,Thy are distinct

Since the number of pairs (ﬁ , l) is bounded, it is enough to show that for every fixed pair

E 3 . S Dty .ty

(x1,272,$3,.’£4) (zhlv"vmhu)
T1+x2+x3+T4="N Ta+dig iy +ootdi i +bny Thy +oFbpy TR, =0
x1,xr2,r3,xr4are distinct . ) g
:B’LJ <m4)]_1r“787$hj/ <z4,5'=1,..5u

T1,32,T3,T4,Thy »---,Thy are distinct
(17)
holds. Let’s fix now a pair (3,v). We will show that for every 4-tuple (x1, 72,73, 74)

E > Ny, -t | =0(1), (18)

(Z‘hl 7"'7'/1:}1“)
x4+dil$i1+...+di5 Tig +bh155h1 +...+bhul‘hu =0
i <x4,j:1,...,s;xhj, <x4,j'=1,...,u

T1,82,T3,84,Thy 5 Thy are distinct

Let [y =w, vy =...=%, =1, 1<l <...<l, <n Let {g1,..., 90} € {h1,... hu}
and {j1,..,Ju—w} = {h1,- -, hu} \ {01,-.-,9w}. These sets shows us that the vari-
ables x,,, ..., x4, occurs in the partial derivative of Ydh’,_.’dmbhl,“.,bhu and the variables

w

10




Zjy, ..., %j,_, donot. Thus we have

E > Nty -ty | =

(Thy seesThy, )
x4+d¢1:pi1 +"'+d’isxis +bh11‘h1+...+bhuxhu =0
Ty <x4,j:1,..‘,s;zh]_/ <z4,j'=1,...,u

T1,%2,23,T4,Thy ;- Thy are distinct

- Z Z E Z bagy - bay,

) (jl,..-,ju—w) —(ly.... lw (‘rjl"""rjufw)
{.71:~-~7]u—w}g{h1:“'7hu} (mgp 7$gw) (17 7 ) ZZ;{U ququ:_x4_di1$i1_--.—disl‘is_Zf]:l bgq$gq
where 7(ly, ..., l,) denotes the permutations of (I1,...,1,).
Since the number of the u — w tuples (ji, ..., ju—w) and the permutations are bounded

and since u — w < 3, thus from Lemma 4 we get that this expectation is bounded i.e.,

E > to, - ta, | =0(1). (19)

(le,‘..,xju_w)

u—w e . L X L _NWw
Zq:l b]qx]q_ T4 dllxll "'dlsx’bs Zq:l bnggq

So from (19) we get that the left hand side of the equation (17) is equal to the following

> E (02, ...t E 3 Oty oty | =

(11’1‘27'137'%4) (xhlv"'vxhu)
ZT1+T2+T3+T4=n Tat+diy Tiy +.o ot dig Tig+bpg Thy +ootbhy, Thy, =0
T1,r2,r3,rx4are distinct . . g
T, <:r4,]—1,“.,s,xhj, <z4,7'=1,...,u

T1,82,T3,T4,Thy ,---,Thy, are distinct

=0 > E (0%, ...t,,)

(%1,22,%3,24)
T1+T2+x3+T4="
r1,r2,x3,x4are distinct

By (9) we get that if § # 0 then this term is equal to O(1). So we may assume that
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£ = 0. This means, that we have to prove that

(1,22,23,74)
T1+x2+x3+T4=N
x1,x2,x3,r4are distinct

> Nty ..

(Thy seesThy, )
x4+d¢1:p¢1 +"'+d’isxis +bhlzh1+--'+bhumhu =0
T <11747j:17-~-75§13hj/ <w4,j'=1,...,u

T1,%2,T3,T4,Thy ;- Thy are distinct

If1<4 <...< i, <3 then let {172,3}\{21,25} = {fl,.‘.,fg,_s}‘

equivalent to the following

E 2.

.
Mty .ty tostey, - -tay,

(Tiq yeesTig yTAT Ry 5esT Ry )
.Z‘4+di1 Ty +"‘+d’isxis +bhlxh1+...+bhum‘hu =0
i <:v4,j:1,...,s;a:h]_, <z4,j'=1,...,u

Ty sy Tig T Thy 5o Thy are distinct

- >

(Tiq 5 Tig s T4 TR 5o sThyy )

X Z to, -t

(Tpysespy_ )
zp +...+:vf373:n—:vil — e — Ty — T4
Tiq e sTig yTATfy 5oy f5_  ar€ distinet

(Eﬂ (31% et bty .t%) x

.’E4+di1xil +...+disl‘is +bh1 Thy +...+bhuxhu:0
iy <T4,j=L,...5@h <za,j'=1,...,u

Ty e Tig TdsThy 5---sThy are distinct

By using Lemma 5 we have

(Tfyrenpy_ )
$f1+--~+xf3,szn—xi1 — . — T — T4
Ty geesLig TdsTfq 5oy fq_  ATE distinct

> toy - toy, | =O(1).

(Tfy sy )
Tf +...+xf375 =N—Lj =~ Tjg—Tq
Ty yeesBig y T4, T 5e-5T f5_  are distinct

12

Lho,

(20)

Thus (20) is

Tf3—s

x E Z twh...t%_s

(21)



It follows that (21) is equal to

2
olr|a ) Loy oy boatoy Ty,
(xil 3o Tig Ta,Thy s Thy, )
Ta+dig Tig +...+digTig+bpy Thy +...+bpy, Th,, =0
L2y <x4,j:1,...,s;xhj, <z4,j'=1,...,u

Tiq ey Tig \T4sThy 5e-sThy, ATE distinct

Let v = (v, osM)s Wl =w, vy = 0o =y, =L 1< h <00 <y <. If
{v1,..., 00} C{h1,..., hy}, then let {e,... eu—w} = {h1,.. ., hy} \ {v1,...,vp}. Thus

we have

2 _
E| o2 ) tus - to toaton, ot | =
(xﬁ g Tig T4, Thy s Thy, )
I4+dilxi1 +---+dis Tig +bh1$h1+---+bhuxhu =0
Ty <:p4,j:1,...,s;mh]_, <z4,j'=1,...,u

- 3 > E > toy - toy taala,, -t

(Iil ser9lig 4, Teq """Eeufw)
x4+di1x¢1 +"'+dismis +bh1 Thy +...+bhuxhu =0
Ti <m4,j:1,‘..,s;xh7_, <z4,j'=1,..,u

{Ul,...vw}c{h17---7hu} (

T
Tg yeesTugy ) =11 50w

Ty e Tig TdsThy -, Thy are distinct

(22)
where 7(ly,...,[,) denotes the permutations of (Ii,...,[,).
Since s + u + 1 is the number of the variables in the equation x4 + d;, x;; + ...+ d;, x;, +
bn,Th, 4. ..+ by, xp, =0, it is clear, that s+u+1isequal to3or 4. So s+u+1—w < 3,
except if s+tu+1=4and w=0. lf s+u+1—w < 3 then we may use Lemma 4 again,
which implies (20). So we can only show the case s +u + 1 = 4 and w = 0, which is
equivalent to 7 = 0. To do this, it remains to prove the following Lemma.

Lemma 6. The following expectation are bounded.

1. E > tutatats, Y tagtagte, | | =0(1)

(x1,72,23,74) (x5,26,27)
T1+T2+x3+Ta=n Ta+T5=x6+T7

2. E > tutatats, D tate | | =001)

(x1,%2,23,24) (z5,26)
r1t+x2+T3+Ta=n Ta+x3=T5+T6

13



3 E > tatatets, Y tata | | =0(1)

(x1,%2,73,T4) (x5,%6)
r1t+x2+r3tra=n T4+T5=T3+T6

4. E > totatats, Z

(x1,%2,73,T4)

xT x w x
z1+rotastra=n a+os=ar+a

x5
(z1,72,%3,74)

X 55— X
z1+x2+x3+ra=n atrs=rates

5 E > tutastats, > ) = 0(1)

6. E D tatatats, | =0(1)

(x1,%2,23,24)
r1t+x2+T3+Ta=n
Tat+x3=x2+T]1

Proof. (1): Using the definition of the variables ¢;’s get that the order of this expec-
tation is

n n—ari n—r1—xro—1 x4—1 x4+x5—1
_5 _5 _5 5 _5 _5 5
@) g xy " E Ty g zy T (n—mx —xg — )" 7 g xy " E g (Tat+ x5 —26)"7 |-

x1=1 zro=1 x3=1 xr5=1 rg=1
(23)

Applying Lemma 4 to the last sum it follows that (23) is equivalent to the following

n—x n—x1—r2—1 T4—1
(le_ 21352_ 122 xg?(n—xl—:cg—xg 421:5 x4—|—x5 ?)_ (24)

(<

ot

xr1=1 xo=1 xr3=1 r5=1
Since
xr4—1 s 3 x4—1 5 ) )
E Ty x4+x577:O x, " E xy " :O<x47>:O<(n—x1—x2—x3)’7),
r5=1 r5=1

it follows that (24) is equal to

n—ry n—r1—xr2—1
_5 -5 6
7 7 -z —
(E Ty 7 E Tq E 3" (n— 21 — 29 — x3) 7)—

r1=1 xro=1 xr3=1
—O(le ngfn—xl—xg 3) (le n—ax) g):O(l). (25)
z1=1 zo=1 z1=1

(2): Using again the definition of the variables ¢;’s this expression is equivalent with the
following

n—ri n—xry—xro—1 5 x4+ax3—1 5

le_fzng Z N (R Z ws T (xg+ 25— x5)7 7. (26)

x1=1 ro=1 r3=1 r5=1

14



Since

x4+x3—1 5

Z 33‘5:7(%4—1-373—375)7% =0 <<£U4 + 373)7%> =0 (%27) =0 (m;?) =0 ((n T xg)i

x5=1

it follows that (26) is equal

to

It follows from (25) that this is equal to O(1).

(3): Since 3 < x4, thus 3 < k24 = n=21=22 " Thig expectation is

2 2

n—x]—=x9

n n—x
5 ! 5 2

5

x4—1
4 5

-5 -5 - _5 -3 _5
O E xy 7 E Ty " E xy"(n—a) —x9 —x3)" 7 E g "(xy+ a5 —23)"7 |, (27)
r1=1 xro=1 xr3=1 r5=1
where
x4—1 xr4—x3 x4—1

5

_5 _5 _5
Zx5 (x4 + a5 —x3) 7 = Z vy " (24 + 15— 23) 7 + Z 2y 7 (14 + 15 —23) 7 =

r5=1

r5=1

T4—T3

::O<@q—x@?§:a£%>+()<éimx

T

(28) is equal to

5=1

n—r1—r9

n—ri 2

n _5 _5 5
O Z x, 7 Z Ty " Z (2x3)"7(n — 21 — 29 — 2.91:3)_g

r1=1 To

It follows from (25) that thi

=1 r3=1

s is equal to O(1).

r5=x4—x3+1

?m)ZOQm—@)a.

(4): Note, that here n = x1 4+ 225 + x5. This expectation is

n—xj n—xr]—r9

n 5 2 5
_2 2
7 7
O g x, g Ty

r1=1 ro=1

where

_s _
(x4 4+ 23 —19)"7 =(n— 21 — T3 — Tg)

(28) is equal to

n—zl
R B
O E x, " E Ty T (n — 11 — 229)

x1=1 xo=1

2

Z x;%(n—ml —ZEQ—QZ'?,)_%(I’4+.ZU3—CC2)_% ) (28)

r3=1

n—r]—T9
2

ot

x3=1

15

%:(n—x1—2x2)’ :

Z 3T (n—xy — a9 —23)"

~jot

5

|t



n—xj

no 2. . \
=0 Z:L'17Z:v27(n—x1—2x2)_7(n—m1—x2)_7 =

xr1=1 xo=1

n—zj

=0 Z x;% Z (225) 7 (n — 21 — 220) 77 | =
=0 (Z z, " (n— x1)§> =0 <n’%) =0(1)

(5): It is clear that the n = xy + 9 + x3 + 24, T4 + T5 = T3 + x3 equation-system is
equivalent with n = x1 + 2x4 + x5, x4 + 5 = x5 + x3. Thus this expectation is

n—aj
n s 2 s T4+T5—1 s
O ar™ Y ay (n—m—2w)7% D g (aatas—m) 7 | (29)
r1=1 xr4=1 r3=1
xr4+x5—1 s 5 5
O Z g " (xy + x5 —23)7 7 :O<(x4+x5)’7> = O(1).
x3=1

So (30) is equal to

nooy
n 5 2
O Z xy " Z (2x4)_%(n —x1 — 2x4)_g =

r1=1 rg=1

=0 (i xl_%(n — :cl):;) =0 <n’%> = 0(1).

r1=1

(6): It is clear that the n = x1 + 29 + o3 + x4, x1 + T2 = 3 + x4 equation-system is
equivalent with 3 = x; + 22 = 3 + x4. Thus this expectation is

)
8
=
o
VS
I3
|
8
—
N—
o
8
@
~3|ot
/N
|3
|
]
—
N—
e
Il

So from (16) we get that

Eso(Ya, iy by, by ) = MaXa>0Ba (Ya, | di by by ) = O(1),

and

Eo1(Ya,, iy by, obny) = MaXa>1Ea (Ya, | ais by obn, ) = O(1).

In Lemma 2, we have k£ < 7 and A = 32logn. Thus

16



et by sebig = BCYds iy by ot )

which shows (16), which proves (7). And this completes the proof.l
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